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Gluing is common and useful in algebra

Ordinal sum Horizontal sum

1,~1p 1, ~1g

Applications: BL-chains as ordinal sums of Wajsberg hoops; orthomodular lattices/ortholattices as
horizontal sums...
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Integral biresiduation algebras
An integral biresiduation algebra is
A=(A<L\,)),
where 1is the greatest element and, forall x, y,z € A,

y<x\z & x<zly,
\y/2) = (x\y)/z,
I\x=x=x/1, x\1=1=1/x,
and x < yimplies
Z\x<2\y, x/z<y]z
Antitonicity in the other argument follows from these laws.

Underlying order satisfies:
x<y o x\y=1 o y/x=1
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Division orders

Division orders.

XCye=y=a\x,
XCry & y=x/aq,
XL,y y=(a\x)/b

for suitable a, b € A.
The three relations are orders contained in the natural order <.

Abiresiduation algebra is called duo if C; = Cg. We then use simply C.
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Nuclei and upsets
A closure operator y is a nucleus if
y(xX\y) < v\ (),
Y /%) <y /y(X).
In the duo case, the principal nucleus is
Yo(X) = (a/x)\a = a/(x\a).

For the image of the principal nucleus we write

Aq = yq[A]

Nuclear images are C-upsets

In the duo case:
Images of nuclei are upsetsin C.
Principal nuclear images are exactly principal upsetsinC,i.e.,A; = {x € A| a C x}.
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Tanaka and locally Tanaka
A duo biresiduation algebra is Tanaka if C = < or equivalently

x[(Y\x) = (y/0)\y- (T)

A duo biresiduation algebra is called locally Tanaka if

VZ(X)/()’Z(Y)\YZ(X)) = ()’Z(Y)/YZ(X))\YZ(Y) (LT)

Locally Tanaka yields join semilattice

If a locally Tanaka algebra satisfies

Yx(vy () = vy (v (). J)

then (A, C) is a join semilattice with x LIy = y,(y, (x)).
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Divisible biresiduation algebras

A biresiduation algebra A is divisible if

W\(X\2) = (Y\O\(¥\2),
/) (y]x) = (2/y)] (x]y). (H)

» Every duo divisible biresiduation algebra is locally Tanaka and satisfies (J).
» Every Tanaka is locally Tanaka.

» Every principal nuclear image of a locally Tanaka is bounded prelinear Tanaka
- (J) does not matter.

A Tanaka algebra is called prelinear if

W Vvyw=1  y/x)Vx/y) =1
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Example: gluing two Tanaka chains

Gluing

Glue(®)
I,~1
Glue
- ap~az
P q
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Categorical setting

Ambient category: order-enriched category Bires. of integral biresiduation algebras and
subhomomorphisms.

A subhomomorphism f : A — Bis monotone, preserves 1, and satisfies

fFO\y) < FOONF(y),
fy/x) < f(y)/F(X).

The hom-sets are ordered pointwise:

f<g < f(a)<g(a) foreveryacA.
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A complete colax diagram yields gluing
A complete colax diagram consists of algebras (A;);c; and a subhomomorphism ¢ : A — A; for
every i, j, such that
wii = idg;, Yik < Pjkpij-
We will write ® = (A;, ;) for the whole diagram.
The gluing
Start with the disjoint union

Go=| [A=1(a,):aen)
i€l
Define a preorder by
(a,i) = (b,)) <p,'j(a) < b,

and take the quotient by the symmetric kernel ~ of this preorder:
Glue(®) = (UA;)/~¢ .
i
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Gluing gives a biresiduation algebra

Fora € Ajand b € A;, define
[a./\[b.]] = [ej(a)\;b, j].

[b.j1/1a.i] = [b/;¢i(a), j].
1=1[1;1].

Construction theorem

The operations are well defined and make

Glue(®) = (G, <,1,\,/)

an integral biresiduation algebra.
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Example: gluing two 4-element Tanaka

AL ={0,a,b,1}, Ay ={0",d b, 1'}.

Al AZ

012: XX

1. {0°,d'} > a,
{b',1'} = 1.
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Obtaining duo divisible

IA
I

[1,1] ~ [1,2]

[67,2]

[0,1] [07,2]
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The gluing is a colax colimit in Bires.

Let @ = ((Aj)ies, (¢j)ijer) be a complete colax diagram. A cocone to X is a family of
subhomomorphisms y; : A; — X satisfying

Wi < Yjo gjj (i,j €.

Definition of the colax colimit

A cocone (C, (tj)ie/) is a colax colimit of @ if:
1. forevery cocone (X, (;);) there exists a unique subhomomorphism u : C — X such that

uou=y; (i€l

2. forallu,v:C— X,
(uoy <vouforeveryi) = u<v.

For the glued algebra C = Glue(®), each ¢; is an embedding:
i - Aj = Glue(®), ar— [a,i].
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Canonical decomposition

principal nuclear

decomposition
A >

(I)AZ \ui
uin
(Yal[ADaea, T Glue(®y) = A

(@ab)a,bea = Yblaq-

> valAl ={x €Al aCx}.

» Theisomorphism is given by [x, a] + x.

Finite case. We may take the maximal principal nuclear images.

Infinite case. Direct union of maximal directed family of principal nuclear images?

It need not to be a nuclear image - there may be no way of finding the right gluing maps.

If every such direct union is a nuclear image, then A is componentwise nuclear and the
component gluing reconstructs A.

If Ais locally Tanaka, each A, is bounded prelinear Tanaka.
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Representation and recognition

LetC C K.

A recognition condition R is an additional condition on the abstract gluing maps ¢;; : A; — A;.

Does canonical decomposition satisfy R?

/—\

Recognized diagrams

d: A eC,

jj satisfying R

Target algebras
AcK

Does gluing of recognized diagrams yield A € K?

Together: a representation of the whole class

AcK & A=Glue(®) forsome® withA;e C and gj satisfyingR.
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Recognition cases

Let ® = (A, ¢jj) be a complete colax diagram, assume that every A; is Tanaka. Then Glue(®) is
automatically duo and locally Tanaka.

Glue(®) satisfies (J) = yjigjjivi = jivi
Glue(®)isTanaka —  ojjivi = ¢j

@ik (@i ) \Y)\ (@i )\2) = @irc (i (V) \X¥)\ (e ) \2)

Glue(®) isduo divisible <= @ satisfies
(2/0w()) /e (y/9i(0)) = (2/ i 1)) [ ik (X 91 ()

Representation
finiteAe K < A= Glue(D)

for some finite diagram @ = (A, ¢;) of finite bounded prelinear Tanaka algebras satisfying R.
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Recognition cases

Let @ = (A;, ¢jj) be a complete colax diagram, assume that every A; is Tanaka. Then Glue(®) is
automatically duo and locally Tanaka.

Glue(®) satisfies (J) < jipijpjivi = @jigij
Glue(®)isTanaka < ojyjigij = @i

o (@i 00 \W)\ (2 0)\2) = @i (i (1) \X)\ (03 ) \2)

Glue(®) is duo divisibl O satisfi
ue(@)lsduodivisible == @ satis 'es{(z/gafk(x))/gajk(y/soq(x))=(z/gojk<y>)/«,ofk(x/¢,»/<y>)

Representation
componentwise nuclearA e KX < A = Glue(®d)

for some component presentation ® = (A, ¢;) of C-downward directed prelinear Tanaka algebras
satisfying R.
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Outlook: a product-like construction
P ={(x,y) € A1 XAy 1y < p12(x), x < p21(y)}.

Glue(®)
1

e1(x) = (X, p12(x)), e2(y) = (¢21(¥),y).

There is an order embedding
n:Glue(®) = Po,  n([xi]) = ei(x).
Categorical question: if Glue(®) is the colax colimit, is Po a corresponding colax limit?
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Outlook: the product as a conuclear image

In the example above, let A; and A, be the corresponding MV-algebras. Define

5(X7y) = (X/\ 9021()/)» YA QOIZ(X))'

Adirect check gives o
d is a conucleus, Fix(6) = 6(A1 X Ay) = Po,

and Py becomes a commutative integral residuated lattice in which n is a BCK embedding.

Possible general picture?

For a finite complete colax diagram @, after extending the diagram to suitable residuated
envelopes, consider

(0o (X))k = /\ Pik(Xi)-

iel

Does Py = Fix(d¢) give a conuclear residuated envelope of Glue(®)?
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