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What is an effect algebra?

Definition

By an effect algebra we mean a partial algebra (E;®,0,1) with special
elements 0, 1 € E called the zero and the unit, and a partially defined
binary operation & satisfying:

© commutative law: a ®b=bD a

@ associative law: a & (b®c) = (adb) D c

© orthosupplement law: Va € £ 3l € E: a®d =1;
a’ is called the orthosupplement of a

@ zero-one law: if a @ 1 is defined, then a =0
We write a L b whenever a @ b is defined.
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Homomorphisms and bihomomorphisms

Definition

By a homomorphism between effect algebras E and F' we mean a map
p: B — F satisfying:

Q if a L b, then p(a ®b) = ¢(a) ® ¢(b)
Q »(1)=1

We obtain a category EA:

@ objects: effect algebras

@ morphisms: homomorphisms of effect algebras

Definition

By a bihomomorphism §: E x F — G we mean a map satisfying:
© S(a1 @ az,b) = B(a1,b) ® B(az,b)

B(a, by @ by) = B(a,b1) ® B(a,bs)
@ 511 =1

foralla; Las € Eandbe F
forallae Fand b; L by e F
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Related structures

GEA
Generalized effect algebras

“effect algebras without unit 1"

BPCM
Bounded partial commutative
monoids

“partial commutative monoids
with unit 1"

or equivalently,

‘effect algebras where
orthosupplements are not unique”

PCM
Partial commutative monoids

“generalized effect algebras
without the cancellation law:
a®b=a®c implies b=~c"

AbPOG
Abelian po-groups

and

AbPOG,
Abelian po-groups with strong
unit u

“every element is under n - u for
sufficiently large n € N”



Related structures

All these structures together
with naturally defined homo-
morphisms form categories!
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Definition (of tensor product)

Let A and B be objects of C. By a tensor product of A and B we mean
an object A ® B together with a bimorphism ®: A x B —+ A ® B with the
following universal property:
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Tensor products

Let C denote one of the following categories: EA, GEA, PCM,
BPCM, AbPOG, AbPOG,,.

Definition (of tensor product)

Let A and B be objects of C. By a tensor product of A and B we mean
an object A ® B together with a bimorphism ®: A x B —+ A ® B with the
following universal property:

For every bimorphism 5: A x B — X there exists a unique morphism
p: A® B — X such that po® = S (i.e., p(a ®b) = B(a,b) foralla € A
and b € B).

In other words, the following diagram commutes:

AxB—%° s AeB

These are not morphisms i@
within the category C! B

X
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From categories to multicategories

A multicategory C consists of the following data:

a

a

a

collection Cj of objects

collection C; of unary morphisms A — B

collection C; of bimorphisms (A;, A3) - B

collection Cj3 of trimorphisms (A;, As, A3) — B

collection C,, of n-morphisms (A;, As, ...

collection of 0-morphisms () — B

,An) — B
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From categories to multicategories

We depict n-morphisms as

Aq
A
0: (A, As,...,A,) > B or ] B

Ap
Again, we have a composition rule:
(0,01,...,0,) — 00 (b1,...,0,),

displayed via the following diagram:

An
Arg —

0o (bh,....00)




From categories to multicategories

@ The composition is associative:

90(61O(9117---701161)7-“79710(9n17-
:90(917~~-76n)0(6117-~~791k17--
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Ot ..

; ann)



From categories to multicategories

@ The composition is associative:

90(61 O(911,...,91k1),...,9n0(in,...,enkn))
:90(91,...,6n)o(611,...,91k1,...,Hnl,...,ann)

@ The composition with identities leaves multimorphisms unchanged:
fo(ida,,...,ids,) =0 =1idgof
forall 0: (Ay,...,A,) — B; as depicted in the following diagram:
(A1,...,Ap) (A1,...,Ap)
idAli lidAn (A1,...,Ap)
(A1, Ay) lo =

le B

B

%
>

|
Sy

dp

T

Sy



From categories to multicategories

All categories EA, GEA, PCM, BPCM, AbPOG and AbPOG,,
can be naturally extended to multicategories, for which we use the
same notation.




Generalization of tensor product — representability of
a multicategory

Definition (of binary tensor product)

Let A; and As be objects of a multicategory C. By a tensor product of A
and A, we mean an object A1 ® As together with a bimorphism
TA, Ay (A1, A2) = A1 ® Ay with the following universal property:

For every bimorphism 3: (A1, A3) — X there exists a unique morphism
@: A1 ® Ag — X such that ¢ o 74, 4, = f3; as indicated in the following
diagram:

TA1,Az

(A1, A)) ——— A1 ® A

N

)

X




Generalization of tensor product — representability of
a multicategory

Definition (of tensor product of a sequence of objects)

Let Ay,..., A, be objects of a multicategory C. By a tensor product of

Ay, ..., A, we mean an object ®?:1 A; for which there exists a universal
n-morphism Ta, ... A, (A1,...,4,) = @ A; with the following universal
property:

For every n-morphism ~: (Ay,...,A,) — X there exists a unique morphism

p: @ A; — X such that po7a, 4, =1; as indicated in the following diagram:

(A1,...,4,) —————— QR A,




Generalization of tensor product — representability of
a multicategory

Definition (of tensor product of a sequence of objects)

Let Ay,..., A, be objects of a multicategory C. By a tensor product of

Ay,..., A, we mean an object ®" ; A; for which there exists a universal
n-morphism Ta, ... A, (A1,...,4,) = @ A; with the following universal
property:

For every n-morphism ~: (Ay,...,A,) — X there exists a unique morphism

p: @ A; — X such that po7a, 4, =1; as indicated in the following diagram:

(A1,...,4,) —————— QR A,

A multicategory C, for which every sequence of objects (including the empty
sequence ()) admits a tensor product and universal morphisms are closed under
composition is called representable.




Generalization of tensor product — representability of
a multicategory

The word “representable” comes from the fact that there is a bijection
C(A;,.... A, X)=C (@ Ai;X)

between n-morphisms A;,.... A, — X and unary morphisms &) A; — X
natural in X, that is, every n-morphism ~ can be uniquely represented by
a unary morphism from the tensor product of the domain sequence of ~.

This bijection is given by the assignment

(A, ..., Ay) —22n s ) A






Representability of multicategories of quantum structures

The multicategories EA, GEA, PCM and BPCM are representable.

Sketch of the proof.

@ First we show that every pair of objects A and B in the
aforementioned multicategories admits a tensor product A ® B.

e For a given sequence of objects (Ay,...,A,), we construct their
tensor product via binary tensor products as

) Ai = (41 ® A2) ® 43) ® -+ ® Ap),
=1

and show that they, together with inductively defined universal
n-morphisms 74, . 4, satisfy the desired universal property.




Representability implies monoidal structure

For a multicategory C, let C denote the restriction of C onto classes Cy
of objects and C; of unary morphisms. Thus, C is a category — called the
underlying category of the multicategory C.

Theorem (C. Hermida)

Every representable multicategory C induces a monoidal structure on its
underlying category C via the binary tensor product .

While C. Hermida observes that the coherence axioms of a monoidal
category are a consequence of the universal property of tensors, the original
text omits the explicit calculations. These were explicitly carried out and
verified in this work.



Representability implies monoidal structure

What was the strategy? We illustrate this with the proof that Mac Lane's
pentagon

(A®B)® (C® D)

QAW W,D

A® (B® (C@D)) (“Mac Lane's) ((A@B) ®C) ®D
pentagon”
idA®OIBCDJ T(YABC@idD

A® ((B®C)® D)

(A (B®C)) @D

QA BRC,D

commutes.



Representability implies monoidal structure

The definition of the associators: aspc: AQ(BRC) =2 (A B)®Cis
the unique morphism fitting into

TA,BQC

(A,B®C)

(idAV

(A,B,C) %aABC

(TAM <

(A B,C) ——— (A®B)® C

TA®B,C

A® (B®C)



Representability implies monoidal structure

(A® B)® (C® D)

IIAW WD

A® (B® (C® D)) (A@B)®C) @D

idA®0¢BCDl T‘){AEC(@idD

A® ((BeC)eD) (Ae(B®C) @D

QA,BRC,D



Representability implies monoidal structure

(A® B)® (C® D)

QAW WTD

A® (B®(Ce D)) (AeB)@C)® D

A® (B (Ce D)) (AeB)@C)® D

idA@‘%BCDl TOKABC@idD

A® ((B®C)® D) (A (B®C)) @D

QA,B®C,D



Representability implies monoidal structure

The upper half of the Mac Lane's pentagon:
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AQ (B® (CQ®D)) (A®B)®C)®D
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The upper half of the Mac Lane's pentagon:

(ta,8,7¢,D)

(A,B,C, D) (A® B,C ® D)

(id4<idn%/ m”
(A,B,C ® D) (7a,84dceD) (A® B)® (C ® D)
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Representability implies monoidal structure
The upper half of the Mac Lane's pentagon:

(TaeB.c/idD)

(A® B,C,D)
(ra,5,7¢,0) J(i‘l/\@B:TC,D)

(A,B,C, D) (A® B,C® D) (A®@B)®C,D)

(id4<idn%/ wn
(A,B,C®D) (7a,5,idcep) (A® B) ® (C® D) T(A®B)®C,D
(ida,T,ceD)

(A B®(C®D)) A®(B®(C® D)) (A®B)®C)®

TA,B®(C®QD)



Representability implies monoidal structure

The upper half of the Mac Lane's pentagon:

(7a5idcidp) (A® B,C, D)
(74,B,7C,D) (idags,7c.D)
T

(A,B,C, D) (A® B,C® D) (A®@B)®C,D)

(idA,idn%/ w”
(A,B,C®D) (7a,5,idcep) (A® B) ® (C® D) T(A®B)®C,D
(ida,T,ceD)

(A B®(C®D)) A®(B®(C® D)) (A®B)®C)®

(TaeB.c/idD)

TA,B®(C®D)



Representability implies monoidal structure

The lower half of the Mac Lane's pentagon:

(48 B.C.D) (aeeeile) (4w B)® C,D)

/ N
ida,T, >
v (ida,7B,coD) < T(A®B)®C,D
(Ta,B,idc,idp) ,

((A,B,C®D) (A,B® (C® D))

\
\ TA,B®(C®D) \
Y (ida,idp,7c, D)

(A,B,C,D) A®(BR®(C®D)) ((A®B)®C)®D
(idA,TB_g,idD)l i

! idA®aBCDJ/ /]\OLABc®idD
<~

(A,B® C,D) AR ((B®C)®D) (AR(B®C))®D
~ 7

\

- aA,BRC,D
N 77 TA(BR®C)®D ®

(TA,BoC»idD)

TA®R(B®C),D

(A® (B®C),D)



Some adjunctions between multicategories of quantum
structures

@ Chain of pointed and bounded structures:

E I I
N 7T s
PCM, L BPCM T EA T AbPOG,
\_/’ Sse_ T ~_

r Eff Gr



Some adjunctions between multicategories of quantum
structures

@ Chain of pointed and bounded structures:

1)) I r
/_\ L/’JF_—\\\\ m
PCM, L BPCM T EA T AbPOG,
~_ Sse_ T ~_
r Eff Gr

@ Unbounded structures:



Conclusion and future research

@ Summary: This work establishes a multicategorical foundation for
further research into the categorical framework of quantum logic.
e Future work:

o Further investigate the adjunctions between functors of multicategories
of quantum structures.

o Explore the use of higher categorical structures (e.g. enriched
categories) in the context of quantum logic.

e Provide a more explicit description of tensor products in the studied
multicategories (currently described only via their universal property).



Thank you for your attention!

Jakub Baloun
jakub.baloun01@upol.cz


jakub.baloun01@upol.cz

References

ﬁ A. DVURECENSKIJ and S. PULMANNOVA.
New Trends in Quantum Structures.
Mathematics and Its Applications. Springer Dordrecht, 1st edition, 2000.

@ D. J. FOULIS and M. K. BENNETT.
Effect algebras and unsharp quantum logics.
Foundations of Physics, 24(10):1331-1352, 1994.

C. HERMIDA.
Representable multicategories.
Advances in Mathematics, 151(2):164—-225, 2000.

[3 D.LACHMAN.
Tensor product in the category of effect algebras.
arXiv preprint arXiv:2503.01365, 2025.

T. LEINSTER.

Higher Operads, Higher Categories.

Number 298 in London Mathematical Society Lecture Note Series. Cambridge University
Press, Cambridge, 2004.

[@ s. MAC LANE.
Categories for the Working Mathematician.
Number 5 in Graduate Texts in Mathematics. Springer-Verlag, New York, 2nd edition,
1978.



