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The term condition commutator

Let:
@ V. variety of algebras of a similarity type 7

e AcV

Definition (Jwon't be used )

The term condition commutator of A: [-,-]a: Con(A) x Con(A) — Con(A),

for any «, 8 € Con(A),
(= min)
[,8]la= () {p€Con(A)| (Vn,k € N)(for any (n+ k)-ary term t over 7),

(Val,...,an,bl,...,b,,,cl,...,ck,dh...,dk,eA),

[((a1,b1),...,(an, bn) € @ and (c1,dh),...,(ck,dk) € B) =

((tA(al,...,an,cl,...,ck),tA(ah...,a,,,dh...,dk)) EuU <=

(tA(by, ... boycry vy )y tA(by, . boy i, di)) € )]}

For all , 8,0,¢ € Con(A): [o,8]a Canp and

(«Cfand C () = [a,flaCh:(]a
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The commutator in congruence-modular/distributive varieties

Let:
e BeVy
e f:A— B: morphisminV (if A<~ B, then iag:A— B inV)

f*:= (f x f)~1: Con(B) — Con(A) .

If V is congruence-modular , then:
e for all o, 8 € Con(A) and any (8;)ier € Con(A): [a,B]a = [8,a]a and

(equivalent definition for modular commutator
[, \/ Bila = /[, Bila

below won't be used)
i€l i€l

e for each M €V, [, ]m: Con(M) x Con(M)— Con(M) is unique s.t., for all

a, B € Con(M), [o, Blm = min{u € Con(M) |p Canp, (YNeV)(Vh: M — N)
(h : surjective morphism inV = (uVvKer(h) = h*([h(aVvKer(h)), h(8VKer(h))]n)))}

@ so, if f is surjective , then, for all o, 5 € Con(A), Cgs(f([a, 5]a)) =
f([a, Bla v Ker(f)) = [f(a v Ker(f)), f(5 V Ker(f))]s = [Cegs(f(a)), Cgn(f(5))]s

If V is congruence—distributive , then [,-]a=N.
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Commutator lattices

(L, AV, [ ],0,1) "2 (L, [-,-]) isa commutator lattice iff:

o (L,A,V,0,1): complete (bounded) lattice

o the commutator: [,-]:LxL— L st., forall x,y €L and (y;)ie; C L:

oyl =ly,x] <xAy and [x,\/y]=\/[xyl
i€l i€l

Let:
o (L,[,"]): commutator lattice

Then, for all a,b,x,y € L: (a<xand b<y) = [a,b] <[x,y].
(L,[-,] = A): commutator lattice iff L: frame .
@ [,]aand[-,-]sg will be commutative and distributive w.r.t. arbitrary \/

Thus (Con(A),N,V, [, ]a,Aa, Va) and (Con(B),N,V,[, |, A, V) are

algebraic (i.e. compactly generated) commutator lattices .
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The (minimal) prime spectrum: primes w.r.t. [, -]

The prime spectrum of (L, [, ]):
Spec .y = {peL\{1} [ (Va,be L)([a,b] <p = (a<porb<p))}
Spec(A) = Spec(con(ay,[.,]a)
The minimal prime spectrum of (L,[,]):
Min ..y = Min(Spec..}))
Min(A) = Mincon(a),[-,]a)
Max; = Max(L\{1}) (#0 if |L|>1and 1€ Cp(L);
C Spec(, ..y if [1,1]=1)
Max(A) = Maxcon(a)
o If V: semidegenerate,ie. S<— MinVand [M|>1=|S]>1, then
Va € Cp(Con(A)) .
e If V: congruence-modular and semidegenerate , then [a, Va]la = « for all

a € Con(A), in particular [Va,Vala=Va.
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Stone/spectral topology on (minimal) primes

The Stone/spectral topology on Spec .,
Sspec,(L [, ]) = {Dw,p (%) [ x € L}
with closed sets : { V(. [.)(x) | x € L} , where, for each x € L:
o D, (x) =Spec . q) \ [X)o = {p € Spec ..y | x £ P}
o Vi p.(x)=Spec . NI[x)e ={p € Speci g | x < p}
having the following basis if L is algebraic : {D..)(x) | x € Cp(L)}
Specii.,) = (Specq 1), Sspec, (L1, )
The Stone/spectral topology on Min [. ) (induced by the one above;
similarly for Max; ):
Sutin(L[1) = D, (x) A Ming ) [ x € L}
with closed sets : {V(, . (x) " Ming . gy | x € L}
having this basis if L is algebraic: {D . .)(x) " Ming ..}y | x € Cp(L)}
Mingp.,7) = (Mine[.,3), Swtin (1 [1))

Claudia Muresan (University of Bucharest) Abstractions for Congruence Extensions SSAOS 2026, 6 — 11 September 2026 8/25



(and primes in

Flat/inverse topology on minimal primes the compact case)

The flat/inverse topology on Min . j):
Fiin,(L[-,]), generated by: {V(,[..(x) N Mine . gy | x € Cp(L)} ,
which is a basis for Fyin (L[, ]) -
- L q
MIH(L’[V’_]) = (Mln([_’[.w.]),fMin,([_’[.v.]))

If L=Cp(L), then the flat/inverse topology on Spec( . :

Fspec,(L[]) = {V(L7[.74])(X) | x e L}; Spec(ll[.’.]) = (SpeC(L,[.,.])v}—Spec,(L,[-,-])) .

o ./\/l/n(A) = (Min(A)vSMin,(COn(A),[-,~]A))
° ./\/lin_l(A) = (Min(A)7]:Min,(Con(A),[-,-]A))

° Spec(A) = (SpeC(A)7SSpec,(Con(A),[-,~]A))

e If Con(A) is compact , then Spec !(A) := (Spec(A), Fspec,(Con(A),[-,1a)) -
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© Some of our main results
@ On the Stone and flat topologies on (minimal) prime spectra
@ On the abstractions of the generalizations of congruence extensions from
inclusion maps to arbitrary morphisms
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Implication(—), polar(+), a commutator lattice congruence
Forany a,bel: a—b:=\{xel]|ax]<b}=max{xel]]|ax]<b}
at :=a—0=max{xeL|[ax] =0}
=@ = {oy) e Lx L] Vigp,p(x) = Vi) € Con(L[])

preserves arbitrary \/

and (Vx,y € L)([x,y] =@, XAY)

so:
o L/=(, is aframe

o if Cp(L) is closed w.r.t. [-,], then (since it's closed w.r.t. V):
Cp(L)/=(L,[.,) is a sublattice of L/=(,. )

If Cp(Con(A)) is closed w.r.t. [-,-]a, Va € Cp(Con(A)) and
[VA,VA]A =V, then:
Cp(Con(A))/ =(con(a),[-,]a) is the reticulation of A,

that is Spec(A) is homeomorphic to Spec(ia(cp(Con(4))/=(conu (.. -

(1€Cp(L) and [1L1] = 1) = 1/= .= {1} & (Vx € L\ {1}) (Vupp(x) #0)
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Some conditions

Condition (cP) :

o L is algebraic

o Cp(L) is closed w.r.t. [-,]

o 1/=u,)=1{1}
Condition (ID) :

(Vp € Ming/=, . .n) ((P]L/E(L,[,,,]) € Min(ld(L/z“,[,,,])),n))

4

(L=Cp(L) and [1,1] =1 )=( L=Cp(L) and 1/=¢ .= {1} )= (L, [-,"]) F(cPr)
L=0Cp(L) = (L[, ]) F(D)

(Va,be L)([a,b] =0 anb=0)

O/E(L,[.7.]): {0}

A is said to be semiprime iff () Specicon(a) [, 1) = LA -

If /\Spec(Ly["_]) =0, then: {
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V—semilattice morphisms between commutator lattices abstracting the generalizations of

congruence extensions from inclusion maps to arbitrary morphisms

Let: ]
e (M,(-,-)): commutator lattice

@ h:L— M st. hpreserves arbitrary \/ (so h )
Then h has a unique right adjoint h, , i.e. map h, : M — L satisfying:

(Vael)(Vbe M) (h(a) < b< a< h(b)),

namely: for all be M, h.(b)=\{a€ L]| h(a) < b} =max{ac L] h(a) <b}.
Recall that f : A — B: morphism in V.
f* : Con(A) — Con(B) , for all @ € Con(A), f*(a)= Cge(f(a))

Then:
@ f* preserves arbitrary \/

@ the right adjoint of f®is f* :

(f*). = f* = (f x f)~1 : Con(B) — Con(A)
o (Va,beA)(f*(Cga(a b)) = Cgs(f(a), (b))
@ hence f*(Cp(Con(A))) C Cp(Con(B))
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Forany SCL:
e condition [,]<(S): (Va, b€ S) (h([a, b]) < (h(a), h(b)))

o condition [,]=(S) : (Va,b € S) (h([a, b]) = (h(a), h(b)))

If SCTCL st SisV-densein T, then:
hE[]<(5) & hE[]<(T) and hE[]=(5) & hE[]=(T).
In particular, if L is algebraic , then:
hE[1<(Cp(L)) < hE[]<(L) and hE=[]=(Cp(L)) & hE[]=(L).

If V is congruence-modular , then f* F [,]<(Con(A)) .

If V is congruence—-modular and f is surjective , then f*F [,]=(Con(A)) .
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© Some of our main results
@ On the Stone and flat topologies on (minimal) prime spectra
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Characterization(s) for minimal primes

Let p € Spec, . ) - Assume that A\ Spec( [ ) =0 and let:

@pGMin(,ﬂ[,’,] ;
@ (VacCp(L) (a<p=a-£p); @(Vacl)(a<p=at£p);
@ (VaeCp(l))(a<p e at£p); G (Vaecl)(a<pe at£p).

o If (L,[-,-]) E(cp), then D<@<=0) .

o If (L,[-,-]) E(iD) , then DB <=0 .

@ Thus, if (L,[-,:]) E(cP)&(ID) , in particular if L =Cp(L) and [1,1]=1,
then De@<eB@®e®<=0 .
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Lattice structures of the Stone/flat topologies on (minimal) primes as

bounded sublattices of the power sets of the (minimal) prime spectra

Proposition

® L/=([1) = Sspecu,]) = P(Specq,)) ., hence:
o SMinv([ﬂ[i’.]) — 'P(Min([_)[.w.])):

bounded sublattices closed w.r.t. arbitrary [ J.

Thus Sspec,(,[,) and Swiin,(c,[.,]) are frames.

Proposition

| \

L] < o0 = |Min(L,[.7.])| < oo = SMin,(L,[',~]) = P(Min(L,[.7.]))
|L| <0 = ( |Min(L [ .])| < oo and L= Cp(L) ) =

([Ming..pl <oo and (VS C Ming f.,)) (AS € Cp(L)) ) =
Ftiny(L,[, ) = P(Ming . 1)) -

v
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Proposition (flat versus Stone topologies on minimal primes)
If ASpeci . =0 and (L[, ])F ((cP) or (1D)), then:
Q@ FAtin(L,[,]) S SMin, (L[, ]) i
@ if Cp(L) is closed w.r.t. -+, in particular if L= Cp(L), then
FMin,(L[-,]) = SMin,(L,[.,]) » that is:

Mm(_LT[,]) = MI'H(L,[,7,]) o

Lemma (abstract version of the reticulation property)

If (L,[-,-]) E(cp) , then:
Q@ Spec )y and Specid(cp(L)/=..y).n) are homeomorphic ;

Q Mlln([ﬂ[,’.]) and Min(Id(Cp(L)/E(Ly[,7,])),!"!) are homeomorphic 0

Q ./\/lin(_lj[.7']) and Min(_ljl(cp(L)/E(L’[AYA])),O) are homeomorphic .
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Compactness and separability of the Stone/flat topologies

If (L,[-,-]) E(cp), then:

./\/lin(_L,l[.7.]) is compact T .

Theorem

|

If ASpec(, ..y =0 and (L,[-,-]) F(cP) , then the following are equivalent:
: =1 L
Q Minw. gy = Ming . ;)
@ Ming..) is compact ;
@ Miny. ) is compact Ty ;

Q@ (VacCp(L))(3be Cp(L)),(b<at and(aVv b)t =0).

i
Cp(L) is closed w.r.t. -+

Claudia Muresan (University of Bucharest) Abstractions for Congruence Extensions SSAOS 2026, 6 — 11 September 2026 19/25



If 1€ Cp(L) and Spec(, . is an antichain , then
Ming .. (= Spec(.,)) is compact .

Theorem

-~
|

o ASpecq.)=0,
e Cp(L) is closed w.r.t. -+ and
° (L[,-DF ((cp)or (i),
in particular if /\ Spec, . ;=0 and L=Cp(L),
then Min( ...} is Hausdorff and consists solely of clopens , thus

Shin,(L,[-,]) i @ complete Boolean sublattice of P(Min . )) -
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© Some of our main results

@ On the abstractions of the generalizations of congruence extensions from
inclusion maps to arbitrary morphisms
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Lemma (" surjectivity” of h, on minimal primes)

If L and M are algebraic, 1 € Cp(M), h(Cp(L)) € Cp(M),
h & [1<(Cp(L)) , then:
o If h*(SpeC(M,(.,.>)) g Spec(L,[.7.]) o then h*(Mln(M’“))) 2 Min(,_,[.7_])

e if h*(Min(M7(.7.))) C Ming .,y , then h*(Min(M7<.7.))) = Min [,

Wecall f:A— B:
o admissible iff f*(Spec(Con(B)’[_’_]B)) C Spec(con(A),[-,1a)
o Min—admissible iff f*(Min(Con(B),[~,-]B)) - Min(Con(A),[~,~]A)
If A< B, then:
@ A— B issaid to be admissible iff i4 g is admissible
e A< B is said to be Min—admissible / an m—extension iff
ia,g is Min—admissible
o i3 5(B) =B8NV, forall 3 € Con(B), thus, by the previous lemma, if

Vg € Cp(Con(B)) and f*F []<(Cp(Con(A))) , in particular if

V is congruence—-modular and semidegenerate , then:

if A< B is admissible or Min—admissible , then A — B satisfies
property Lying Over for minimal prime congruences
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Theorem
If L and M are algebraic, 1€ Cp(M), h(Cp(L)) C Cp(M), hE []<(Cp(L))
and h,(Mingp,(..yy) € Ming ..y , then:

Q h.: Mingy,..y) = Ming..) is continuous ;

Q h.: ./\/lin(_,\},<.7_>) — Min(_:[_"]) is continuous ;

© if one of the following holds:
e ASpecq,) =0 and (L,[-,-]) F ((cp) or (D)),

e ASpecyy .y =0 and (M,(:,-))F ((cp) or (ID)),
then h.: Mingy, ..y — /\/lin(f[.,.]) is continuous ;

@ if one of the following holds:
e ASpecy =0, (L[,])F ((cp) or (D)) and

(Va € Cp(L)) (h(at) € Cp(M)) (<= Cp(L) is closed w.r.t. + ),
e ASpecpy.yy=0, (M, () F ((cp) or (ID)) and
(Va € Cp(L)) (h(a)* € Cp(M)) (<= Cp(M) is closed w.r.t. + ),

then h, : /\/lin(_,\/lu.y_)) — Min(.,}) is continuous .
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If, furthermore, h, |Min(M,<_1_)): Mingp,.,.y) — Ming ..} is injective , then:

@ if h(L) D Cp(M), then h,: Mingy,(..yy = Minq .. is a homeomorphism ;

oif N(Cp(L)) = Cp(M) ,then h, : ./\/lin(_,\j’(w)) — ./\/lin(_,j[,,‘]) is a homeomorphism ;

@ if one of the following holds:

e ASpecy =0, (L[,])F ((cp) or (iD)), h(Cp(L)) = Cp(M) and
Cp(L) is closed w.r.t. +,

e ASpeci =0, (L[, ]) E((cp)or(i)) and {h(a*)|a € Cp(L)} 2 Cp(M) ,
e ASpeciy ..y =0, (M, (-,-)) E((cP)or(1D)) and {h(a)*|a € Cp(L)} 2 Cp(M),
then h,: Mingy, (.. — ./\/lin(f[,,,]) is a homeomorphism ;

@ if one of the following holds:
e ASpecpy =0, (L[,])F ((cP) or (ip)) and h(Cp(L)) = Cp(M),

o ASpec( g =0, (L[, ]) F((cP)or(ip)) and {h(a*)| 2 € Cp(L)} = Cp(M) ,
e ASpecqp =0, (L[,])F(D) and
{h(a™) | a€ L} 2 Cp(M) 2 {h(a") | a € Cp(L)},

Claudia Muresan (University of Bucharest) Abstractions for Congruence Extensions SSAOS 2026, 6 — 11 September 2026 24 /25



o ASbecqu(.p) =0 (M, (")) F((cP)or(1p)) and {h(2)*|a € Op(L)} = Cp(M),
e ASpecpy,.yy=0, (M,{,-))F (D) and
{h(a)* | a€ L} 2 Cp(M) 2 {h(a)*" | a € Cp(L)},

then h, : Min(_,\/l, 0 Min(,.,.}) is a homeomorphism
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