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Revisiting some work of R. Wille: 2000-2006

@ Boolean Concept Logic [Wil00]
© Algebras of semiconcepts and double Boolean algebras [HLSWO01]
© Preconcept Algebras and Generalized Double Boolean Algebras [Wil04]
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Revisiting some work of R. Wille: 2000-2006

@ Boolean Concept Logic [Wil00]
© Algebras of semiconcepts and double Boolean algebras [HLSWO01]
© Preconcept Algebras and Generalized Double Boolean Algebras [Wil04]

© Semiconcept and Protoconcept Algebras: The Basic Theorems [VWO05]
© The Basic Theorem on Preconcept Lattices| BW06]
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Double Boolean algebras [Wil00]

A double Boolean algebra (dBa) is an algebra D := (D; LI, 11, —, 5, T, L) of type
(2,2,1,1,0,0) which satisfies the equations (la.) — (11a.), (1b.) — (11b.) and (12.).

Idempotence:

la. xMx)Ny=xnMNy

8a. ~(xMx) = =
Commutative and associative:

2a. x M y=ylx

3a.xM(yMz) = (xMy) Mz
Absorption:

4a.xM (xUy) =xMx

Sa.xMN(xVy) =xMNx
Distributive:

6a.xM(yVvz) = (xMy)V (xMz)
Axioms for negations:

Ta. =—(xMy) =xMNy

9a.xM—-x= L

where x V y := = (—x 1 —y)
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1b. (xux) Uy =xUy
8b. L(xUx) =ux

2b.xl_ly:yux
3b.xU(yUz) = (xUy)Uz

4b. xU (xMy) =xUx
S5b.xU(xAy) =xUx

6b. xU (yAz) = (xUy) A (xLz)

7b. Ja(xUy) =xUy
9b. xx =T

and  x Ay :=1(uxUy).
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Double Boolean Algebras [Wil00, Wil04] cont’d.

Axioms for constants:

10a. -L=TnT 10b. .T=1uUl
1la. oL =T 11b. =T = L
Proto’s axiom:

12. (xMx) U (xMx) = (xUx) M (xUx).
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Double Boolean Algebras [Wil00, Wil04] cont’d.

Axioms for constants:

10a. -L=TnT 10b. T =1L u L

1la. oL =T 11b. =T = L
Proto’s axiom:

12. (xMx) U (xMNx) = (xUx) N (xUx).
Axiom for semiconcepts:

13. xMx=xorxUx=x.
Axioms for preconcepts:

14a. Xnumn = Xy 14b. XUnu = Xun
where 7 :=1tl1¢t and 1f, :=tUt, for any .

@ A weak dBa satisfies equations (1a.) — (11a.) and (1b.) — (11b.)
@ A pure dBa satisfies equations (l1a.) — (11a.), (1b.) — (11b.), 12. and 13.
@ A generalized dBa satisfies (1a.) — (11a.), (1b.) — (11b.), 14a. and 14b.
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A small subset of Wille’s dBas axioms [HKLB26]

Howlader, Kwuida, Behrisch, Liau (2026)

An algebra D := (D, U, M, —, 4, T, 1) is a weak dBa if and only if it satisfies

Commutative:

2a.xﬂy:yl_lx 2b.ny:yl_Jx
Idempotence:

8a. —(xMx) = —x 8b. L(xUx) =x
Axioms for negations:

Ta. ==(xMy) =xMy 7b. Lu(xUy) =xUy

9a. xM-x= 1L Ob. xx =T
Absorption:

4a. xM (xUy) =xMx 4b. xU (xMy) =xUx
Distributive:

6a.xM(yVvz) = (xNy)V (xMz) 6b. xU (yAz) = (xUy) A (xz)
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A quasi-order on weak dBas[HLSWO1]

Let D be a weak dBa. Define C by

xCy:<= xMNy=xMNxandxUy=yUy.
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A quasi-order on weak dBas[HLSWO1]

Let D be a weak dBa. Define C by
xCy:<= xMNy=xMNxandxUy=yUy.

Set Dnh:={xeD | xMNx=x} and D,:={xeD | xUx=x}.
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A quasi-order on weak dBas[HLSWO1]

Let D be a weak dBa. Define C by
xCy:<= xMNy=xMNxandxUy=yUy.

Set Dnh:={xeD | xMNx=x} and D,:={xeD | xUx=x}.
Q xMNyCxCxUy
© x+— xTypreserves C and . Dually, x — x LI y preserves C and L!.
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A quasi-order on weak dBas[HLSWO1]

Let D be a weak dBa. Define C by
xCy:<= xMNy=xMNxandxUy=yUy.

Set Dnh:={xeD | xMNx=x} and D,:={xeD | xUx=x}.
Q xMNyCxCxUy
© x+— xTypreserves C and . Dually, x — x LI y preserves C and L!.
© The relation C is a quasi-order on D.

Q@ yCxn < ynCx and yydxy <= yuJx

Q D|—| = (Dﬂ;ﬂ,\/,_',J_,_'J_) and Du = (Du;/\,u,_l,_lT,T) are
Boolean algebras, whose order relation are the restrictions of C.
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A quasi-order on weak dBas[HLSWO1]

Let D be a weak dBa. Define C by
xCy:<= xMNy=xMNxandxUy=yUy.

Set Dnh:={xeD | xMNx=x} and D,:={xeD | xUx=x}.
Q xMNyCxCxUy
© x+— xTypreserves C and . Dually, x — x LI y preserves C and L!.
© The relation C is a quasi-order on D.

Q@ yCxn < ynCx and yydxy <= yuJx
o D|—| = (Dﬂ, |_|,\/, _|,J_, _|J_) and Du = (D|_|, /\,|_|, _I,_IT, T) are
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A quasi-order on weak dBas[HLSWO1]

Let D be a weak dBa. Define C by
xCy:<= xMNy=xMNxandxUy=yUy.

Set Dnh:={xeD | xMNx=x} and D,:={xeD | xUx=x}.
Q xMNyCxCxUy
© x+— xTypreserves C and . Dually, x — x LI y preserves C and L!.
© The relation C is a quasi-order on D.

Q@ yCxn < ynCx and yydxy <= yuJx

@ Dr:=(D;M,V,—, L,—1) and Dy := (Dy;A U, o, 4T, T)are
Boolean algebras, whose order relation are the restrictions of C.

Q@ Dh={xn|xeD} and D, ={x,|xe€D}

Q@ xMNy=xnMNyn, xUy=xyUyy, —Xx=-xXn, IXx=_x_

QxCy < xnEynandxy Cyy
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Weak dBas as quasi-ordered structures] HLSWO1]

Let P := (P,<,Px,Py,0,1) with P, U Py C P be a structure such that
Q@ (P,<,0,1) is a bounded quasi-ordered set,
@ (P, <) is a Boolean algebra with bottom element 0,
@ (Py, <) is aBoolean algebra with top element 1,
© for each x € P there are x5 € Px and xy € Py with

y<xpn <= y<xforally € P,
y>xy <= y>xforally € Py.

Then D(P) := (P, M, U, —, 4, L, T) is a weak dBa, with operations given by

XMy :=xA Ayp, x Uy :=xy V Yy, X = 2xXp, 2X :=1xy, L =0, T :=1.

SSA0S2026
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Weak dBas as quasi-ordered structures] HLSWO1]

Let P := (P,<,Px,Py,0,1) with P, U Py C P be a structure such that
Q@ (P,<,0,1) is a bounded quasi-ordered set,
@ (P, <) is a Boolean algebra with bottom element 0,
@ (Py, <) is aBoolean algebra with top element 1,
© for each x € P there are x5 € Px and xy € Py with

y<xpn <= y<xforally € P,
y>xy <= y>xforally € Py.

Then D(P) := (P, M, U, —, 4, L, T) is a weak dBa, with operations given by
XMy :=xA Ayp, x Uy :=xy V Yy, X = 2xXp, 2X :=1xy, L =0, T :=1.

@ The D(P)-quasi-order coincides with < iff
x<y <= xp <yprandxy < yy.
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Contexts, concepts, semi-, proto- and preconcepts [Wil00]

e K:=(G,M,R) with R C G x M is called a formal context (or polarity).

@ Concept forming operator. For A C G, B C M, define
Al ={meM|gRmVge A} and B :={gc G|gRmVm < B}
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Contexts, concepts, semi-, proto- and preconcepts [Wil00]

e K:=(G,M,R) with R C G x M is called a formal context (or polarity).

@ Concept forming operator. For A C G, B C M, define
Al ={meM|gRmVge A} and B :={gc G|gRmVm < B}

@ Concepts and friends: A pair (A, B) is a
conceptif A’ =Band B’ = A
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Contexts, concepts, semi-, proto- and preconcepts [Wil00]

e K:=(G,M,R) with R C G x M is called a formal context (or polarity).

@ Concept forming operator. For A C G, B C M, define
Al ={meM|gRmVge A} and B :={gc G|gRmVm < B}

@ Concepts and friends: A pair (A, B) is a
conceptif A’ =Band B’ = A
semiconcept if A’ = B or B’ = A.
protoconcept if A” = B’.

preconcept if A C B’

e Y(K), B(K), H(K), B(K) denotes the set of pre-, proto-, semi- and
concepts of K, respectively.

o B(K) C H(K) C P(K) C V(K).
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Concepts and friends [GW24]

ACG BCM

“rectangle”
BC A

preconcept [AC B’ (& BCA')
protoconcept [A’ = B” (& B’ = A") AC B
LI-semiconcept|A = B’
M-semiconcept|B = A’
concept A=B' and B = A’ A = B”

preconcept

B I — A 1
Jprotoconcept

A=D

LI-semiconcept

B=A

M-semiconcept

formal concept
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.semi-concepts [Wil00, Wil04, HLSWO1]

Algebra of pre-...

@ Logical operator on concepts: (meet and join)

(C,D)=(ANC,(BUD)")=(ANC,(ANC))
(AuC)",BND)= ((BND),BND)

(A,B) A
(A,B) Vv (C,D) =
e Logical operators on preconcepts: For (A, B) and (C, D) in U(K)
(A,B)N(C,D):=(ANC,(ANC))
(A,B)U(C,D):= ((BND),BND)
—(A4,B) := (G \4,(G\A))
—‘(A7B) = ((M\B)/7M\B)
T:=(G,G') and L := (M M).

PBK) := (P(K),,M,—,1, T, L) is adBa.
H(K) = (H(K),u,M,—, 5, T,L)is a pure dBa.
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Algebra of pre-....semi-concepts [Wil00, Wil04, HLSWOT1 ]

@ Logical operator on concepts: (meet and join)

(A,B)A(C,D)=(ANC,(BUD)")=(ANC,(ANC))
(A,B)V (C,D) = ((AUuC)",BND) = ((BND)',BND)

@ Logical operators on preconcepts: For (A, B) and (C, D) in U (K):
(A,B)n(C,D):=(ANC,(ANC))
(A,B)U(C,D) :=((BND),BND)
—(4,B) := (G\A,(G\A))
1(A,B) := (M \ B),M \ B)
T:=(G,G') and L := (M M).

o B(K) := (PB(K),,M, =, 1, T, L)is adBa.
o H(K) := (H(K),u,M,—, 4, T,L)is apure dBa.
e Y(K) := (Y(K),L,M,—,,T,L)is a generalized dBa.
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An algebra of semiconcepts with C not lattice order

[HLSWOI]
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(124 d) (34.bd) | (234,00) )
[(239)] (4,ab) (34.00)|
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(120} (23,04) (34 bed)| (4.abc)
(4.abd)]|24.9)]
(1ad)
(4.acd)]
(4M)
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XX
2] | XX
3 IXIXIX
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An algebra of protoconcepts [Wil00]

Fig. 1. A context and its concept lattice representing Empedocles’ conception of the
four elements

Fig. 2. The algebra of protoconcepts of the formal context in Figure 1
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A small context: family members

male | female| old | young
father X X
mother .4 %
son X X
daughter X X
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Filters and ideals of weak dBas

x,yeF — xMNyekF

@ I C Dis afilter of D if
xeFxCy —= yeF.
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Filters and ideals of weak dBas

,ZYEF — xTy€eF
o FCDisafilterof Dif { > Y
xeFxCy —= yeF.
x,yel — xUyel
xel,xdy — yel
o A filter F is proper if F # D, and primary if it is proper and satisfies
x € For —x € F for all x € D. Primary ideals are defined dually.

Howlader (2020)

Let D be a (weak) dBa and F a filter of D. Then F is a primary filter iff
F N Dn is a prime filter of the Boolean algebra Dp.

@ [ C Dis an ideal of D if {
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Filters and ideals of weak dBas

x,yeF — xMNyekF

@ I C Dis afilter of D if
xeFxCy —= yeF.

x,yel — xUyel

xel,xdy — yel

o A filter F is proper if F # D, and primary if it is proper and satisfies
x € For —x € F for all x € D. Primary ideals are defined dually.

Howlader (2020)

Let D be a (weak) dBa and F a filter of D. Then F is a primary filter iff
F N Dn is a prime filter of the Boolean algebra Dp.

@ [ C Dis an ideal of D if {

§p(D) (resp. J,(D)) denotes the set of all primary filters (resp. ideals) of D.
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Filters and ideals of weak dBas

x,yeF — xMNyekF

@ I C Dis afilter of D if
xeFxCy —= yeF.

x,yel — xUyel

xel,xdy — yel

o A filter F is proper if F # D, and primary if it is proper and satisfies
x € For —x € F for all x € D. Primary ideals are defined dually.

Howlader (2020)

Let D be a (weak) dBa and F a filter of D. Then F is a primary filter iff
F N Dn is a prime filter of the Boolean algebra Dp.

@ [ C Dis an ideal of D if {

§p(D) (resp. J,(D)) denotes the set of all primary filters (resp. ideals) of D.

Kwuida (2007)

Let D be a dBa, F a filter and I an ideal such that F N I = (). Then, there is a
primary filter G and a primary ideal J with F C G, I C Jand GNJ = ().
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Standard context of a (weak) dBa

@ Definexlly: <= xCyandyLC x.
@ Amap a:D — Dis quasi-injective if x C y <= «a(x) C a(y), Vx,y

© Llis a congruence on D, whose restriction on D), is the identity.

Standard context

o K(D) := (§,(D),3,(D), A) with FAI : <= F 1+ 0.
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Standard context of a (weak) dBa

@ Definexlly: <= xCyandyLC x.
@ Amap a:D — Dis quasi-injective if x C y <= «a(x) C a(y), Vx,y

© Llis a congruence on D, whose restriction on D), is the identity.

Standard context

o K(D) := (§,(D),J3,(D), A) with FAI : <= FNI # (.
@ ForxeD, 3, :={Fe3,(D)|xcF}andJ,:={I€TJ,(D) | xel}
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Standard context of a (weak) dBa

@ Definexlly: <= xCyandyLC x.
@ Amap a:D — Dis quasi-injective if x C y <= «a(x) C a(y), Vx,y

© Llis a congruence on D, whose restriction on D), is the identity.

Standard context
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Standard context of a (weak) dBa

@ Definexlly: <= xCyandyLC x.
@ Amap a:D — Dis quasi-injective if x C y <= «a(x) C a(y), Vx,y

© Llis a congruence on D, whose restriction on D), is the identity.

Standard context

o K(D) := (3,(D),3,(D), A) with FAI : <= FN1I# 0.
@ ForxeD, 3, :={Fe3,(D)|xcF}andJ,:={I€TJ,(D) | xel}
o "S’; = GXH = 3}C|—\|_| and ,J;g = qu = SX\_H—\

Quasi-embedding: Wille (2000)

Q x+— (T, Jx) is a quasi-injective homomorphism i : D — P(K(D))
having [] as kernel.
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Equational theories

@ Each double Boolean algebra quasi-embeds into the algebra of
protoconcepts of a certain context.

© The dBa axioms generate the equational theory of the algebras of
protoconcepts [Wil00]
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Equational theories

@ Each double Boolean algebra quasi-embeds into the algebra of
protoconcepts of a certain context.

© The dBa axioms generate the equational theory of the algebras of
protoconcepts [Wil00]

© The generalized dBa axioms generate the equational theory of the
algebras of preconcepts [Wil04]

© The class of pure dBas is not an equational class. But . . .
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