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A nice property: When translations are enough!?

f: A" — A (n-ary operation), o C A™ (m-ary relation)

v fre = vi)rel (3)

trl(f) :=={f(c1,-..,cim1,@,Cig1,- - cn) |2 E€{L,...,n},c1,...,cn € A}
(unary translations of f)

(2) holds for
® equivalence relations o € Eq(A) (reflexiv, symmetric, transitive)

® quasiorder relations o € Quord(A) (binary, reflexive, transitive)
® generalized quasiorders (m-ary, reflexive, transitive)
JPR 2022 (published in Algebra Universalis 2024)

history (JPR = D. JAKUBIKOVA-STUDENOVSKA, R.P., S. RADELECZKI):
investigation of (the lattice of) congruence and quasiorder lattices
Con(A, F), Quord(A, F), (since 2007)
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Generalized quasiorders

Definition
Let o € A™ (m-ary relation)
® reflexive: <= Ya € A: (a,...,a) € p.
® transitive
pe= Y(aij)ije(t,..my t 0 F (aij) = (a11,-..,amm) € 0

€p €0
S €o
0 F (ay) = ¢ =
nE 0 0
€0 €0 €o €0€0 €00

® generalized quasiorder : <= reflexive & transitive

® gQuord(A) := all generalized quasiorders on A (m € N)
Remark: gQuord® (A4) = Quord(A)
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Some questions and problems

Given finite A, how to describe all gQuord(A)?

or

Given an algebra (A, F)) or a clone F, what are its invariant
generalized quasiorders?

i.e., determine gQuord(A, F), gQuord F’

(= reflexive and transitive subalgebras of direct powers (A, F))™)

in this talk we consider the maximal clones F' = Pol p,
(with o from one of the six relation classes from Ivo
ROSENBERG's classification for maximal clones) and ask for

gQuord F' =7

Note
gQuord F' = Inv Pol ¢ N gQuord(A) = [0](5,1,—) N gQuord(A)
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I = Pol p for an equivalence relation p

Let o C A x A be a nontrivial equivalence relation. Then
F = Pol g is a maximal clone.

Theorem

Each invariant relation of the maximal clone F = Polp is a
generalized quasiorder and can be obtained from ¢ by a pp-formula
without quantifiers, i.e.,

gQuord F' = Inv F' = [0] 5.0 =) = [0)(r,=)-
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I = Pol o for a lattice order relation p
Let o be a partial order relation with 0 and 1.
Then F = Pol ¢ is a maximal clone.
For a lattice order g, the generalized quasiorders gQuord F' are
easy to describe:
Theorem
The following are equivalent for ' = Pol p:
(A) o is a lattice order,
(B) gQuord F' = Inv F,

(C) [oln=) =lolan= (=InvE).

Remark: For A = {0,1} we have even more:
Let M = Pol < (maximal clone of monotone Boolean functions).
Then

Inv M = gQuord(A) (set of all generalized quasiorders)
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[ = Pol p for arbitrary partial orders p

Now: F' = Pol o maximal clone for an arbitrary partial order
relation with 0 and 1.

What is gQuord £'7

By previous theorem we definitely have gQuord F' ; Inv F
(if o is not a lattice order)
It is easy to see that [g](,,—) € gQuord F.

Conjecture (JPR2024)

Let o be a partial order relation with O and 1. Then
[0]@,n,=) N gQuord(A) = gQuord F' = [o](x ).

True for lattice orders, but no final result since 2024.
However, some progress was made last month:
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A larger class satisfying the conjecture
The class of lattice orders can be enlarged:

Theorem (JPR, Aug. 2026)

Let (A, o) be a finite partially ordered set (with 0 and 1) satisfying
the strong selection property. Then the conjecture is true, i.e., we
have:

[o](z,1,=) N gQuord(A) = gQuord Pol o = [g]s —.

Remark: The strong selection property was introduced by P. NEVERMANN
AND R. WILLE, The strong selection property and ordered sets of finite length.
Algebra Universalis 18(1), (1984), 18-28.

Lattices do have this property,
but there are much more posets
satisfying it, e.g.: @
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The remaining maximal clones
The maximal clones (on a finite set) are of the form F' = Pol g,
where g is of one of the following types (IVO ROSENBERG):
(1) ois a partial order with least and greatest element,

(2) o is the graph of a (fixed point free) permutation where all
cycles have equal prime length,

3
4

(3) o is an affine relation (o = {(z,y,u,v) € A* | 2 +y = u+v}),
(4)
(5) o is a central relation,
(6)

o is a nontrivial equivalence relation,

6) o is a m-regular relation (m > 3).

Theorem (JPR2026)

Let F' = Pol g with o of type (2),(3),(5),(6). Then there is no
nontrivial generalized quasiorder, i.e., gQuord F' contains only
(so-called) diagonal relations.
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How to prove this Theorem?

Proof by contradiction. F' = Pol o maximal clone.
Assume that there exists a nontrivial generalized quasiorder
o € gQuord F' (this must lead to a contradiction).

By maximality of F', we must have F' = Polo
(since Pol o C Polo C Op(A)).

Let M := End o = F'") (unary operations in F) and
M*={f € Op(A) | trl(f) C M}. Then:

o € gQuord(A) implies F' = M* ("“nice” property (Z))
Moreover we have [JakPR2024, 3.10(iii)] (here (Af)(z) := f(z,z)).
(°) | For every binary f € Op(Q)(A): feM" = AfeM

We can assume M G A* (otherwise F' = (Op'"(A))* = Op(4)).

For each maximal clone F' = Pol g of type (2),(3),(5),(6) one can
find a contradiction to the property (°).
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Proof for central (5) and m-regular (6) relations
We do not give a definition of relations of type (5),(6).

Because: all what we need to know about these maximal clones
Pol g is the following property:

there exists an element ¢ € A such that for each a € A and each
unary function g with image {c,a} we have g € Pol g, i.e.,, g € M.
for central relations one must choose ¢ to be a central element; for
m-regular relation,s even any element ¢ € A does the job, see, e.g., the
survey article of A. SZENDREI [Sze2025, pp. 546,547].

Now, take a unary function A which does not belong to M.
Define f(x,y) := h(z) if x = y and f(z,y) = ¢ otherwise.

Then each translation of f has image {h(a),c} for some a € A
and therefore belongs to M. Thus f € M*.

But h = Af does not belong to M by assumption, a
contradiction to condition

(°) | For every binary f € Op?(A): fe M* = Afe M O
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Thanl you for your

ATTENTION!
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Function f preserves relation o

function f (n-ary) preserves relation o (m-ary): f >0

‘Q Q:.

F C Op(A) (set of all finitary operations f : A" — A)
Q C Rel(A) (set of all finitary relations o C A™)

InvF:={o€ Rs|VfEF:fro} invariant relations
Pol@ :={f € Op(A) |Voe Q: f>o} polymorphisms
(Galois connection Pol — Inv)
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