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Abstract: In this work we deal with OWA operators for normal, convex fuzzy truth values (fuzzy sets in
[0, 1]). Our approach is as follows. We adapt a more general notion of OWA operators on any complete
lattice endowed with a t-norm and a t-conorm [4, 6], and study this notion on a particular case of
complete lattice, namely the set of all normal, convex fuzzy truth values. We focus on a specific nature of
the operators in this settings.
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1 Introduction

In [4, 6] the concept of an ordered weighted averaging (OWA for short) operator is extended to any
complete lattice endowed with a t-norm and a t-conorm. The intention of authors was to avoid the
need of a linear order in environments in which it is available only partial order. Our aim is to study a
specific nature of ideas from [4, 6] in one particular case of complete lattice, namely the set of all normal,
convex fuzzy truth values (fuzzy sets in [0, 1]). It is well-known that this set is not linearly ordered. We
discuss the notion of (distributive) weighting vector, formulate a sufficient and necessary condition under
which given elements constitute a distributive weighting vector and investigate bounds of the proposed
operators.

The aggregation of fuzzy truth values is essential in the type-2 fuzzy sets settings [8, 9]. Also, the
need of aggregation of fuzzy truth values arises in decision making problems when the alternatives are
assessed by fuzzy truth values. Recall that Yager’s OWA operators are of special significance in solving
decision making problems. This leads to growing interest of scholars to investigate OWA operators for
various kinds of elements, e.g., for intervals [1, 13], fuzzy intervals [15, 16], gradual intervals [10], i.e.,
also for fuzzy truth values.

The paper is organized as follows. Section 2 contains basic definitions and notations that are used
in the remaining parts of the paper. In Section 3, we study OWA operator on the set of normal, convex
fuzzy truth values and some its properties. The conclusions are discussed in Section 4.

2 Preliminaries

In this section we present some basic concepts and terminology that will be used throughout the paper.

Let X be a set. A fuzzy set in X is a mapping from X to [0, 1]. Let F(X) denote the class of all
fuzzy sets in X, and let F denote the class of all fuzzy sets in [0, 1]. A type-2 fuzzy set in X is a fuzzy
set whose membership grades are fuzzy sets in [0, 1]. Hence, type-2 fuzzy set in X is a mapping

]?:X—>.7:

and the elements of F are called fuzzy truth values.
A fuzzy set f in X is normal if there exists € X such that f(x) = 1. Let X be a linear space, a
fuzzy set f in X is convex if it is satisfied f(Az1 + (1 — N)xe) > min(f(z1), f(z2)) for all A € [0, 1],

*Institute of Information Engineering, Automation and Mathematics, Faculty of Chemical and Food Technology, Slovak
University of Technology in Bratislava, zdenko.takac @ stuba.sk

67



Uncertainty modelling 2015

for each z1,z9 € X. We denote by F¢ the class of all normal, convex fuzzy truth values. We will use
operations LI, M, relations C, < and special elements 0, 1 on F given by:

(fUg)(z) = ﬁigz(f(x) AN g(y)), fEg iff frng=f,
(fMg)(z) = iizgz(f(w) A g(y)), f=g iff fug=yg, 0

1 ,ifx =0, 1 ifa =1,
o<x>:{ ’ 1<:c>:{ ’

0 ,otherwise, 0 ,otherwise.

The algebra of fuzzy truth values (F,L,M,0,1,C, <) is closely described in [5] and [11]. In [11] it is
showed that (Fn¢, L, 1,0,1,C) is a bounded, distributive lattice, and in [2] the authors showed that the
lattice is complete. Recall that the two orders C and < coincide on the set of normal, convex fuzzy truth
values.

In 1988 Yager [14] introduced OWA operator which is one of the most widely used aggregation
methods for real numbers.

Definition 2.1. Letw = (wy,...,wy,) € [0,1]" withw; + ... +w, = 1 be a weighting vector. An OWA
operator associated with w is a mapping OW Ay, : [0,1]" — [0, 1] defined by

OWAw(x1,...,25) = Z Wi (5)
i=1

where x;y denotes the ith largest number among x1, . .., Tp.

3 OWA operators defined on the set of convex normal fuzzy truth values

In this section we apply the ideas of [4, 6] to the settings of type-2 fuzzy sets. In other words, we will
study distributive weighting vectors and consequently OWA operators on the set of fuzzy truth values F.
Let us start with the notion of a t-norm and a t-conorm on F.

Definition 3.1. A mapping T : F x F — F is said to be a t-norm on (F,C) if it is commutative,
associative, increasing in each component and has a neutral element 1.

A mapping S : F x F — F is said to be a t-conorm on (F,C) if it is commutative, associative,
increasing in each component and has a neutral element 0.

The operations ' and LI given by (1) are t-norm and t-conorm on F, respectively. The following
propositions are easy to check, see [3], [7] and [12].

Proposition 3.2. The operation M given by (1) is a t-norm on (F,C).
Proposition 3.3. The operation U given by (1) is a t-conorm on (F,C).

According to the following lemma, it is possible to construct linearly ordered vector from any given
vector in F .

Lemma 3.4 ([4]). Let (fi,..., fn) € Fre, and let

g = f[il...Ufa,
g2 = ((flﬂfQ)l—l-"l—l(flﬂfn))I—l((f2|_|f3)|—|"'|—|(f2|_|fn))I—I"'I—l((fn—lﬂfn))a

g = I_I{fjll‘l...l_lfjk]{jl,...,jk}g{1,...,77,}},

gn = f1|_|...|_|fn.
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Then

gn Egn—1E ... C g1
Moreover, ifthe set { f1, ..., fn} is linearly ordered, then the vector (g1, . . ., gn) coincides with (f51y; - - -, fo(n))
for some permutation o of {1,...,n}.

We proceed with the study of distributive weighting vector in Fy,~ and some of its properties.

Definition 3.5. Let w1, ..., w, € F. Avector (w1, ...,wy) is said to be a weighting vector in (F,C) if
wy U...Uw, =1, and it is said to be a distributive weighting vector if it also satisfies

f(wU...Uwy) = (fMNw)U...U(fNwy,)

forall f € F.

The following theorem gives a necessary condition under which elements wy, ..., w, constitute a
weighting vector in (Fyc, C).

Theorem 3.6. Let wy,...,w, € Fyc. Ifwi U...Uw, =1, then w; = 1 for some i € {1,...,n}.

Proof. 1. We show that w;(1) = 1 for some ¢ € {1,...,n}. From w; U...UJw, = 1 it follows
(wp U...Uw,)(1) = 1, hence there exist ay,...a, € [0,1] such that max(as,...,a,) = 1 and
min(wi(ay),...,wy(ay,)) = 1, and consequently there exist ay, . . . a,, € [0, 1] such that max(ay,...,a,) =
1 and wi(a;) = ... = wp(a,) = 1. It means that, for some i € {1,...,n}, it holds a; = 1 and
w;(ay) = 1, thus w;(1) = 1 for some ¢ € {1,...,n}. Let us write wg, (1) = 1.

2. Now we are going to show that wy,(x) = 0 forall z € [0,1[if w; # 1 foralli € {1,...,n} —
{ko}. Let there exist z¢ € [0, 1] such that wg,(x¢) > 0. Then there exist by, ..., bk,—1,bkg+1,---,0n €
[0, 1] such that

wl(bl)a v 7wk0—1(b/€0—1)> wko+l(bk0+1)> e 7wn(bn) > 0>
hence
(w1 ...y wn)(max(bl, ... ,bko_l,xo, bk0+1, e ,bn)) =
= min (wl(bl), ey Wh—1(bkg—1) Wio (70), Wi +1 (bkg+1)s - - - ,wn(bn)) >0,
which contradicts our assumption wy U ... U w, = 1. |
The following corollary states a simple necessary and sufficient condition under which (wq, ..., w,) €

Fi ¢ is a distributive weighting vector.
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Corollary 3.7. A vector (w1, ...,w,) € Fy is a distributive weighting vector in (Fnc, C) if and only
if there exists i € {1,...,n} such that w; = 1.

Proof. 1. Necessity: Let (w1,...,w,) € Fp be a distributive weighting vector. Then, according to
Definition 3.5, wy U ... U w, = 1; and from Theorem 3.6 it follows w; = 1 for some i € {1,...,n}.
2. Sufficiency: Let us first observe that (Fxn¢, C) is a distributive lattice, thus it is sufficient to show
that (w1, ..., wy,) is a weighting vector in (Fy¢,C). Let w; = 1 for some i € {1,...,n}. The proof
follows from the observation that 1 LI f = 1 for all f € Fyc. O

Now we can use the notion of distributive weighting vector and define an OWA operator on the set
of normal, convex fuzzy truth values Fn¢.

Definition 3.8. Let w = (w1,...,w,) € Fp be a distributive weighting vector in (Fyc,C). The
mapping Fy : Fyo — Fnc given, for all (f1,---,fn) € Fes by

Fo(fiyooosfn)=(w1MNgr)U...U(w, Mgyp),

where (g1, ...,gn) is a linearly ordered vector constructed from (fi, ..., fn) according to Lemma 3.4,
is called an n-ary OWA operator on Fnc.

Example 3.9. Ler weighting vector be w = (w1, 1) and wn, f1, fo be fuzzy truth values given by Figure
1. Then g1 = fi U fo, go = f1 1 fo, and

Fy(f1,f2) = (wiMg1) U (1Mge) = (w1 Mg1) U gs.

The results are depicted in Figure 1 (for simplicity, fuzzy truth values g1 and go are not depicted - they
can be found in Figure 2).

-Em W1,_|g1
Fw(fl’fz)
l
0.8 i

Figure 1: See Example 3.9.

From our point of view, the most important property of operator I, is given by the following theo-
rem.
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Theorem 3.10. Let Fy, be an n-ary OWA operator on Fnc. Then

AN N EFe(fi,. s fa) AU U fn

forall fi,...,fn € Fne.

Proof. We prove the right inequality, the left one can be checked in a similar way.

Fo(fi,ooosfn)=(iNg)U...U(w,Mgp) E(wi Mg)U...U(w, Mg1) =
:(wll_l...an)l_lglzll_lglzglzfll_l...ufn.
O

The theorem says that the results of Fy, (f1,..., f,) are bounded by f1 M...M f,and fi U... U f,.
It is worth pointing out that for standard OWA operators for real numbers from min(zy,...,z,) <
OW Ay (x1,...,2,) < max(xq,...,x,) it follows that OW A, (z1,...,z,) > x; for some i €
{1,...,n}, and OW A, (x1,...,z,) < z; for some j € {1,...,n}. However, the similar property
does not hold for Fy,, i.e., it is possible that

Fy(ftsos fn) T fis foralli e {1,...,n}

or
Fo(fi,--o, fa) 3 f5, forall j € {1,...,n}.

See Example 3.9) where Fy (f1, fn) 3 f1 and Fy (f1, fn) 3 fo.

Example 3.11. Let weighting vector be w = (1, ws) and wa, f1, fo be fuzzy truth values given by Figure
2. Then g1 = f1 U fo, go = f1 1 fo, and (see Lemma 3.12 for the last equality)

Fo(f1, f2) = (ANg1) U(wzMga) = g1 U (we Mg2) = g1.

It is easy to check that Fy(f1, f2) = g1 3 fi, fori =1,2.

Figure 2: See Example 3.11.
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The following lemma was used in previous example and will also be needed in proof of Theorem
3.13.

Lemma 3.12. Let f,g,h € Fnco with f T g. Then g U (f M h) = g.

Proof. Applying the distributive laws ([11], Proposition 36) and absorption laws ([11], Proposition 37)
we have:

gu(frmh)=(guf)n(guh)=gr(guh)=g.
O
Note that the property of Lemma 3.12 does not hold in F. The reason is that the absorption laws fail
if g is not convex or A is not normal.
We can now strengthen Proposition 3.8 from [4] in the settings of fuzzy truth values. Our result is
that if 1 is on the first position of a weighting vector w, then our OWA operator is simply maximum,

no matter what are the other weights - see item 1 of the following theorem. Note that there are much
stronger assumptions for a similar assertion on minimum - see item 2 of the theorem.

Theorem 3.13. Let w = (w1, ..., wy) be a distributive weighting vector in F .
1. Ifw1:l,thean(fl,...,fn):fll_l...l_lfn.
2. Ifw, =1andw; T f110...0 fpforalli € {1,...,n—1}, then Fyy(f1,..., fn) = fiT1...10 fn.
3. Ifwy = 1forsomek € {1,... ,n}andw; = 0foralli € {1,...,n}—{k}, then Fyy(f1,..., fn) =
k-
Proof. 1. Letw = (1,wy,...,wy,). Then
Folfiyo s fn)=QAMNg) U(weMgy) U...U (w,MNgy) =
=g U (weMgo) U...U (w,Mgy)
and applying Lemma 3.12 (n — 1) times we conclude
Fo(fi,-- o fo) == fiu...Ufu
2. Letw = (wq,...,wp—1,1) with w; C g, forall i € {1,...,n — 1}. Then w; C g; for all
ie{l,...,n— 1}, and we have
Fo(fi, oo osfn) =i MNg)U...U(wp—1Mgp—1)U(AMNgy) =wi U...dwy_1 g, =
:gn:fll_l---rlfn-
3.Letw =(0,...,0,w; =1,0...,0). Then
Fo(fi,ooosfn)=0MNg)U...00MNgr—1)U(AMge)U(0Mgrs1)...L(0Mgy) =
=0U...U0UggU0... U0 = gg.

4 Conclusion

In [4, 6] an OWA operator on any complete lattice endowed with a t-norm and a t-conorm was intro-
duced. In this paper we focused on OWA operators on one particular case of complete lattice, namely
the set of all normal, convex fuzzy truth values. We have restricted our attention on operations I and
L. Our next intention is to apply some other t-norms and t-conorms on the set of fuzzy truth values and
study properties of corresponding OWA operators. Another line of our investigation is a relationship of
the proposed OWA operators to existing operators, namely type-1 OWA operators [15, 16] and OWA
operators for gradual intervals [10].
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