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The plan

Orthosets

Ortholattices associated to orthosets
Dacey orthosets and the orthomodular law
Orthosets of intervals in a bounded poset

Incomparability orthosets
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Orthosets

Definition
An orthoset a pair (O, L) where

@ Oisaset
@ LC Ox Ois an irreflexive, symmetric relation called orthogonality.

Gejza Jenca Dacey graphs and posets MAGIA 2026 3/23



Orthosets

Definition

An orthoset a pair (O, L) where
@ Oisaset
@ LC Ox Ois an irreflexive, symmetric relation called orthogonality.

@ Note that this is just a (symmetric, simple, loopless) graph.
@ Adjacency is called orthogonality.
@ Orthosets were called orthogonality spaces before.
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Orthocomplement

@ Let (O, 1) be an orthoset. For X C O, write
Xt={yeO:y1xforall x e X};

we say that X* is the orthocomplement of X.
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Orthocomplement

@ Let (O, 1) be an orthoset. For X C O, write
Xt={yeO:y1xforall x e X};

we say that X* is the orthocomplement of X.

@ Graph-theoretical definition: X* is the intersection of neighbourhoods
of all vertices in X.
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Orthocomplement example

X XL Xll
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Properties of orthocomplement

Let (O, 1) be an orthoset. For X, Y € O, we have
@0-=0,0+=0
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Properties of orthocomplement

Let (O, 1) be an orthoset. For X, Y € O, we have
@0-=0,0+=0
e XCY = YtcXx+

@ XNX+t=0
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Properties of orthocomplement

Let (O, 1) be an orthoset. For X, Y € O, we have
@0-=0,0+=0
e XCY = YtcX*
@ XNX-=0
) XJ_:XJ_J_J_
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Properties of orthocomplement

Let (O, 1) be an orthoset. For X, Y € O, we have
@0-=0,0+=0
e XCY = YtcX*
@ XNX-=0
) XJ_:XJ_J_J_

@ X — X*!is a closure operator:
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Properties of orthocomplement

Let (O, L) be an orthoset. For X, Y C O, we have
e 0t=0,0+=0
@ XCY = YtcXxt
e XNXt=0
) XJ_ — XJ_J_J_
@ X — X*!is a closure operator:
e XCY —= Xttty

e X C X+
° (XJ.J.)J_J_ — XJ_J_
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The main example

@ The closure operator X — X+ gives rise to a complete lattice of
closed subsets...
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The main example

@ The closure operator X — X+ gives rise to a complete lattice of
closed subsets...

@ ...that means, those for which we have X = X*+.

Let V be a Hilbert space, L is the orthogonality of vectors. Then closed
subsets of (V' \ {0}, L) are (basically) the closed subspaces of V.
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The logic of an orthoset

@ X' is always closed.

Gejza Jenca Dacey graphs and posets MAGIA 2026 8/23



The logic of an orthoset

@ X' is always closed.
@ If X, Y are closed, then X N Y is closed.

Gejza Jenca Dacey graphs and posets MAGIA 2026 8/23



The logic of an orthoset
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The logic of an orthoset

@ X' is always closed.
@ If X, Y are closed, then X N Y is closed.
@ The join of closed subsets X, Y is

XVY=(XUY)t=(XnyhHt

@ The closed subsets form a complete ortholattice L(O, 1), called the
logic of (O, L).
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The main example (continued)

Recall, that an ortholattice (L, v, A, *) is an orthomodular lattice if it
satisfies the orthomodular law

x<zt = (XVy)Az=yAz

forall, x,y,ze L.

Let V be a Hilbert space, L is the orthogonality of vectors. Then closed
subsets of (V' \ {0}, L) are (basically) the closed subspaces of V.
The logic of the orthoset (V' \ {0}, L) the well-known orthomodular lattice of

closed subspaces.
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A finite example - Boolean logic
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A finite example - Boolean logic
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Another finite example - non orthomodular logic

Gejza Jenca

b

de

{a,b,c,d}
{b,d} {a,c}
{b} {c}
0
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Dacey orthosets

Definition
An orthoset (O, L) is called Dacey if L(O, L) is orthomodular.
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Dacey orthosets

Let (O, L) be an orthoset, let X be an closed subset of O. A maximal
pairwise orthogonal subset of X is called a basis of X.
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Dacey orthosets

Let (O, L) be an orthoset, let X be an closed subset of O. A maximal
pairwise orthogonal subset of X is called a basis of X.

Dacey Jr1968) Let (O, L) be an orthoset. Then L(O, L) is an
orthomodular lattice if and only if for every closed subset X of O and every
basis B of X, X = B++.
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A well-known corollary

Every closed subspace of a Hilbert space has an orthogonal basis. \
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Cographs

@ Every non-Dacey orthoset must contain the 4-vertices path P4 as an
induced subgraph.
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Cographs

@ Every non-Dacey orthoset must contain the 4-vertices path P4 as an
induced subgraph.

@ So every graph that does not contain P, is Dacey.
@ The opposite implication is not true.
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Cographs

Every non-Dacey orthoset must contain the 4-vertices path P4 as an
induced subgraph.

So every graph that does not contain P, is Dacey.

The graphs that do not contain P4 are (nowadays) called cographs.

(*)]

@ The opposite implication is not true.

(*]

@ They have many characterizations (see Wikipedia).
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Orthosets of quotients

@ For a poset P, we write Q*(P) for the set of all pairs (a,b) € P x P
with a < b.

@ In lattice theory, the elements of Q™ (A) are called proper quotients.
An element (a,b) € Q*(P) is denoted by [a < b].
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Orthosets of quotients

@ For[a<b],[c<dleQ(P)wewrite[a<b] L[c<d]ifb<cor
d<a.
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Orthosets of quotients

@ For[a<b],[c<dleQ(P)wewrite[a<b] L[c<d]ifb<cor
d<a.

d b
c a
| |
| |
b d
a c
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Orthosets of quotients

@ For[a<b],[c<dleQ(P)wewrite[a<b] L[c<d]ifb<cor
d<a.

d b
c a
| |
| |
b d
a c

@ Clearly, 1 is symmetric and irreflexive, so (Q*(P), L) is an orthoset.
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A characterization of finite lattices

GJ (2023) Let P be a finite bounded poset. Then P is a lattice if and only
if its orthoset of quotients (Q™(P), L) is Dacey.
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A characterization of bounded chains

GJ (2023) Let P be a bounded poset. Then P is a chain if and only if
L(Q™(P), 1) is a Boolean algebra.

Gejza Jenca Dacey graphs and posets MAGIA 2026 19/23



N-free posets

@ Let P be a poset.

@ For a quadruple of elements (a, b, ¢, d) € P*, we say that they form
an N if and only if a < ¢ > b < d (note the covering relation here),
b < d, and all the other distinct pairs of elements of the set {a, b, ¢, d}
are incomparable.

c d
aNb
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N-free posets

@ Let P be a poset.

@ For a quadruple of elements (a, b, ¢, d) € P*, we say that they form
an N if and only if a < ¢ > b < d (note the covering relation here),
b < d, and all the other distinct pairs of elements of the set {a, b, ¢, d}
are incomparable.

c d
aNb

@ A poset such that no quadruple of elements forms an N is called
N-free.
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N-free posets

N-free posets were introduced in Grillet1969). In that paper, the following
characterization of N-free posets was proved.

A finite poset P is N-free if and only if every maximal chain in P intersects
every maximal antichain in P.
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Incomparability orthosets

@ Let P be a poset.
@ For x,y € P let us now write x L y if and only if x, y are incomparable.
@ We say that (P, 1) is the incomparability orthoset of P.
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Incomparability orthosets

@ Let P be a poset.
@ For x,y € P let us now write x L y if and only if x, y are incomparable.
@ We say that (P, 1) is the incomparability orthoset of P.

GJ (2024) Let P be a finite poset. Then P is N-free if and only if its
incomparability orthoset (P, L) is Dacey.
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