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Representation theorems for residuated posets and residuated lattices are
well understood in the presence of the classical axioms of divisibility and pre-
linearity: ordinal sums, poset products and the I'-functor all rest on them. As
soon as these axioms are dropped, the known representation techniques largely
fail. We introduce two new associative product-type constructions — inspired
by wreath and semidirect products of semigroups — for arbitrary integral
residuated lattices, where neither commutativity nor divisibility is assumed.

Products via nuclei. A closure operator v on an integral residuated lattice
A is a nucleus if v(z) - y(y) < v(x - y); it is a strong nucleus if, in addition,

Y(@)\v(y) = v(z\y) and v(z)/y(y) = y(z/y) for all z,y € A. We write SN A
for the set of all strong nuclei on A.

Definition (J. Kiihr). Let A and B be integral residuated lattices.
A mapping a: B — SN A is a nuclei-morphism from B to A, written
a: B~ A, if

a[l] =14 and alz]oaly] = alzAy] = alz-y] (z,y € B).
Theorem. If a: B ~ A, then the algebra A x o B with universe

> wep @[r]A, unit (1,1), componentwise lattice operations (taken in
the nucleus images) and

(a1,b1) - (ag,b2) = (ex[by - bo](as - ag), by - bs),
(a1,b1)\(az,b2) = (a1\albi](az), b1 \b2),
(a2,b2)/(a1,b1) = (a[bi](az)/a1, b2/b1),

is again an integral residuated lattice.

Theorem (Associativity). Let A, B, C be integral residuated lat-
tices.

(i) fa: B ~ A and B: C ~ A x4 B, then there are nuclei-
morphisms 3: C ~ B and a: B MEC ~ A such that

(AxaB)xgC = Axg(BxzC).
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(ii) Conversely, every such pair (&, 3) arises from a unique pair
(e, B) as in (i), and the two assignments are mutually inverse.

Products via product morphisms. A more general, purely order-theoretic
construction avoids nuclei altogether.

Definition. A mapping ¢: B — A between integral residuated
lattices B and A is a product morphism if

p(1)=1,  o@)Nd(y) =o(xAy),  d) d(y) < d(z-y)
for all z,y € B.

Theorem. For a product morphism ¢: B — A the algebra

Ay B=(T,ep@] AV, /L (LD),
with componentwise A, V, - and

(a,7) o (b,y) = ((aeb) Np(zey), wey)  foree{\/}
is again an (integral) residuated lattice.

Theorem (Associativity). Let A, B, C be integral residuated lat-
tices. If ¢: B — A and ¢: C -+ A x4 B are product morphisms,
then there are product morphisms ¢: C — B and ¢: B X C— A
such that

(AxyB)xy C = Axg(Bx;C),

and, as before, every right-associated pair (¢, ) arises from a unique
left-associated pair (¢, ) in this way.
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