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Abstract: We introduced an alternative look on fuzzy numbers based on two random variables and

to their summation. This approach covers triangular norm - based approach, however, it is much more

general. We illustrate it on some examples.
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1 Introduction

Fuzzy numbers and the related arithmetics were deeply studied since 1975 [3]. For overview of most

important definitions and results we recommend [8, 1].

Definition 1. Consider a fuzzy subset A of R =]−∞,∞[. Let µA be its membership function. A fuzzy

number is the fuzzy subset A whenever

• it is normal, i.e., µA(x0) = 1 for some x0 ∈ R,

• function µA is upper semi-continuous and convex, i.e.,

⋃

α>β

{x ∈ R| µA ≥ α} = {x ∈ R| µA ≥ β}

for each α, β ∈ [0, 1], and

µA(λx+ (1− λ)y) ≥ min(µA(x), µA(y))

for each x, y ∈ R and λ ∈ [0, 1],

• it has bounded support, i.e., there are x1, x2 ∈ R, x1 < x2 such that

µA(x) = 0 whenever x < x1 or x > x2.

In any type of fuzzy arithmetics, multiplication by a real constant c ∈ R gives either 0 if c = 0, or, if

c 6= 0 then µcA(x) = µA(
x
c
). Similarly, concerning c+A, we have µc+A(x) = µA(x− c).

However, for the processing of proper fuzzy numbers, several approaches have been proposed, so

far. They are based on a given (left-continuous) triangular norm (t-norm) T : [0, 1]2 → [0, 1] (i.e., an

associative, commutative and monotone binary operation on [0, 1] with neutral element e = 1; for more

details see [5]), modifying the Zadeh extension principle from [14]. We will focus on the summation

only, and for a given t-norm T , it is defined as follows:

Definition 2. Let A,B be fuzzy numbers and T a triangular norm. Then the T -sum C = A ⊞T B has

the membership function

µC(z) = sup {T (µA(x), µB(z − x))| x ∈ R} . (1)
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Note that there are also alternative definition of fuzzy numbers, using the distribution functions, or

survival functions, see [4, 7, 10], but still exploiting formula (1).

Inspired by the above mentioned alternative definitions, we offer in this contribution an alternative

look on fuzzy numbers and their summation.

The contribution is organized as follows. In the next section, we use a probabilistic look on fuzzy

numbers as a pair of random variables A = (X,Y ), and propose a probabilistic approach to summation

of fuzzy numbers. In Section 3, several examples are introduced. Finally, concluding remarks are added,

especially towards the probabilistic approach to multiplication of fuzzy numbers.

2 Probabilistic approach to the summation of fuzzy numbers

Consider a fuzzy number A and a real value x0 such that µA(x0) = 1. It is evident that the functions

FA, SA : R → [0, 1] given by

FA(x) =

{

µA(x) if x ≤ x0,

1 otherwise,
and SA(x) =

{

1 if x ≤ x0,

µA(x) otherwise,

are a distribution function and a survival function, respectively. Moreover, considering random variables

X and Y defined on some probabilistic space (Ω,A, P ), and related to FA and SA, respectively, it is

evident that X ≤ Y in strict sense, i.e., X(ω1) ≤ Y (ω2) for any ω1, ω2 ∈ Ω. Also the range of X

is contained in [x1, x0], and the range of Y is contained in [x0, x2], compare Definition 1. Moreover,

observe that µA = min(FA, SA). We summarize the above facts in the next proposition.

Proposition 1. A fuzzy subset A of R is a fuzzy number (with membership function µA) if and only if

there is a pair of random variables (X,Y ) with non-overlapping ranges, X ≤ Y , related to a distribution

function FX and survival function SY , respectively, so that µA = min(FX , SY ).

Consider fuzzy numbers A ∼ (XA, YA) and B ∼ (XB, YB). Our aim is to introduce a sum C

of A and B. If we consider only functions FA, SA, FB, SB , one can apply any triangle function τ

[11, 12]. Observe that triangle functions are defined on distance distribution functions, i.e., those with

support in [0,∞], and thus one should consider FA,x1 given by FA,x1 = FA(x + x1), FSA,x0 given by

FSA,x0(x) = 1− SA(x+ x0), etc.

If one considers triangle function τT defined by means of a t-norm T ,

τT (FX1 , FX2)(z) = sup {T (FX1(x), FX2(y))| x+ y = z} ,

we recover the formula (1).

However, considering random variables XA, YA, XB, YB , it is natural to look for the sum XC =
XA + XB (and then to the related distribution function FC), and to the sum YC = YA + YB (and then

to the related survival function SC). It is well-known that the distribution function FXC
of a random

variable XC = XA +XB depends on the joint distribution function FXA,XB
: R2 → [0, 1],

FXC
(z) = P ({(x, y) ∈ R

2| x+ y ≤ z}), (2)

where the probability P is introduced by the joint distribution function FXA,XB
. Since Sklar [13] we

know that for each couple of random variables XA and XB there is a copula K : [0, 1]2 → [0, 1] so that

FXA,XB
(x, y) = K(FXA

(x), FXB
(y)).

For more details on copulas we recommend lecture notes [9]. Now, we are ready to introduce probabilis-

tic approach to summation of fuzzy quantities.

Definition 3. Let K : [0, 1]2 → [0, 1] be a fixed copula and (XA, YA), (XB, YB) be couples of random

variables linked to fuzzy numbers A and B, respectively. Then the K-sum of A and B, C = A ⊕K B,

is linked to a couple (XC , YC) of random variables, XC = XA + XB, YC = YA + YB , with distri-

bution functions FXC
and FYC

, respectively, given by (2) and considering respectively join distribution

functions FXA,XB
= K(FXA

, FXB
) and FYA,YB

= K(FYA
, FYB

).
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Observe that formula (1) cannot decrease the uncertainty characterized be the spreads of incoming

fuzzy numbers (it is always between the maximal incoming spread, and the sum of incoming spreads),

see [1], what is not the case of our approach. Note that this phenomenon was till now obtained only when

the constraint fuzzy arithmetics was considered [6, 2].

3 Examples

For the sake of simplicity, we will consider only random variables uniformly distributed over a given

interval. We denote by X[a,b] (Y[a,b]) a random variable uniformly distributed over [a, b].

Example 1. A pair (X[a,b], Y[c,d]) is linked to a fuzzy number A if and only if b ≤ c, and then

µA(x) =























x−a
b−a

if x ∈ [a, b],

1 if x ∈ [b, c],
d−x
d−c

if x ∈ [c, d],

0 otherwise,

i.e., A is a trapezoidal fuzzy number, A = TPFN(a, b, c, d). If b = c, then A is triangular fuzzy

number, A = TFN(a, b, d), see [1].

Example 2. Consider three basic copulas W,Π,M : [0, 1]2 → [0, 1]

W (x, y) = max(0, x+ y − 1),

Π(x, y) = xy,

M(x, y) = min(x, y).

Then:

i) The copula M models the total positive dependence. Thus, if we consider X[a1,b1] and X[a2,b2],

necessarily X[a2,b2] = a2 + (b2 − a2) ·
X[a1,b1]

−a1

b1−a1
, and thus

X[a1,b1] +X[a2,b2] = X[a1+a2,b1+b2].

Then, if A = TPFN(a1, b1, c1, d1) and B = TPFN(a2, b2, c2, d2), it holds

C = A⊕M B = TPFN(a1 + a2, b1 + b2, c1 + c2, d1 + d2),

recovering the traditional min-based sum of trapezoidal fuzzy numbers given by formula (1) (in

general, ⊕M = ⊞M ).

ii) The copula W models the total negative dependence, and then

X[a2,b2] = b2 − (b2 − a2) ·
X[a1,b1] − a1

b1 − a1
.

Consequently,

X[a1,b1] +X[a2,b2] = X[min(a1+b2,a2+b1),max(a1+b2,a2+b1)],

which in the case a1 + b2 = a2 + b1 (i.e., the intervals [a1, b1] and [a2, b2] have the same length),

yields X[a1,b1] +X[a2,b2] = a1 + b2 (i.e., the Dirac distribution in point a1 + b2 is obtained). Thus

A⊕W B = TPFN(min(a1 + b2, a2 + b1),max(a1 + b2, a2 + b1),

min(c1 + d2, c2 + d1),max(c1 + d2, c2 + d1)).

Consider A = B = TFN(0, 1, 2). Then A⊕W B = 1 is a crisp real number.

63



Uncertainty Modelling 2013

iii) The copula Π models the independence, and thus the random vector (X[a1,b1], X[a2,b2]) is uni-

formly distributed over the rectangle [a1, b1]× [a2, b2] (and its density is constant 1
(b1−a1)(b2−a2)

).

For the simplicity consider A = B = TFN(0, 1, 2), i.e., b1 − a1 = b2 − a2 = 1. Then, for

XC = XA + XB its distribution function FXC
= FXA

∗ FXB
is the convolution of distribution

function FXA
and FXB

, i.e.,

FXC
(x) =























0 if x ≤ 0,
x2

2 if x ∈ [0, 1],
4x−2−x2

2 if x ∈ [1, 2],

1 otherwise.

Using a similar reasoning for random variables YA, YB, YC , we see that FYC
(x) = FXC

(x − 2),
and thus

SYC
(x) =























1 if x ≤ 2,
4x−2−x2

2 if x ∈ [2, 3],
(4−x)2

2 if x ∈ [3, 4],

0 otherwise,

and thus the fuzzy number C = A⊕Π B has a membership function µC given by

µC(x) =























x2

2 if x ∈ [0, 1],
4x−2−x2

2 if x ∈ [1, 3],
(4−x)2

2 if x ∈ [3, 4],

0 otherwise.

Observe that, considering A = B = TFN(0, 1, 2), it holds:

• A⊕M B = TFN(0, 2, 4) = A⊞M B;

• A⊕W B = 1 but A⊞W B = TFN(1, 2, 3), i.e., A⊕W B is a fuzzy subset of A⊞W B;

• for D = A⊞Π B,

µD(x) =











(x2 )
2 if 0 ≤ x ≤ 2,

(4−x
2 )2 if 2 ≤ x ≤ 4,

0 otherwise,

i.e., A⊞Π B is a fuzzy subset of A⊕Π B.

4 Concluding remarks

We have introduced a new look on fuzzy numbers by means of random variables. This fact has opened

the door to a new type of probabilistic fuzzy arithmetics. In this paper, only the probabilistic summation

of fuzzy numbers was considered and exemplified. The other parts of probabilistic fuzzy arithmetics will

be the topic of our further investigations.
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