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In 1977., M.P. Fourman and D.S. Scott introduced models for
intuitionistic predicate logic. These were Q-sets, or Heyting-valued
sets, {2 being a Heyting algebra.

A complete Heyting algebra € is fixed.

Recall that a complete Heyting algebra is a complete lattice (€, <)
such that for x,y € Q, the set {z € Q| zA x < y} has a largest
element.

An Q-set is a pair (A, E), where A is a nonempty set and E is an
Q-valued equality, i.e., a function E : A2 — Q fulfilling:

E(a,b) = E(b,a) (symmetry) and
E(a,b) NE(b,c) < E(a,c) (transitivity).

Intuitively,
E(a, b) — the "truth value” of the formula a = b and
E(a, a) — the truth value of the formula a € A.
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which possess actual existence (are totally defined).
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If (A, E) is an Q-set, then for all x,y € A
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wu(x) := E(x,x), forevery x € A
is a generalization of a set on which E acts as an equality relation.
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An -set may be understood as a "set-like” entity consisting of
potentially existing (partially defined) elements, only some of
which possess actual existence (are totally defined).

A
If (A, E) is an Q-set, then for all x,y € A J

E(x,x) = E(x,y).

If (A, E) is an Q-set, then the mapping 1 : A — Q, such that
wu(x) := E(x,x), forevery x € A
is a generalization of a set on which E acts as an equality relation.

The function E in an Q-set is separated if

x # y and E(x,x) # 0 imply E(x,x) > E(x,y).
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Let 2 be a complete lattice.

An Q-valued set on a nonempty set X is a mapping i : X — €.
If w: X — Qis an Q-valued set on X then for p € Q, the set

pp = {x € X | u(x) > p}

is a p-cut or (cut) of p.
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is a p-cut or (cut) of p.
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(2-algebras

Let 2 be a complete lattice.

An Q-valued set on a nonempty set X is a mapping i : X — €.
If w: X — Qis an Q-valued set on X then for p € Q, the set

pp = {x € X | u(x) > p}

is a p-cut or (cut) of p.
Obviously,
pp =1~ (1p).

Proposition

The collection {y, | p € Q} of all cuts of the function j1 : X — Q
is a closure system on X.
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on A% ie., it is a mapping R : A2 = Q.
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An Q-valued (binary) relation R on A is a lattice-valued function
on A% ie., it is a mapping R : A2 = Q.

R is symmetric if

R(x,y) = R(y,x) forall x,y € A;

R is transitive if

R(x,y) 2 R(x,z) AN R(z,y) for all x,y,z € A.
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lattice-valued relation on A, respectively.
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Let 1 : A— Qand R : A2 — Q be a lattice-valued function a
lattice-valued relation on A, respectively.
Then R is a lattice-valued relation on p if for all x,y € A

R(x,y) < p(x) A p(y).

A lattice-valued relation R on i : A — Q is said to be reflexive on
w or u-reflexive if

R(x,x) = p(x) for every x € A.

A symmetric and transitive 2-valued relation R on A, which is
u-reflexive is a lattice-valued equivalence on p: A — Q.

A lattice-valued equivalence R on A is a lattice-valued equality,
if it satisfies the separation property.
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A lattice-valued relation R : A2 — Q on an algebra A = (A, F) is
compatible with the operations in F if the following holds:
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A lattice-valued relation R : A2 — Q on an algebra A = (A, F) is
compatible with the operations in F if the following holds:

For every n-ary operation f € F, for all a1,...,an, b1,..., b, € A,
and for every constant (nullary operation) c € F

/\ (ai, bi) < R(f(a1,...,an), f(b1,...,bn));
i=1
and R(c,c) =
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defined by

w(x) == E(x,x).
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For an Q-set (A, E), we denote by 1 the Q-valued function on A,
defined by

u(x) = E(x.x).
We say that pu is determined by E.
E is an Q-valued relation on pu, namely, it is an Q-valued equality
on .
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For an Q-set (A, E), we denote by 1 the Q-valued function on A,
defined by

u(x) = E(x.x).
We say that pu is determined by E.

E is an Q-valued relation on pu, namely, it is an Q-valued equality
on L.

Proposition

If (A, E) is an Q-set and p € 2, then the cut yu, is a subset of A,
and the cut E, is an equivalence relation on .
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For an Q-set (A, E), we denote by 1 the Q-valued function on A,
defined by

u(x) = E(x.x).
We say that pu is determined by E.

E is an Q-valued relation on pu, namely, it is an Q-valued equality
on L.

Proposition

If (A, E) is an Q-set and p € 2, then the cut yu, is a subset of A,
and the cut E, is an equivalence relation on .

In addition, the collection of all cuts {E, | p € Q} of E is a closure
system, a subposet of the lattice of all weak equivalences on A.
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Let A = (A, F) be an algebra and E : A> — Q an Q-valued
equality on A, which is compatible with the operations in F.

A. Tepavéevi¢ Solving lattice-valued relational equations and inequations



Q2-algebra; cuts of subalgebras and congruences

Let A = (A, F) be an algebra and E : A> — Q an Q-valued
equality on A, which is compatible with the operations in F.
Then, (A, E) is an Q-algebra.

A. Tepavéevi¢ Solving lattice-valued relational equations and inequations



Q2-algebra; cuts of subalgebras and congruences

Let A = (A, F) be an algebra and E : A> — Q an Q-valued
equality on A, which is compatible with the operations in F.
Then, (A, E) is an Q-algebra.

Algebra A is the underlying algebra of (A, E).

A. Tepavéevi¢ Solving lattice-valued relational equations and inequations



Q2-algebra; cuts of subalgebras and congruences

Let A = (A, F) be an algebra and E : A> — Q an Q-valued
equality on A, which is compatible with the operations in F.
Then, (A, E) is an Q-algebra.

Algebra A is the underlying algebra of (A, E).

Proposition

Let (A, E) be an Q-algebra. Then the following hold for every
p e
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Q2-algebra; cuts of subalgebras and congruences

Let A = (A, F) be an algebra and E : A> — Q an Q-valued
equality on A, which is compatible with the operations in F.
Then, (A, E) is an Q-algebra.

Algebra A is the underlying algebra of (A, E).

Proposition

Let (A, E) be an Q-algebra. Then the following hold for every
p e
(i) The cut pup of p is a subalgebra of A, and
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Q2-algebra; cuts of subalgebras and congruences

Let A = (A, F) be an algebra and E : A> — Q an Q-valued
equality on A, which is compatible with the operations in F.
Then, (A, E) is an Q-algebra.

Algebra A is the underlying algebra of (A, E).

Proposition

Let (A, E) be an Q-algebra. Then the following hold for every
p e

(i) The cut pup of p is a subalgebra of A, and

(ii') The cut E, of E is a congruence relation on pp.
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u(xt, ..., xn) = v(x1,...,x,) (briefly u=v)

be an identity in the type of an Q-algebra (A, E).
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be an identity in the type of an Q-algebra (A, E). We assume that
variables appearing in terms u and v are from xi,..., x,.
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u(xt, ..., xn) = v(x1,...,x,) (briefly u=v)
be an identity in the type of an Q-algebra (A, E). We assume that

variables appearing in terms u and v are from xi,..., x,.

Then, (A, E) satisfies identity v ~ v (this identity holds on
(A, E)) if the following condition is fulfilled:
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Identities

Let
u(xt, ..., xn) = v(x1,...,x,) (briefly u=v)

be an identity in the type of an Q-algebra (A, E). We assume that
variables appearing in terms u and v are from xi,..., x,.

Then, (A, E) satisfies identity v ~ v (this identity holds on
(A, E)) if the following condition is fulfilled:

n

/\ w(ai) < E(u(ai,...,an), v(ai,...,an)),

i=1
for all a1,...,a, € A and the term-operations corresponding to
terms u and v respectively.

A. Tepavéevi¢ Solving lattice-valued relational equations and inequations



If Q-algebra (A, E) satisfies an identity, then this identity does not
necessarily hold on A.
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If Q-algebra (A, E) satisfies an identity, then this identity does not
necessarily hold on A.

On the other hand, if the supporting algebra fulfills an identity,
then also the corresponding €2-algebra does.
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If Q-algebra (A, E) satisfies an identity, then this identity does not
necessarily hold on A.

On the other hand, if the supporting algebra fulfills an identity,
then also the corresponding €2-algebra does.

Proposition
If an identity u ~ v holds on an algebra A, then it also holds on an
Q-algebra (A, E).
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Let (A, E) be an Q-algebra, and F a set of identities in the
language of A. Then, (A, E) satisfies (all identities in) F if and
only if for every p € L the quotient algebra i,/ E,, satisfies the
same identities.
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Proposition

The collection of cuts of E in an Q-algebra A = (A, E) is a closure
system on A2, a subposet of the weak congruence lattice Cony,(.A)

of A.
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Proposition

The collection of cuts of E in an Q-algebra A = (A, E) is a closure
system on A2, a subposet of the weak congruence lattice Con,,(.A)

of A.

Theorem (Representation)

Let A be an algebra and R a closure system in Cony,(.A) such that
if a# b, then (a,b) &ﬂ{RER | (a,a) € R} forall a,b e A

Then there is a complete lattice Q and an Q-algebra (A, E) with
the underlying algebra A, such that R consists of cuts of E.
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Canonical construction
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We take €2 to be the starting collection R of weak congruences
ordered by the dual of the set inclusion, D.
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system, (R, D) is a complete lattice.
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Canonical construction

We take €2 to be the starting collection R of weak congruences
ordered by the dual of the set inclusion, O. Being a closure
system, (R, D) is a complete lattice. Next, we define E : A — Q:

E(a,b):=(YReR|(a,b)€R) forallabeA

Now we have that Eg = R (the cut determined by R considered as
an element of Q, coincides with R as a weak congruence).
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Canonical construction

We take €2 to be the starting collection R of weak congruences
ordered by the dual of the set inclusion, O. Being a closure
system, (R, D) is a complete lattice. Next, we define E : A — Q:

E(a,b):=(YReR|(a,b)€R) forallabeA

Now we have that Eg = R (the cut determined by R considered as
an element of Q, coincides with R as a weak congruence).

The structure (A, E) is then the required Q-algebra, obtained by
the canonical construction.
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For a symmetric and transitive relation R C A2, we denote by
domR the set {x € A| (x,x) € R}.
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For a symmetric and transitive relation R C A2, we denote by
domR the set {x € A| (x,x) € R}.

Let A be an algebra and R a closure system in Cony,(A) fulfilling
condition:

ifa# b, then (a,b) & {RE€R|(a,a) € R} forallabe A

Let also F be a set of identities in the language of A and suppose
that for every R € R, the algebra domR/R fulfills these identities.
Then there is a complete lattice Q and an Q-algebra (A, E), such
that R consists of cuts of E and (A, E) satisfies F.
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Example: Q2-group

Let (G, E) be an Q-algebra in which G = (G,-,71, e) is an algebra
with a binary operation (-), unary operation (~!) and a constant

(e)-
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Example: Q2-group

Let (G, E) be an Q-algebra in which G = (G,-,71, e) is an algebra
with a binary operation (-), unary operation (~!) and a constant
(e).

Then, (G, E) is an Q-group if the following known group identities
hold with respect to E:
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Example: Q2-group

Let (G, E) be an Q-algebra in which G = (G,-,71, e) is an algebra
with a binary operation (-), unary operation (~!) and a constant
(e).

Then, (G, E) is an Q-group if the following known group identities
hold with respect to E:

x-(y-z)=(x-y)-z,
X-er X, e X~ X,

X-x_lze, x 1. x~e.
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Example: Q2-group

Let (G, E) be an Q-algebra in which G = (G,-,71, e) is an algebra
with a binary operation (-), unary operation (~!) and a constant
(e).

Then, (G, E) is an Q-group if the following known group identities
hold with respect to E:

x-(y-z)=(x-y)z
X e X, e XX,
X-x_lze, x 1. x~e.

In terms of Q-algebras, these identities are equivalent with

formulas:
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Example: Q2-group

Let (G, E) be an Q-algebra in which G = (G,-,71, e) is an algebra
with a binary operation (-), unary operation (~!) and a constant
(e).

Then, (G, E) is an Q-group if the following known group identities
hold with respect to E:

x-(y-z)=(x-y)-z,
X-er X, e X~ X,

1 1

XX "rRe X " x=e.

In terms of Q-algebras, these identities are equivalent with
formulas:

(1) E(x-(y-2),(x-y)-2) 2 p(x) A puly) A p(2),
(if) E(x-e,x) > pu(x) and E(e- x,x) > u(x),
(iii) E(x-x71,e) = p(x) and E(x71-x,e) > pu(x).
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Let (G, E) be an Q-algebra. Then, (G, E) is an Q-group if and only
if for every p € Q, the quotient structure y,/Ep is a group.
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Concrete examples
1' g:(N()v@ailaO)y N0:{0,1,2,...}
@ — a binary operation on Np:
L if x=y
X@y'_{ x4y i xHy
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Concrete examples
1' g:(N()v@ailaO)y N0:{0,1,2,...}
@ — a binary operation on Np:

XDy = if x=y
A " +y if x#y’
~1 — a unary operation on Ny defined by x~! = x.
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Concrete examples
1' g:(N()v@ailaO)y N0:{0,1,2,...}
@ — a binary operation on Np:

Dy = if x=y
Xwy = x+y if x#y’

— a unary operation on Ng defined by x~! = x.

A neutral element in G is 0, but @ is not associative, hence G is
not a group.

-1
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Concrete examples
1' g:(N()v@ailaO)y N0:{0,1,2,...}
@ — a binary operation on Np:

Dy = if x=y
Xwy = x+y if x#y’

— a unary operation on Ng defined by x~! = x.

A neutral element in G is 0, but @ is not associative, hence G is
not a group.
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pL P2 P3 --- Pn
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EXF10 1 2 3 4 5
01 0 r O r O
1 /0 pr 0 r 0 r
2 |r 0 pp 0 r O
3/0 r O p3 0 r
4 |r 0 r 0 pg O
510 r 0 r 0 ps
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EXF10 1 2 3 4 5
01 0 r O r O
1 /0 pr 0 r 0 r
2 |r 0 pp 0 r O
3/0 r O p3 0 r
4 |r 0 r 0 pg O
510 r 0 r 0 ps

The structure (G, E#) is an Q-group.
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Cut subalgebras:

(1 — the trivial one-element subalgebra {0}.
For every p, € @, up, = {0,n}.

®[0 n E5 |0 n
0/0 n ; 0 |1 0.
nin 0 n [0 1
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Cut subalgebras:

(1 — the trivial one-element subalgebra {0}.
For every p, € @, up, = {0,n}.

®[0 n E5 |0 n
0/0 n ; 0 |1 0.
nin 0 n [0 1

For every p, € @, the quotient structure pi,,/Ep, is a two-element
group.

A. Tepavievi¢

Solving lattice-valued relational equations and inequations



2. Consider the symmetric group Ss (given by the table) as a
basic (underlying) algebra.
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2. Consider the symmetric group Ss (given by the table) as a
basic (underlying) algebra.

0~ X0 3| >
> 0O h XS~ |-
0 >~ x| x

X~ >R o0
X~ >R oo
>S0R X~ o |

~. X - 0o 0|0y

g e.

The corresponding Q-group given in the sequel is commutative.
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2. Consider the symmetric group Ss (given by the table) as a
basic (underlying) algebra.

0~ X0 3| >
> 0O h XS~ |-
0 >~ x| x

X~ >R o0
X~ >R oo
>S0R X~ o |

~. X - 0o 0|0y

g e.

The corresponding Q-group given in the sequel is commutative.

The lattice Q is presented by the diagram.
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Erie f g h j k
e |l x w q q v
f 1 x t v 0 0 u
glw v s 0 0 wu
h|lg 0 0 p g O
Jj g 00 g p O
k|lv u uvu 0 0 r.
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Erie f g h j k
e |l x w q q v
f 1 x t v 0 0 u
glw v s 0 0 wu
h|lg 0 0 p g O
Jj g 00 g p O
k|lv u uvu 0 0 r.
(e f g h j k

M_<1 t s pop r)'

All the structures p,/EL, z € Q are groups of order 3, 2 or 1,
hence Abelian.
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Erie f g h j k
e |l x w q q v
f 1 x t v 0 0 u
glw v s 0 0 wu
h|lg 0 0 p g O
Jj g 00 g p O
k|lv u uvu 0 0 r.
(e f g h j k

M_<1 t s pop r)'

All the structures p,/EL, z € Q are groups of order 3, 2 or 1,
hence Abelian.

Therefore, this structure is an Abelian Q-group, identity
X -y & y-x holds as the formula
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Erie f g h j k
e |l x w q q v
f 1 x t v 0 0 u
glw v s 0 0 wu
h|lg 0 0 p g O
Jj g 00 g p O
k|lv u uvu 0 0 r.
(e f g h j k

M_<1 t s pop r)'

All the structures p,/EL, z € Q are groups of order 3, 2 or 1,
hence Abelian.

Therefore, this structure is an Abelian Q-group, identity
X -y & y-x holds as the formula

p(x) A ply) < EF(x-y,y - x).
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(e f g h j k
“P‘(l 0011 o>’
Ei|e f g h j k
e |1 0 0 0 0 O
f {0 0 0 0 O O
2/0 0000 0
h 10 0O 0O 1 0 O
j /00 0 0 1 O
k|0 0O 0 0O 0 0.
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(e f g h j k
“P‘(l 0011 o>’
Ei|e f g h j k
e |1 0 0 0 0 O
f {0 0 0 0 O O
2/0 0000 0
h 10 0O 0O 1 0 O
j /00 0 0 1 O
k|0 0O 0 0O 0 0.

Hence, E} is a weak congruence on S3, a diagonal of
up ={e, h,j} and up/E} is a group of order 3.
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> , hence p, is the underlying group Ss.
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hence p, is the underlying group Ss.

)

— o
=
= 0]
=
—_ .
— X
~——

=

Ey

= O O R = Ol
O P OOR >
O H M= O O %

OO R O X

OR =, OORo
_ O O K~ Ol

X~ >0l - o
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Ly = ( i i ‘Ei{ ,17 Jl /1( > , hence p, is the underlying group Ss.
El/le f g h j k
e |1 0 0 1 1 0
f10 1 1 0 0 1
g |0 1 1 0 0 1
h|1 0 0 1 1 O
j |1 0 0 1 1 0
k|10 1 1 0 0 1.

pu/El = {{e,h,j},{f, g, h}} i.e., itis a two-element group,
similarly for other cuts.
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A groupoid (Q, -) is a quasigroup if for all a, b € Q, linear
equations: a-x=b and y-a= b are uniquely solvable for x, y.

A. Tepavéevi¢ Solving lattice-valued relational equations and inequations



Quasigroups
Two standard ways to define quasigroups:

A groupoid (Q, -) is a quasigroup if for all a, b € Q, linear
equations: a-x=b and y-a= b are uniquely solvable for x, y.
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Quasigroups
Two standard ways to define quasigroups:

A groupoid (Q, -) is a quasigroup if for all a, b € Q, linear
equations: a-x=b and y-a= b are uniquely solvable for x, y.

The other way is to define quasigroups as algebras with three
binary operations -, \, / (called multiplication, left division and
right division respectively):

An equasigroup is an algebra (Q, -, \, /) which satisfies the
following identities:

QRQl: y=x-(x\y);
Q2: y =x\(x-y)
Q3: y=(y/x) x
Q4: y=(y -x)/x
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If(Q, -) is a quasigroup, then (Q, -, \, /) is an equasigroup,
where the additional binary operations \ and / are defined by:

a\b=c iff b=a-c and a/b=c iff a=c-b.
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If(Q, -) is a quasigroup, then (Q, -, \, /) is an equasigroup,
where the additional binary operations \ and / are defined by:

a\b=c iff b=a-c and a/b=c iff a=c-b.

A quasigroup (Q, -) with an identity element e is a loop:
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If(Q, -) is a quasigroup, then (Q, -, \, /) is an equasigroup,
where the additional binary operations \ and / are defined by:

a\b=c iff b=a-c and a/b=c iff a=c-b.

A quasigroup (Q, -) with an identity element e is a loop:
forevery x € Q, e-x=x-e = x.
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If(Q, -) is a quasigroup, then (Q, -, \, /) is an equasigroup,
where the additional binary operations \ and / are defined by:

a\b=c iff b=a-c and a/b=c iff a=c-b.

A quasigroup (Q, -) with an identity element e is a loop:
forevery x € Q, e-x = x-€e = x.

We consider a loop to be a structure (Q, -, e) with the nullary
operation in the language, corresponding to the identity element.
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If(Q, -) is a quasigroup, then (Q, -, \, /) is an equasigroup,
where the additional binary operations \ and / are defined by:

a\b=c iff b=a-c and a/b=c iff a=c-b.

A quasigroup (Q, -) with an identity element e is a loop:
forevery x € Q, e-x = x-e = x.

We consider a loop to be a structure (Q, -, e) with the nullary
operation in the language, corresponding to the identity element.
Alternatively, an equasigroup is an eloop if for all x,y, x\x = y/y;
in this approach x\x serves as the identity element.
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If(Q, -) is a quasigroup, then (Q, -, \, /) is an equasigroup,
where the additional binary operations \ and / are defined by:

a\b=c iff b=a-c and a/b=c iff a=c-b.

A quasigroup (Q, -) with an identity element e is a loop:
forevery x € Q, e-x = x-e = x.

We consider a loop to be a structure (Q, -, e) with the nullary
operation in the language, corresponding to the identity element.
Alternatively, an equasigroup is an eloop if for all x,y, x\x = y/y;
in this approach x\x serves as the identity element.

Finally, a group is an associative loop.
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If(Q, -) is a quasigroup, then (Q, -, \, /) is an equasigroup,
where the additional binary operations \ and / are defined by:

a\b=c iff b=a-c and a/b=c iff a=c-b.

A quasigroup (Q, -) with an identity element e is a loop:
forevery x € Q, e-x = x-e = x.

We consider a loop to be a structure (Q, -, e) with the nullary
operation in the language, corresponding to the identity element.
Alternatively, an equasigroup is an eloop if for all x,y, x\x = y/y;
in this approach x\x serves as the identity element.

Finally, a group is an associative loop.
Here we consider groups in the language with a binary operation -
unary operation ! and a constant e.
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Q2-groupoid, Q2-quasigroup

An Q-groupoid is a structure (Q, E), where Q = (Q,-) is a
groupoid and E : Q% — L an Q-valued compatible equality over Q.
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Q2-groupoid, Q2-quasigroup

An Q-groupoid is a structure (Q, E), where Q = (Q,-) is a
groupoid and E : Q% — L an Q-valued compatible equality over Q.

Let (Q, E) be an Q-groupoid.
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Q2-groupoid, Q2-quasigroup

An Q-groupoid is a structure (Q, E), where Q = (Q,-) is a
groupoid and E : Q% — L an Q-valued compatible equality over Q.

Let (Q, E) be an Q-groupoid.
Each of the formulas a-x=band y-a=b,a3,b€ Q, x,y —
variables, is a linear equation over (Q, E).
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Q2-groupoid, Q2-quasigroup

An Q-groupoid is a structure (Q, E), where Q = (Q,-) is a
groupoid and E : Q% — L an Q-valued compatible equality over Q.

Let (Q, E) be an Q-groupoid.
Each of the formulas a-x=band y-a=b,a3,b€ Q, x,y —
variables, is a linear equation over (Q, E).

We say that an equation a- x = b is solvable over (Q, E) if there
is ¢ € Q such that

p(a) A p(b) < p(e) NE(a- ¢, b).

A. Tepavéevi¢ Solving lattice-valued relational equations and inequations



Q2-groupoid, Q2-quasigroup

An Q-groupoid is a structure (Q, E), where Q = (Q,-) is a
groupoid and E : Q% — L an Q-valued compatible equality over Q.

Let (Q, E) be an Q-groupoid.
Each of the formulas a-x=band y-a=b,a3,b€ Q, x,y —
variables, is a linear equation over (Q, E).

We say that an equation a- x = b is solvable over (Q, E) if there
is ¢ € Q such that

p(a) A p(b) < p(e) NE(a- ¢, b).

Analogously, an equation y - a = b is solvable over (Q, E) if there
is d € Q such that

p(a) A p(b) < p(d) A E(d - a, b).
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Elements ¢ and d are solutions of equations a-x = b and
y - a= b, respectively in (Q, E).
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Elements ¢ and d are solutions of equations a-x = b and
y - a= b, respectively in (Q, E).

Each of the above equations is E-uniquely solvable over (Q, E)
if the following hold:
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Elements ¢ and d are solutions of equations a-x = b and
y - a= b, respectively in (Q, E).

Each of the above equations is E-uniquely solvable over (Q, E)
if the following hold:

If ¢ is a solution of the equation a-x = b over (Q,E) and ¢c; € Q
fulfills E(a- c1, b) > p for some p < p(a) A p(b), then

E(c,c) = p.
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Elements ¢ and d are solutions of equations a-x = b and
y - a= b, respectively in (Q, E).

Each of the above equations is E-uniquely solvable over (Q, E)
if the following hold:

If ¢ is a solution of the equation a-x = b over (Q,E) and ¢c; € Q
fulfills E(a- c1, b) > p for some p < p(a) A p(b), then

E(c,c) = p.

Analogously, if d is a solution of the equation y - a = b over (Q, E)
and d; € Q fulfills E(d; - a, b) > p for some p < u(a) A u(b), then
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If ¢; and d; are (additional) solutions of equations a - x = b and
y - a= b, respectively, then the above conditions hold.
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If ¢; and d; are (additional) solutions of equations a - x = b and
y - a= b, respectively, then the above conditions hold.
Hence, an E-uniquely solvable equation may have several solutions.
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If ¢; and d; are (additional) solutions of equations a - x = b and

y - a= b, respectively, then the above conditions hold.

Hence, an E-uniquely solvable equation may have several solutions.
All these solutions are equal up to the Q-equality E. More
precisely, we have the following.
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If ¢; and d; are (additional) solutions of equations a - x = b and

y - a= b, respectively, then the above conditions hold.

Hence, an E-uniquely solvable equation may have several solutions.
All these solutions are equal up to the Q-equality E. More
precisely, we have the following.

Theorem (Krape?, Sedelja, Tepavéevi¢, Information Sciences, 2019)

Let (Q, E) be an Q-groupoid. If equations a-x = b and y - a = b,
are E-uniquely solvable over (Q, E) for all a,b € Q, then for every
p € L the quotient groupoid pp/Ep is a quasigroup.
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We say that an Q-groupoid (Q, E) is an Q-quasigroup, if every
equation of the form a-x = b or y - a = b is E-uniquely solvable
over (Q, E).
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We say that an Q-groupoid (Q, E) is an Q-quasigroup, if every
equation of the form a-x = b or y - a = b is E-uniquely solvable
over (Q, E).

Theorem (Krapez, Sezelja, Tepavievié, Information Sciences, 2019)

Let (Q, E) be an Q-groupoid. If for all a,b € Q and for every
p < p(a) A p(b) the quotient groupoid pp/Ep is a quasigroup, then
(Q, E) is an Q-quasigroup.
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Theorem (Krapez, Segelja, Tepavievi¢, Information Sciences 2019)

Let Q = (Q, -) be an arbitrary groupoid, let a, b be particular
elements in Q, and let E : Q> — L be an Q-valued equality over
Q. Then the equation a- x = b has a unique solution w.r.t. E, if
the equation [a]g, - X = [b]g,, for p = p(a) A p(b), has a
(classical) unique solution in the quotient groupoid (pp/Ep, - ).
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Example 3

Let (Q, -) be a groupoid given in the table. Obviously, this
groupoid is not a quasigroup, e.g., equation a- x = d does not
have a solution in Q.

oD Q0 T W

O Q0 L ol
T L VL T OT
o® OO 06 Lo
® O O Q v Q
L ® ® ® oo
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The lattice L is given by the diagram, and with an L-valued
equality in the next page, ((Q, ), E) is an L-groupoid.

Lattice L 0
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o Q06 T Lim
< T T Hlo
< T HFJT T
< Q T TN
oQ Q =~ x|
T O< < <|o®

The function p: Q — L (u(x) = E(x,x) for all x € Q):

_(a b c d e
o= ( 11 qg u >
The subgroupoids of ((Q, - ), E), which are cuts of u:
H1 = Up = {aa ba C},
Hg = Hr = Hw = {a, b, c,d},
Huy = Hv = {aa b7 c, e}r
wo = {a, b, c,d, e}
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The quotient groupoids over the corresponding cuts of E are the
following:

Ml/El = {{a}v {b}7 {C}}'

MP/E = {{37 b, C}}'

pq/Eq = {{a}, {b},{c,d}},

Mr/E = pw/Ew = {{37 b, c, d}}'

/LU/EU = {{av ba C}v {e}}v

MV/EV = {{37 b, c, e}}v

/LO/EO = {{aa b,c,d, e}}

All these quotient structures are quasigroups, hence the starting
L-groupoid is an L-quasigroup, and every linear equation is
E-uniquely solvable over it.

A. Tepavéevi¢ Solving lattice-valued relational equations and inequations



E.g., the mentioned equation a- x = d which does not have a
classical solution in @, possesses a solution with respect to fuzzy
equality E. Indeed, due to p(a) A u(d) = g, this solution is
element b, since the class x = {b} is the unique solution of the
equation [a]g, - x = [d]g, over the quasigroup 14/ Eq (observe that
[d]e, = {c,d}). Further, we have

pa) A p(d) = g < p(b) NE(a- b, d) = u(b) NE(c,d) =1Nq = q.

Hence, a- b and d are E-equal with grade q.
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