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Retracts of degenerate solutions of the Yang-Baxter equation

Non-degenerate Yang-Baxter equations

Yang—Baxter equation

Definition

Let X be a set. A mapping r: X x X — X x X is called a set-theoretic solution of
Yang—Baxter equation if it satisfies

(r x idx)(idx x v)(r x idx) = (idx x v)(r x idx)(idx x 7).

A solution 1 : (x,y) — (0x(y), Ty(x)) is called bijective if r is a bijection. It is called
left non-degenerate if oy are bijections, for all x € X. The solution is non-degenerate if

it is left and right non-degenerate. A solution is called involutive if 1% = idy..
v
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(r x idx)(idx x v)(r x idx) = (idx x v)(r x idx)(idx x 7).

A solution 1 : (x,y) — (0x(y), Ty(x)) is called bijective if r is a bijection. It is called
left non-degenerate if oy are bijections, for all x € X. The solution is non-degenerate if
it is left and right non-degenerate. A solution is called involutive if 1% = idy..

v

Observation

If r is involutive and non-degenerate then oy (y) = T;;(X) (y).

.
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Non-degenerate Yang-Baxter equations

Cayley congruence

Definition (P. Etingof, T. Schedler, A. Soloviev)
Let (X, o, 1) be a left non-degenerate involutive solution. We define a relation ~ on X
x ~y if and only if T, = 7y.

Theorem (P. Etingof, T. Schedler, A. Soloviev)

Let (X, o, T) be a left non-degenerate involutive solution. Then ~ is a congruence
compatible with o, T, o' and T~ '.
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Non-degenerate Yang-Baxter equations

Cayley congruence

Definition (P. Etingof, T. Schedler, A. Soloviev)
Let (X, o, 1) be a left non-degenerate involutive solution. We define a relation ~ on X
x ~y if and only if T, = 7y.

Theorem (P. Etingof, T. Schedler, A. Soloviev)

Let (X, o, T) be a left non-degenerate involutive solution. Then ~ is a congruence
compatible with o, T, o' and T~ '.

\

Definition
Let (X, o, T) be a non-degenerate involutive solution. The factor X/ ~ is called the
retract of X and denoted by Ret(X).

\.
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Retracts of involutive solutions
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Non-degenerate Yang-Baxter equations

Retracts of involutive solutions

o/0 1 2 3 t|0 1 2 3
0/1 2 30 o[1 3 13
13 01 2 112020
211230 203 1 31
3|3 01 2 3/0 2 0 2
o [02 13 T [02 13
0213 02 02|13 13
1313 02 1302 02
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Retracts of involutive solutions

o/0 1 2 3 t|0 1 2 3
0/1 2 30 o[1 3 13
13 01 2 112020
211230 203 1 31
3|3 01 2 3/0 2 0 2
o [02 13 T [02 13
0213 02 02|13 13
1313 02 1302 02

Definition

We say that an involutive solution (X, o, T) has multipermutation level k if k is the
smallest integer such that [Ret*(X)| = 1.

= mid = =
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Non-degenerate Yang-Baxter equations

Retracts of non-involutive solutions

The equivalence
X~y & ox =0y and T, =Ty.

is a congruence of a non-degenerate solution (X, o, 1) if
e X is a finite bijective injective solution [V. Lebed, L. Vendramin,2019]
e X is arbitrary [P.J., A.P., A. Zamojska-Dzienio,2019]

@ X is a bijective solution [F. Cedd, E. Jespers, t. Kubat, A. van Antwerpen,
C. Verwimp,2021]
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Degenerate Yang-Baxter solutions

Example of a degenerate solution

c|/0 1T 2 3 |0 1 2 3
0j0 1 2 3 o1 1 3 1
110 1 2 3 112 2 2 2
2/0 1 2 3 211 1 1 1
3]0 1 2 3 312 2 2 2
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Example of a degenerate solution

c|/0 1T 2 3 |0 1 2 3
0|01 2 3 o1 1 3 1
110 1 2 3 112 2 2 2
2/0 1 2 3 211 1T 1 1
3]0 1 23 312 2 2 2
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Example of a degenerate solution

c|/0 1T 2 3 |0 1 2 3
0|01 2 3 o1 1 3 1
110 1 2 3 112 2 2 2
2/0 1 2 3 211 1T 1 1
3]0 1 23 312 2 2 2

Does there exist any notion of retract for degenerate solutions so that the retract of a
solution of “multipermutation” level k is a solution of “multipermutation” level k — 1?2
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Example of a degenerate solution

c|/0 1T 2 3 |0 1 2 3
0|01 2 3 o1 1 3 1
110 1 2 3 112 2 2 2
210 1 2 3 211 1T 1 1
3]0 1 23 312 2 2 2

Does there exist any notion of retract for degenerate solutions so that the retract of a
solution of “multipermutation” level k is a solution of “multipermutation” level k — 1?2
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Degenerate Yang-Baxter solutions

General retract congruence

Definition

Let (X, T") be an algebra with a set I" of binary operations. For any a, b € X and each
binary operation y € T, the image of a pair (a, b) will be denoted as v, (b). Hence
we will consider y as a mapping X — XX rather than X x X — X.

We define the equivalence ~ on X as
X~y if and only if Yx =Yy, forally eT.

Let ~ be the biggest congruence of (X, ') smaller than or equal to ~.

We define the retract Ret(X) as the factor (X, ')/~ and the iterated retraction
Ret'™1(X) as Ret'(X)/~, for i € N. If there exists an integer k such that Ret*(X) has
one element only then we will say that the algebra (X, ") has multipermutation
level k. We say that an algebra (X, I') is irretractable if Ret(X) = (X, T).
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Searching for the biggest congruence

ola b c d e Tla b c d e
ala e d ¢ a ajla a a a a
bla a d ¢ a b|b b b b b
cla e d c a clc c c ¢ c
dila a d ¢ a did d d d d
ela e d ¢ a ele e e e e
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Searching for the biggest congruence

cla b ¢ d e T|la b ¢ d e
ala e d ¢ a ala a a a a
bla a d ¢ a b|b b b b b
cla e d c a c|lc ¢c ¢c ¢ ¢
djia a d ¢ a d{d d d d d
ela e d ¢ a ele e e e e
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Searching for the biggest congruence
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Searching for the biggest congruence

ocla b c¢c d e T|la b c d e
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Degenerate Yang-Baxter solutions

Algorithm for finding the biggest congruence

Observation

The congruence = always exists and it is unique.
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Degenerate Yang-Baxter solutions

Algorithm for finding the biggest congruence

Observation
The congruence = always exists and it is unique.

Algorithm

Let (X,T') be an algebra with a set T of binary operations and let a,b € X. We
inductively construct relations ~;, for any 1 € N U {co}:

@ Initial step: ~p := ~.
@ Inductive step: a ~i,1 b ifand only if a ~; b and yx(a) ~; yx(b), forall x € X,
yeTandieN.

@ Limit step: a ~o, b ifand only if a ~; b, for all i € N.

.
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Degenerate Yang-Baxter solutions

Infinite example

letY=NU(c0o—N)={0,1,2,3,...}U{...,00—2,00—1,00}. Let X = Y U{oco — 1}

where co — 1 is a twin copy of the element co — 1. Let
ox(y) =0 forall x,y € X,

o —1 if x=oc0andy =0,
Ty(x) =< 00 —2 if x =00—1,
max(0,x — 1) otherwise.
Then (X, o, T) is a solution and
x~y ifandonlyif x=yor(x>1iandy >1i).
In the limit step we get

x~y ifandonlyif x=yor(x¢ Nandy ¢ N).
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Equational basis

Axiomatization of involutive multipermutation solutions

Proposition (T. Gateva-lvanova)

A non-degenerate involutive solution (X, o, T) is of multipermutation level at
most k € N if and only if

U ) 0¥)) = @ (xr_1) (XK)

Ty () " oa(x1)

forall x1,...,xx, y, z€ X.
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Equational basis

Axiomatization of non-degenerate multipermutation solutions

Proposition (P.J., A.P.)

A non-degenerate solution (X, o,T) is of multipermutation level at most k € N if and
only if
(k)

Y ) =V (%)
el (xk—1) e (xk—1)
Y ) v )

forall xq,...,xx, u,z€ Xand ally™", ...,y e{o,1}.
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A counterexample

letk > 2, letX={0,1,...,k}and let

o (y) = min{k,x + 1} ify =0, (%) = 2 ifx=kandy =0,
W= ify£0, Y70 |1 ifx£kory#£0.

We can note that k ~ (k — 1) is the only pair of different elements in the relation ~.
But to(k) =2 # 1 = 19(k — 1) and hence the solution (X, o, T) is irretractable.
However,

(xk) =vy‘?k,” (x)

v (xk—1) (xk—1)

vV xp) v xq)

forally, ...,y eT ={o,t}and x1, ..., %, y,z € X.
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Equational basis

Axiomatization of degenerate multipermutation solutions

Proposition (P.)., A.P.)

An algebra (X, T') is of multipermutation level at most k € N if and only if

(k) (k)
1o Xk) =10 X
kymk—ﬂ/(kin (Xk—1)( k) kymk—ﬂ/(ki” (Xk—1)( )

(0

.mﬂ/g W

x1) wyz (%)

forall xi,...,x, y,ze X, ally(, ..., y(¥) € T and all
1,..., 0 €{yx |y eT,x e X}
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Equational basis

Axiomatization of degenerate multipermutation solutions

Proposition (P.)., A.P.)
An algebra (X, T") is of multipermutation level at most k € N if and only if

(k)
10 Xx) =1t X
kymk—ﬂ/(kin (Xk—1)( ) kymk—ﬂ/(ki” (Xk—1)( )

(0

.mﬂ/g W

x1) wyz (%)

forall xi,...,x, y,ze X, ally(, ..., y(¥) € T and all
1,..., 0 €{yx |y eT,x e X}

.

Proposition (P.J., A.P.)

A solution (X, o,T) is of multipermutation level at most 2 if and only if, for all
XY,z € X:

O-O_X(Z) = O—O_y(z)’ TTX(Z’) = TTy (z)/ GTX(Z) = GTy (z)r TO'X(Z) = To-y (z):

T = = =

A
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