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Plos¢ica’s dual representation of lattices (1995)

@ Plos¢ica's dual representation is a generalisation of Priestley's
dual representation (1970) and also a re-casting of Urquhart's
dual representation (1978).
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dual representation (1970) and also a re-casting of Urquhart's
dual representation (1978).

@ Underlying set of the dual space of L is the set D(L) of its
maximal disjoint filter-ideal pairs (MDFIPs).

@ The set D(L) equipped with a binary relation E forms what is
called the dual digraph of L.

Definition (Plod¢ica 1995)

Let L be a lattice with bounds and D(L) the set of MDFIPs of L.
The dual digraph of L is defined by

Gr = (D(L),E) where (F,I)E(G,J) <= FnJ=10
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Plos¢ica’s dual representation of lattices (1995)

@ Plos¢ica's dual representation is a generalisation of Priestley's
dual representation (1970) and also a re-casting of Urquhart's
dual representation (1978).

@ Underlying set of the dual space of L is the set D(L) of its
maximal disjoint filter-ideal pairs (MDFIPs).

@ The set D(L) equipped with a binary relation E forms what is
called the dual digraph of L.

Definition (Plod¢ica 1995)

Let L be a lattice with bounds and D(L) the set of MDFIPs of L.
The dual digraph of L is defined by

Gr = (D(L),E) where (F,I)E(G,J) <= FnJ=10

@ L is then represented as the maximal partial E-preserving
continuous functions from its dual digraph with topology to
the two-element poset with the discrete topology.
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Example: Plos¢ica dual of NV;

For z,y € L we write xy for the MDFIP (1, ly).
1
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Example: Plos¢ica dual of NV;

For z,y € L we write xy for the MDFIP (1, ly).
1

a lc) MDFIPs: }

ab

Dual digraph G',:

o ab
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Example: Plos¢ica dual of NV;

For z,y € L we write xy for the MDFIP (1, ly).
1

LY o @ )

0
be

Dual digraph G',: ob
C

o ab
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Example: Plos¢ica dual of NV;

For z,y € L we write xy for the MDFIP (1, ly).
1

G - G ¢

0
be ca

o ca

Dual digraph G',: ob
C

o ab
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Example: Plos¢ica dual of NV;

For z,y € L we write xy for the MDFIP (1, ly).
1

G - G ¢

0
be ca

Now we add the arcs of the digraph according to the rule

Tz, ly) E(Ts, It) <= Tznlt=0 <<= z<t

o ca

Dual digraph G',: ob
C

o ab
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Example: Plos¢ica dual of NV;

For z,y € L we write xy for the MDFIP (1, ly).
1

G - G ¢

0
be ca

Now we add the arcs of the digraph according to the rule

Tz, ly) E(Ts, It) <= Tznlt=0 <<= z<t

ca

Dual digraph G',: .
C

ab
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Recovering L from G and Plos¢ica’s representation

For any G = (X, E), the set of maximal partial edge-preserving
maps from G to ({0,1}, <) forms a complete lattice when ordered

by ¢ <9 = ¢ 1(1) CYTH(1).
Denote this lattice by L(G).

1
ca
b 1
a bec ----- >
¢ 0
ab
0
N5 G
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Recovering L from G and Plos¢ica’s representation

For any G = (X, E), the set of maximal partial edge-preserving
maps from G to ({0,1}, <) forms a complete lattice when ordered

by ¢ <9 = ¢ 1(1) CYTH(1).
Denote this lattice by L(G).

1 111
ca )
b 1
a bec ----- >
¢ 0
ab o
0 000
N5 Gn,

Andrew Craig, Miroslav Haviar Dual spaces of ortholattices



Recovering L from G and Plos¢ica’s representation
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Recovering L from G and Plos¢ica’s representation

For any G = (X, E), the set of maximal partial edge-preserving
maps from G to ({0,1}, <) forms a complete lattice when ordered
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Recovering L from G and Plos¢ica’s representation

For any G = (X, E), the set of maximal partial edge-preserving
maps from G to ({0,1}, <) forms a complete lattice when ordered

by ¢ <9 = ¢ 1(1) CYTH(1).
Denote this lattice by L(G).

1 111
ca
b 1 011
a be ----- > 1-0
c 0 001
ab
0 000
N5 GN5 L(GNS)
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Recovering L from G and Plos¢ica’s representation

For any G = (X, E), the set of maximal partial edge-preserving
maps from G to ({0,1}, <) forms a complete lattice when ordered

by ¢ <9 = ¢ 1(1) CYTH(1).
Denote this lattice by L(G).

1 111
ca
b 1 011
a be ----- > 1-0
c 0 001
ab
0 000

Theorem (Plos¢ica 1995)
If L is a finite lattice, then L = L(G,).

™7 = - =
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TiRS digraphs as Plos¢ica’s duals of lattices

LeteE={yeV |zEy}and Ex ={yeV |yEx}.

Definition (Craig, Gouveia, Haviar 2015)

A TiRS digraph is a digraph G = (V, E) such that ECV x V is
reflexive and:
(S) u#v = (uE #vE or Eu # Ev).
(R) uE CvE = (u,v)¢FE
EvCEu = (u,v)¢E.
(Ti) uBv = FJw(wE CuFE & Ew C Ev)
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TiRS digraphs as Plos¢ica’s duals of lattices

LeteE={yeV |zEy}and Ex ={yeV |yEx}.

Definition (Craig, Gouveia, Haviar 2015)

A TiRS digraph is a digraph G = (V, E) such that ECV x V is
reflexive and:

(S) u#v = (uE #vE or Eu# Ev).
(R) uE CvE = (u,v)¢FE
EvCEu = (u,v)¢E.

(T) uBv =— Jw(wE CuE & Ew C Ev)

Theorem (Craig, Gouveia, Haviar 2015)

There is a one-to-one correspondence between finite lattices and
finite TIRS digraphs (which generalises Birkhoff’s representation).
If G is a finite TiRS digraph and L is a finite lattice, then

L= L(GL) and G = G]L(G)’
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Plo3€ica’s dual representation of (infinite) lattices (1995)

@ Plos¢ica's dual of a general lattice L with bounds is
D(L) = (Pr, E,TL), i.e. the digraph of the MDFIPs, or the
set Pr, of all MPHs from L into 2, with topology 71, having
as a subbasis of closed sets all sets of the form

Va={feP.| fla)=0} and
We={feP|fla)=1}

for all @ € L. This topology T1, is T1 and is compact, and it
turns out to be the same topology as used by Urquhart.
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Plo3€ica’s dual representation of (infinite) lattices (1995)

@ Plos¢ica's dual of a general lattice L with bounds is
D(L) = (Pr, E,TL), i.e. the digraph of the MDFIPs, or the
set Pr, of all MPHs from L into 2, with topology 71, having
as a subbasis of closed sets all sets of the form

Va={feP.| fla)=0} and
We={feP|fla)=1}

for all @ € L. This topology T1, is T1 and is compact, and it
turns out to be the same topology as used by Urquhart.

e The lattice L is represented as the lattice G7'"(D(L), 2) of
maximal partial E-preserving continuous functions
(morphisms) from the dual space D(L) to the two-element
poset with the discrete topology 2.
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Plos¢ica spaces

@ In the paper Craig—Haviar-S3o Jo3o: Dual spaces of lattices
and semidistributive lattices (2026) we introduced Plos¢ica
spaces as abstractions of the duals D(L) = (P, E, T1,) of
general lattices L with bounds.
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Plos¢ica spaces

@ In the paper Craig—Haviar-S30 Jodo: Dual spaces of lattices
and semidistributive lattices (2026) we introduced Plos¢ica
spaces as abstractions of the duals D(L) = (P, E, Tr,) of
general lattices L with bounds.

Definition (Craig, Haviar, Sdo Jodo, 2026)

A Plos¢ica space is a structure P = (X, E, T) such that

(1) (X,E)is a TiRS digraph and (X, T) is a comp. top. space.

(2) P is totally edge-disconnected, meaning that for all z,y € X
such that (x,y) ¢ E there exists a morphism ¢ € GZ2*(P, 21)
with ¢(x) =1 and ¢(y) = 0.

(3) Certain specific sets are closed and the family

{X\e ™1 (1), X\ H0) | 0 € G7P(P, 27) }

forms a subbase for T (technicalities omitted).
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@ We proved that for every lattice L with bounds its dual
D(L) = (P, E,T1,) is a Plo&¢ica space.
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@ We proved that for every lattice L with bounds its dual
D(L) = (P, E,T1,) is a Plo&¢ica space.

e For a Plostica space P = (X, E,T), we showed that
L(P) = (G7"(P, 27), <) is a bounded lattice, which we

~

considered to be the dual lattice of PP.
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@ We proved that for every lattice L with bounds its dual
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L(P) = (G7"(P, 27), <) is a bounded lattice, which we

~

considered to be the dual lattice of PP.

@ We proved that every Plodtica space P = (X, E.T) is
digraph-homeomorphic to its 2nd dual: P = D(L(P)).
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L(P) = (G7"(P, 27), <) is a bounded lattice, which we

~

considered to be the dual lattice of PP.

@ We proved that every Plodtica space P = (X, E.T) is
digraph-homeomorphic to its 2nd dual: P = D(L(P)).

@ We believe that Plo3¢ica spaces are easier to work with than
the Urquhart L-spaces with two quasi-orders.
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We proved that for every lattice L with bounds its dual
D(L) = (P, E,T1,) is a Plo&¢ica space.

e For a Plostica space P = (X, E,T), we showed that
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considered to be the dual lattice of P.

@ We proved that every Plodtica space P = (X, E.T) is
digraph-homeomorphic to its 2nd dual: P = D(L(P)).

@ We believe that Plo3¢ica spaces are easier to work with than
the Urquhart L-spaces with two quasi-orders.

@ We claim that recovering the lattice from its Plos¢ica’s dual
via the maximal partial morphisms is easier and more natural
than recovering the lattice from its dual L-space via the
doubly closed stable sets in the Urquhart representation.
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We proved that for every lattice L with bounds its dual
D(L) = (P, E,T1,) is a Plo&¢ica space.

e For a Plostica space P = (X, E,T), we showed that
L(P) = (G7"(P, 27), <) is a bounded lattice, which we

~

considered to be the dual lattice of P.

@ We proved that every Plodtica space P = (X, E.T) is
digraph-homeomorphic to its 2nd dual: P = D(L(P)).

@ We believe that Plo3¢ica spaces are easier to work with than
the Urquhart L-spaces with two quasi-orders.

@ We claim that recovering the lattice from its Plos¢ica’s dual
via the maximal partial morphisms is easier and more natural
than recovering the lattice from its dual L-space via the
doubly closed stable sets in the Urquhart representation.

@ Another advantage of using Plo¢ica spaces is that in case the
lattice L is distributive, the edge relation E in a Plos¢ica
space becomes the Priestley order relation.
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Ortho-Plos¢ica spaces

Definition (Craig, Haviar, 2026)

The dual of an ortholattice L' = (L;V,A,,0, 1) is the structure
D) = (PL,E,T,g), where (P, E,T) is the dual Plos€ica space
of the lattice reduct L of L’ and the map g is given as follows: for
an MPH f:L — 2 and a € L, let an MPH g(f) € L™P(L,2) is

0 iffla) =1,

(9@ = {1 i 0
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Ortho-Plos¢ica spaces
Definition (Craig, Haviar, 2026)

The dual of an ortholattice L' = (L;V,A,,0, 1) is the structure
D) = (PL,E,T,g), where (P, E,T) is the dual Plos€ica space
of the lattice reduct L of L’ and the map g is given as follows: for
an MPH f:L — 2 and a € L, let an MPH g(f) € L™P(L,2) is
0 iff(d) =1,

1 if f(a') = 0.

Let L' be an ortholattice. The map g of D(L') satisfies:
(M1) g(g(x)) = =,
(M2) zE C yE — Eg(x) C Eg(y),
(M3) Exz C By = g(2)E C g(y)E,
(O) VzIy(yE CzE & Ey C Eg(x)).

= =r = =
Andrew Craig, Miroslav Haviar Dual spaces of ortholattices
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Ortho-Plos¢ica spaces—cont.

Definition (Craig, Haviar, 2026)

An ortho-Plo%¢ica space is a structure X = (X, E, T, g) such that
(X, E,T) is a Plos¢ica space and g : X — X is a continuous map
satisfying (M1)-(M3), (O).
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Ortho-Plos¢ica spaces—cont.

Definition (Craig, Haviar, 2026)

An ortho-Plo%¢ica space is a structure X = (X, E, T, g) such that
(X, E,T) is a Plos¢ica space and g : X — X is a continuous map
satisfying (M1)-(M3), (O).

\,

Definition

Let X = (X, E, T,g) be an ortho-Plos¢ica space and let ¢q and
1 be the constant maps from X to 0 and 1, respectively. Then
the dual of X is the lattice with bounds

E(X) = (G7°(X,27),V, A, 7, ¢0, 1), where - assigns to every

~

¢ € G7P(X, 27) a partial map —p : X — {0, 1} given as follows:

1 ife(g(x)) =0,
(p)(@) =0 ifp(g(z)) =1,
—  otherwise.
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Dual representation theorems for ortholattices

Proposition

Let X = (X, E,T,g) be an ortho-Plos¢ica space. Then — as
defined above is an orthocomplement on the lattice reduct of
E(X). Hence the dual £(X) = (G7°(X, 27),V, A, =, o, ¢1) of
an ortho-Plos¢ica space X is an ortholattice.
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Dual representation theorems for ortholattices

Let X = (X, E,T,g) be an ortho-Plos¢ica space. Then — as
defined above is an orthocomplement on the lattice reduct of
E(X). Hence the dual £(X) = (G7°(X, 27),V, A, =, o, ¢1) of
an ortho-Plos¢ica space X is an ortholattice.

For an ortholattice ' = (L;V, A, ,0,1), the map a > e, is an
ortholattice isomorphism of L’ onto its second dual

EMDW)) = (G7° (XL, 27),V, A\, 7,0, 91), and hence

L' = &(D(L)).
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Dual representation theorems for ortholattices

Let X = (X, E,T,g) be an ortho-Plos¢ica space. Then — as
defined above is an orthocomplement on the lattice reduct of
E(X). Hence the dual £(X) = (G7°(X, 27),V, A, =, o, ¢1) of
an ortho-Plos¢ica space X is an ortholattice.

For an ortholattice ' = (L;V, A, ,0,1), the map a > e, is an
ortholattice isomorphism of L’ onto its second dual

EMDW)) = (G7° (XL, 27),V, A\, 7,0, 91), and hence

L' = &(D(L)).

Let X = (X,E,T,g) be an ortho-Plos¢ica space. Then
X 2 D(E(X)).
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@ It is well-known that the free orthomodular lattice Foa(2) on
2 generators is isomorphic to MOy x 2%,
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@ It is well-known that the free orthomodular lattice Foa(2) on
2 generators is isomorphic to MOy x 2%,

o For the ortholattice MOy, let a, b, @/, b’ be the atoms and L,
T be the bounds.
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@ It is well-known that the free orthomodular lattice Foa(2) on
2 generators is isomorphic to MOy x 2%,

o For the ortholattice MOy, let a, b, @/, b’ be the atoms and L,
T be the bounds.

e For the ortholattice 24, let ¢1, ¢, ¢3, ¢4 be the atoms and 0,
1 be the bounds.

@ There are only two types of MDFIPs of Foa(2):
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It is well-known that the free orthomodular lattice Fpa((2) on
2 generators is isomorphic to MOy x 2%,

For the ortholattice MOy, let a, b, a’, b’ be the atoms and L,
T be the bounds.

For the ortholattice 2%, let ¢1, c2, 3, c4 be the atoms and 0,
1 be the bounds.

There are only two types of MDFIPs of Foa(2):

the first type is (1(z,0),(y, 1)) where z,y are atoms of MO2
(for simplicity we write zy);

the second type is (T(_L,¢;), (T, ¢c})) (for simplicity we write
cich).

The 16-element dual digraph of Foa(2) is the disjoint union
of the dual digraph of MOs and four isolated vertices with
loops representing the dual of 2%.
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The dual of Fo(2)

aa
\/‘ N
- v'b
, ab
R
N /clcl cachy  c3ch  cad
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The dual of Fo(2)

o

ba
a'b
A
" cdy  cady  esdy  cad)

Va

Thank you for your attention!
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