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(Integral) rpo-monoids

An integral residuated po-monoid (an rpo-monoid) is a po-monoid (A4, <, -, 1), where - is
residuated:

a\b=max{x€A|la-x<b} and b/a=max{xe€A|x-a<b}
exist for all a,b € A, i.e.,, forall a, b, c € A:

a-b<c and b<al\c and a<c/b.
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SRSLs [Chajda & Kiihr 2008]

A sectionally residuated semilattice is a V-semilattice (A, <, 1), where every interval
[a, 1] is an rpo-monoid, ([a, 1], <, -4, 1), satisfying the “compatibility condition”

avVb<x,y = (x,y)Vb=(x4y Va,

or equivalently,
a<b<xy = (xqy)Vb=xyuy.
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(Integral) RLs as SRSLs

Residuated lattices are sectionally residuated:
xay=(x-y)Va
forx,y € [a,1].

Question: Is every SRSL representable by an RL?
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SRSLs as algebras

SRSL (A, <, (“a)aea, 1) — Algebra (A, f,\,/,1) of type (3,2,2,0)

fyz)=(xVz).(yVz)
x\y=(xVy\yy and y/x=y/y(xVy)

RL(L,<,,\,/,1) — Algebra (L, f,\, /, 1) of type (3,2,2,0)

fyz)=(x-y Vz

Question: Can every SRSL (A, f,\,/, 1) be embedded into some RL (L, f,\, /,1)?
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Embedding

Yes, in particular cases [Ch. & K. 2008]:
@ Every SRLattice A embeds into [[,c4la, 1]/U for some ultrafilter U.

@ Every cone algebra embeds into the negative cone of some ¢-group.

Yes, in general:

Every SRSL can be represented by a complete RL (quantale).

Proof: + van Alten’s embedding of biresiduation algebras into RLs [van Alten 2006].
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Embedding

o (P(AY), G, {e}), the free unital quantale over the set A, is too big, and is therefore
replaced with its suitable nuclear image

@ Relation < between A* and A:
ay...ap <x iff a,\(..\(a\x)...)=1 iff (.. (x/ay)/...)]a=1

and e < xiffx =1
@ Galois connection between P (A*) and P (A):

L'={xeA|w<xforalwel} and X!'={weA*|w<xforallxeX}

o L — LN isanucleus on P(A4*)
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Embedding

® 9Dy =P(A"), is an integral quantale, where

KeL= (KL
1={e}T =4
K\L={weA*|KwCL}
L/K={weA"|wKCL}

@ n4: a> {a} is an embedding of (A, f,\,/,1) into (Da, f,\,/,1)

@ 74 preserves all existing suprema and infima
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Morphisms?

If p: A — Bis a homomorphism, a homomorphism ®: @4 — g such that

ALQDA

Ll
B = 25

might not exist; in particular,
DB
©: L {g'(w) [we L} =\/ ¢ (w)
weL

need not be a homomorphism. Here, ¢*(a; ...a,) = ¢(a;) ... ¢(a,) and ¢*(¢) = ¢.
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“Weak” morphisms

SRSL = the category of SRSLs with subhomomorphisms satisfying ¢(1) = 1 and

fle().0(y). 0(2) < o(f(x,y.2))
o(x\y) < p(x)\ o(y) equivalent to each other

oy /x) <oy /[ ex)

YV = the class of maps ¢: A — B satisfying

ap...a, <xinA iff ¢*(a;...an) =¢(a1)...0(ap) < ¢(x)inB

@ Quantales are the ¥/ -injective objects in SRSL.
@ For every A, D4 is the ¥ -injective hull of A.

But quantales do not form a reflective subcategory.
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“Strong” morphisms

A9, ® is a quantale homomorphism iff ¢ satisfies
‘| J» ¢ [LT] € o7 [L]M
B —— Ps

forevery O # L C A™.

SRSL" = the category of SRSLs with morphisms satisfying ¢*[LT] C ¢*[L]T
Quant = the category of quantales with quantale homomorphisms

Quant is a reflective subcategory of SRSL".
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