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Motivating example
some history:
Nov. 2021 PALS talk by P. Jipsen on partially ordered algebras (and

po-clones): operations which in each argument are order-preserving or
order-reversing (for some given order on the base set).
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Motivating example
some history:
Nov. 2021 PALS talk by P. Jipsen on partially ordered algebras (and
po-clones): operations which in each argument are order-preserving or

order-reversing (for some given order on the base set).
Questions: how to characterize such “po-clones”?
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Motivating example
some history:
Nov. 2021 PALS talk by P. Jipsen on partially ordered algebras (and
po-clones): operations which in each argument are order-preserving or

order-reversing (for some given order on the base set).
Questions: how to characterize such “po-clones”?

R.P.: characterization via invariant relations?
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some history:

Nov. 2021 PALS talk by P. Jipsen on partially ordered algebras (and
po-clones): operations which in each argument are order-preserving or
order-reversing (for some given order on the base set).

Questions: how to characterize such “po-clones”?

R.P.: characterization via invariant relations?

Analogies to many-sorted algebras

(results of E. Lehtonen/ R. Pdschel/ T. Waldhauser),
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Motivating example

some history:
Nov. 2021 PALS talk by P. Jipsen on partially ordered algebras (and
po-clones): operations which in each argument are order-preserving or

order-reversing (for some given order on the base set).
Questions: how to characterize such “po-clones”?

R.P.: characterization via invariant relations?

Analogies to many-sorted algebras

(results of E. Lehtonen/ R. Pdschel/ T. Waldhauser),

Let P be a property for unary functions g € AA.

“motivating example”: P = 4 : order-preserving
P = — : order-reversing
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Motivating example

some history:
Nov. 2021 PALS talk by P. Jipsen on partially ordered algebras (and
po-clones): operations which in each argument are order-preserving or
order-reversing (for some given order on the base set).
Questions: how to characterize such “po-clones”?
R.P.: characterization via invariant relations?
Analogies to many-sorted algebras
(results of E. Lehtonen/ R. Pdschel/ T. Waldhauser),
Let P be a property for unary functions g € AA.
“motivating example”: P = 4 : order-preserving
P = — : order-reversing
An n-ary operation f(xy,...,x,) has property P in an argument, say xi,
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some history:

Nov. 2021 PALS talk by P. Jipsen on partially ordered algebras (and
po-clones): operations which in each argument are order-preserving or
order-reversing (for some given order on the base set).

Questions: how to characterize such “po-clones”?

R.P.: characterization via invariant relations?

Analogies to many-sorted algebras

(results of E. Lehtonen/ R. Pdschel/ T. Waldhauser),

Let P be a property for unary functions g € AA.

“motivating example”: P = 4 : order-preserving

P = — : order-reversing
An n-ary operation f(xy,...,x,) has property P in an argument, say xi,
: <= each translation x; — f(x1, 2, ..., cy) has this property P (for all
constants ¢, ..., c, € A).
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Motivating example

some history:

Nov. 2021 PALS talk by P. Jipsen on partially ordered algebras (and
po-clones): operations which in each argument are order-preserving or
order-reversing (for some given order on the base set).

Questions: how to characterize such “po-clones”?

R.P.: characterization via invariant relations?

Analogies to many-sorted algebras

(results of E. Lehtonen/ R. Pdschel/ T. Waldhauser),

Let P be a property for unary functions g € AA.

“motivating example”: P = 4 : order-preserving

P = — : order-reversing
An n-ary operation f(xy,...,x,) has property P in an argument, say xi,
: <= each translation x; — f(x1, 2, ..., cy) has this property P (for all
constants ¢, ..., c, € A).

How to handle composition? order-reversing composed with
order-reversing is order-preserving!
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Motivating example

some history:

Nov. 2021 PALS talk by P. Jipsen on partially ordered algebras (and
po-clones): operations which in each argument are order-preserving or
order-reversing (for some given order on the base set).

Questions: how to characterize such “po-clones”?

R.P.: characterization via invariant relations?

Analogies to many-sorted algebras

(results of E. Lehtonen/ R. Pdschel/ T. Waldhauser),

Let P be a property for unary functions g € AA.

“motivating example”: P = 4 : order-preserving

P = — : order-reversing
An n-ary operation f(xy,...,x,) has property P in an argument, say xi,
: <= each translation x; — f(x1, 2, ..., cy) has this property P (for all
constants ¢, ..., c, € A).

How to handle composition? order-reversing composed with

order-reversing is order-preserving! Formalization: Collect the properties
. + p—
in a monoid S = ({+, —},-), here a group T+ [=
—1T=1=

Summer School Stard Lesna, September 3, 2023 R. Poschel, S-preclones (4/25)



S-preclones S-relational clones The Galois connection °Pol — Slnv The lattice SZLA of S-preclones
00e00 000 000000 000000000

S-operations

S finite monoid with unit element e.
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S-operations

S finite monoid with unit element e.

n-ary S-operation: operation f together with its signum

f: A" — A with sgn(f) = (s1,...,s,) € S",
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S-operations

S finite monoid with unit element e.

n-ary S-operation: operation f together with its signum
f: A" — A with sgn(f) = (s1,...,s,) € S",

i.e., the j-th argument of f gets a label (signum) s; € S
(i=1,...,n).

SOp(A) := all finitary S-operations
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S-preclones
S-preclone := set F C °Op(A) of S-operations closed under:
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S-preclones
S-preclone := set F C °Op(A) of S-operations closed under:
(1) ida € F, ida(x) = x, sgn(ida) := (e),
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S-preclones
S-preclone := set F C °Op(A) of S-operations closed under:
(1) ida € F, ida(x) = x, sgn(ida) := (e),

(2) permutation of arguments
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S-preclones
S-preclone := set F C °Op(A) of S-operations closed under:
(1) ida € F, ida(x) = x, sgn(ida) := (e),

(2) permutation of arguments (operations ¢, 7),
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S-preclones
S-preclone := set F C SOp(A) of S-operations closed under:
(1) ida € F, ida(x) = x, sgn(ida) := (e),
(2) permutation of arguments (operations ¢, 7),
(

3) identification of arguments with the same signum s (A®),
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S-preclones
S-preclone := set F C °Op(A) of S-operations closed under:
1) ida € F, ida(x) = x, sgn(ida) := (e),
2

(
(2) permutation of arguments (operations ¢, 7),

(3) identification of arguments with the same signum s (A®),
(4)

4) adding fictitious arguments of (arbitrary) signum s € S,
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S-preclones
S-preclone := set F C SOp(A) of S-operations closed under:
(1) ida € F, ida(x) = x, sgn(ida) := (e),
2)
(3) identification of arguments with the same signum s (A®),
(4)

permutation of arguments (operations ¢, 7),

adding fictitious arguments of (arbitrary) signum s € S,
e.g., (V) (xi,x2y ...y Xn41) i= F(32, ..., Xnt1), Where
sgn(V°f) = (s, s1,...,sn) for sgn(f) = (s1,...,5sn),
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(3) identification of arguments with the same signum s (A®),
(4)

4) adding fictitious arguments of (arbitrary) signum s € S,

e.g., (V) (xi,x2y ...y Xn41) i= F(32, ..., Xnt1), Where
sgn(V°f) = (s, s1,...,sn) for sgn(f) = (s1,...,5sn),

(5) "linearized” composition
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S-preclones
S-preclone := set F C SOp(A) of S-operations closed under:
(1) ida € F, ida(x) = x, sgn(ida) := (e),
2)
(3) identification of arguments with the same signum s (A®),
(4)

permutation of arguments (operations ¢, 7),

adding fictitious arguments of (arbitrary) signum s € S,
e.g., (V) (xi,x2y ...y Xn41) i= F(32, ..., Xnt1), Where
sgn(V°f) = (s, s1,...,sn) for sgn(f) = (s1,...,5sn),

(5) "linearized” composition
sgn(f) = (s1,...,sn) and sgn(g) = (s},...,sn,). Then
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S-preclones
S-preclone := set F C SOp(A) of S-operations closed under:
(1) ida € F, ida(x) = x, sgn(ida) := (e),
2)
(3) identification of arguments with the same signum s (A®),
(4)

permutation of arguments (operations ¢, 7),

adding fictitious arguments of (arbitrary) signum s € S,
e.g., (V) (xi,x2y ...y Xn41) i= F(32, ..., Xnt1), Where
sgn(V°f) = (s, s1,...,sn) for sgn(f) = (s1,...,5sn),

(5) "linearized” composition
sgn(f) = (s1,...,sn) and sgn(g) = (s},...,sn,). Then

(f o g)(X17 s Xms Xm+1 - aXm—‘rn—l)

= f(g(xla cee 7Xm)7Xm+l> cee aXm+n71)
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S-preclones
S-preclone := set F C SOp(A) of S-operations closed under:
(1) ida € F, ida(x) = x, sgn(ida) := (e),
(2) permutation of arguments (operations ¢, 7),
(3) identification of arguments with the same signum s (A®),
(4)

4) adding fictitious arguments of (arbitrary) signum s € S,
e.g., (V) (xi,x2y ...y Xn41) i= F(32, ..., Xnt1), Where
sgn(V°f) = (s, s1,...,sn) for sgn(f) = (s1,...,5sn),

(5) “linearized” composition
sgn(f) = (s1,...,sn) and sgn(g) = (s},...,sn,). Then

(f © g)(X17 sy Xmy Xma-1, - - - 7Xm+n—l)
= f(g(x1,- -y Xm)y Xm+1, - - Xm+n—1)
with sgn(f o g) = (s{S1,...,5mS1,52,---,Sn).
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S-preclones
S-preclone := set F C SOp(A) of S-operations closed under:
(1) ida € F, ida(x) = x, sgn(ida) := (e),
(2) permutation of arguments (operations ¢, 7),
(3) identification of arguments with the same signum s (A®),
(4)

4) adding fictitious arguments of (arbitrary) signum s € S,
e.g., (V) (xi,x2y ...y Xn41) i= F(32, ..., Xnt1), Where

sgn(V°f) = (s, s1,...,sn) for sgn(f) = (s1,...,5sn),

(5) “linearized” composition

sgn(f) = (s1,...,sn) and sgn(g) = (s},...,sn,). Then

(f © g)(X17 sy Xmy Xma-1, - - - 7Xm+n—l)
= f(g(x1,- -y Xm)y Xm+1, - - Xm+n—1)
with sgn(f o g) = (s{S1,...,5mS1,52,---,Sn).

S(F) := S-preclone generated by F C °Op(A).
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“motivating” Example

S = {+, —} two-element group with unit element +.
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“motivating” Example

S = {+, —} two-element group with unit element +. (S = {+1,-1})
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“motivating” Example
S = {+, —} two-element group with unit element +. (S = {+1,-1})

< order relation on (finite) base set A.
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“motivating” Example
S = {+, —} two-element group with unit element +. (S = {+1,-1})
< order relation on (finite) base set A.

F C 30p(A) := set of all S-operations f(xy,...,x,)
(sgn(f) = (s1,...,5,) € S") such that argument x; is
order-preserving if s; = +, otherwise order-reversing (signum —)

Summer School Stard Lesna, September 3, 2023 R. Poschel, S-preclones (7/25)
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“motivating” Example
S = {+, —} two-element group with unit element +. (S = {+1,-1})
< order relation on (finite) base set A.

F C 30p(A) := set of all S-operations f(xy,...,x,)
(sgn(f) = (s1,...,5,) € S") such that argument x; is
order-preserving if s; = +, otherwise order-reversing (signum —)

eg, A={0,1},0<1,
f(X1;X2) = —x1 \ Xo, sgn(f) = (51752) = (_7 +)'
g(x1,x2) = x1 V —x2, sgn(g) = (s1,55) = (+,—).
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“motivating” Example
S = {+, —} two-element group with unit element +. (S = {+1,-1})
< order relation on (finite) base set A.

F C 30p(A) := set of all S-operations f(xy,...,x,)

(sgn(f) = (s1,...,5,) € S") such that argument x; is
order-preserving if s; = +, otherwise order-reversing (signum —)
eg, A={0,1},0<1,

f(x1,x2) = —x1 A x2, sgn(f) = (s1,%2) = (—, +),

g(XlaXZ) =Xx1V 7Xp, Sgn(g) = (51759 = (+7 _)'

Proposition: F is an S-preclone.
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“motivating” Example
S = {+, —} two-element group with unit element +. (S = {+1,-1})
< order relation on (finite) base set A.
F C 30p(A) := set of all S-operations f(xy,...,x,)

(sgn(f) = (s1,...,5,) € S") such that argument x; is
order-preserving if s; = +, otherwise order-reversing (signum —)

eg, A={0,1},0<1,

f(x1,%2) = —x1 A xz, sgn(f) = (s1,52) = (=, +),

g(x1,x2) = x1 V —xa, sgn(g) = (s1,55) = (+, ).

Proposition: F is an S-preclone.

E.g., the composition

(fog)(x1, x2,x3) = f(g(x1,x2),x3) = =(x1V—x2)Ax3 = “x1 AXp AX3
has signum (s{s1,s5s1,52) = (+-—,— - —, +) = (=, +,+).
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“motivating” Example
S = {+, —} two-element group with unit element +. (S = {+1,-1})
< order relation on (finite) base set A.
F C 30p(A) := set of all S-operations f(xy,...,x,)

(sgn(f) = (s1,...,5,) € S") such that argument x; is
order-preserving if s; = +, otherwise order-reversing (signum —)
eg, A={0,1},0<1,

f(x1,x2) = ~x1 A xz, sgn(f) = (s1,%2) = (=, +),

g(x1, %) = x1 V =x, sgn(g) = (s1, %) = (+, —).

Proposition: F is an S-preclone.

E.g., the composition

(fog)(x1, x2,x3) = f(g(x1,x2),x3) = =(x1V—x2)Ax3 = “x1 AXp AX3
has signum (s{s1,s5s1,52) = (+-—,— - —, +) = (=, +,+).

One is allowed to identify x» and x3, but not x> and x;.
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S-relational clones
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S-relations

m-ary S-relation: 9 = (0s)ses with o5 C A™
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S-relations
m-ary S-relation: 9 = (0s)ses with o5 C A™
notation also
0=1(0s,0s,---,0s) (for S={s,s",...,s"}) or

o0=(r,...,re) with Xy = (s1,...,5) s.t. s ={ri|si=s}

Example: S ={+,—-}, A={0,1},
0=(0s)ses With o =<, o_ :=2>, e,

0=(<,>)=(391 83y =(n,r,r3, 2,15, 16)
o+

Summer School Stard Lesna, September 3, 2023 R. Pdschel, S-preclones (9/25)
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S-relations
m-ary S-relation: 9 = (0s)ses with o5 C A™
notation also
0=1(0s,0s,---,0s) (for S={s,s",...,s"}) or

0= {(r,...,re) with Ay = (s1,...,5) s.t. s ={ri | si =s}

Example: S ={+,—-}, A={0,1},
0= (0s)ses with g4 =<, 0 =2, ie

0=(<,>)=(391 8%%)=(f1,f2,f3, ra, s, re)
+

with Xy = (4, +,

SRel(A) := the set of all finitary S-relations
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S-relational clones

S-relational clone := set @ C °Rel(A) of S-relations closed under:
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S-relational clones

S-relational clone := set @ C °Rel(A) of S-relations closed under:
(1) 6° := (Ap)ses € Q  (Aa:={(x,x) | x € A} diagonal)

Summer School Stard Lesna, September 3, 2023 R. Péschel, S-preclones (10/25)
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S-relational clones

S-relational clone := set @ C °Rel(A) of S-relations closed under:
(1) 6° := (Ap)ses € Q  (Aa:={(x,x) | x € A} diagonal)
(2) permutation of rows (consider the elements r € o5 as columns)
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S-relational clones

S—re/ationa/ clone := set @ C °Rel(A) of S-relations closed under:
(1) 6% = (Aa)ses € @ (Ba:={(x.x) | x € A} diagonal)
(2) permutation of rows (consider the elements r € s as columns)

3) deleting of rows (projection on selected rows)

Summer School Stard Lesna, September 3, 2023 R. Péschel, S-preclones (10/25)
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S-relational clones

S—re/ationa/ clone := set @ C °Rel(A) of S-relations closed under:
(1) 67 :=(Aa)ses € @ (8a:={(xx) | x € A} diagonal)

(2) permutation of rows (consider the elements r € o5 as columns)
(3) deleting of rows (projection on selected rows)
(4)

4) Cartesian product: o X ¢ = (9s)ses X (05)ses = (0s X 0L)ses
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S-relational clones

S-relational clone := set @ C °Rel(A) of S-relations closed under:
(1) 6° := (Ap)ses € Q  (Aa:={(x,x) | x € A} diagonal)

(2) permutation of rows (consider the elements r € o5 as columns)

(3) deleting of rows (projection on selected rows)

(4) Cartesian product: o x o' = (0s)ses x (0h)ses == (05 X 0L)ses
(5)

5) intersection: ¢ A 0" = (0s)ses A (05)ses = (s A 05)ses
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S-relational clones

S-relational clone := set @ C °Rel(A) of S-relations closed under:
(1) 6° := (Ap)ses € Q  (Aa:={(x,x) | x € A} diagonal)

(2
3
(
(
(

)
) permutation of rows (consider the elements r € o5 as columns)
)
4) Cartesian product: o X ¢ = (9s)ses X (05)ses = (0s X 0L)ses
)
)

deleting of rows (projection on selected rows)

5) intersection: o A 0" = (0s)ses A (0%)ses == (0s A 0%)ses
6) index translation by t € S: ut(0) := (0st)ses
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S-relational clones

S-relational clone := set @ C °Rel(A) of S-relations closed under:
(1) 6° := (Ap)ses € Q  (Aa:={(x,x) | x € A} diagonal)

(2
3
(
(
(
(

)
) permutation of rows (consider the elements r € o5 as columns)
)
4) Cartesian product: ¢ X ¢’ = (0s)ses X (0%)ses = (0s X 0%)ses
)
)
)

deleting of rows (projection on selected rows)

5) intersection: o A 0" = (0s)ses A (05)ses = (05 06)ses
6) index translation by t € St 11(0) := (0st)ses
7) t-self-intersection

(i.e., via the (right) multiplicative action of an element t € S):
Mo = ((Me)s)ses = (Nfos | s't = s})ses
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S-relational clones

S-relational clone := set @ C °Rel(A) of S-relations closed under:
(1) 6° := (Ap)ses € Q  (Aa:={(x,x) | x € A} diagonal)

(2
3
(
(
(
(

)
) permutation of rows (consider the elements r € o5 as columns)
)
4) Cartesian product: ¢ X ¢’ = (0s)ses X (0%)ses = (0s X 0%)ses
)
)
)

deleting of rows (projection on selected rows)

5) intersection: o A 0" = (0s)ses A (05)ses = (05 06)ses
6) index translation by t € St 11(0) := (0st)ses

7) t-self-intersection

(i.e., via the (right) multiplicative action of an element t € S):
Mo = ((Me)s)ses = (Nfos | s't = s})ses

9Q] := S-relational clone generated by Q C *Rel(A).
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Outline

The Galois connection °Pol — °Inv
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.S
S-preservation >

classical notion of preservation: f > g: <= f(o,...,0) Co

Summer School Stard Lesna, September 3, 2023 R. Péschel, S-preclones (12/25)



S-preclones S-relational clones The Galois connection °Pol — SInv The lattice SL‘,A of S-preclones
00000 [e]e]e} O@0000 000000000

.S
S-preservation >

classical notion of preservation: f > g: <= f(o,...,0) Co

The “S-version”:
f € Op(A) with sgn(f) = (s1,...,5n), 0 = (0s)ses € SReI(m)(A)
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S-preclones S-relational clones The Galois connection °Pol — Slnv The lattice SL‘,;\ of S-preclones
00000 000 0e0000 000000000

.S
S-preservation >

classical notion of preservation: f > g: <= f(o,...,0) Co

The “S-version”:
f € Op(A) with sgn(f) = (s1,...,5n), 0 = (0s)ses € SReI(m)(A)

S
fo (Qs)seS 1= VseS: f(Qslsa ceey Qs,,s) C 0s.
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.S
S-preservation >

classical notion of preservation: f > g: <= f(o,...,0) Co

The “S-version”:

5
Qs ses = Vs S: f(Qsls» "’QSnS) C 0s.
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.S
S-preservation >

classical notion of preservation: f > g: <= f(o,...,0) Co

The “S-version”:

5
f> Qs ses & Vs ¢ S: f(Q5157 --aQSns) C 0s.

;‘

S
f > o: f S-preserves g, f is an S-polymorphism of g, ¢ is (S-)invariant for f

N—
I
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The Galois connection °Pol — °Inv

S . . .
> induces a Galois connection
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The Galois connection °Pol — °Inv

S. . . .
> induces a Galois connection with the operators

*Pol Q := {f €°0p(A) | Vo€ Q: f 2 o} (S-polymorphisms),

SInvF :={p € Rel(A) |[VfeF:f 2 o} (invariant S-relations).

for F C °Op(A) and Q C Rel(A).
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once more: “motivating” Example
(A, <) poset, S = {+,—} (group).
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once more: “motivating” Example
(A, <) poset, S = {+,—} (group).

si = +, otherwise order-reversing (signum —)

eg. A={0,1},0<1,
fx1, x2) = =x1 A xo, sgn(f) = (s1,92) = (=, +),
g(x1,x2) = x1 V =xg, sgn(g) = (s1,%5) = (+, —)-

Proposition: F is an S-preclone.

Example: F C °Op(A) := set of all S-operations f(xi,...
(sgn(f) = (s1,...,50) € S") such that argument x; is order-preserving if

7Xn)

Summer School Stard Lesnd, September 3, 2023

R. Péschel, S-preclones (14/25)
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once more: “motivating” Example
(A, <) poset, S = {+,—} (group).

Example: F C °Op(A) := set of all S-operations f(xi,...,X,)
(sgn(f) = (s1,...,50) € S") such that argument x; is order-preserving if
si = +, otherwise order-reversing (signum —)

eg. A={0,1},0<1,
f(x1,x) = —=x1 A x, sgn(f)
g(x1,x2) = x1 V =x2, sgn(g)

(s1,2) = (=, +).
(s1, %) = (+, =)

Proposition: F is an S-preclone.

Then we have:

F = °Pol g for the S-relation ¢ = (04,0-) = (<, >).

Summer School Stard Lesna, September 3, 2023 R. Péschel, S-preclones (14/25)



The Galois connection °Pol —

O00e00

once more: “motivating” Example

(A, <) poset, S = {+,—} (group).

Example: F C °Op(A) := set of all S-operations f(xi,...
(sgn(f) = (s1,...,50) € S") such that argument x; is order-preserving if

si = +, otherwise order-reversing (signum —)
eg, A={0,1},0<1,

f(x1, x2) = =x1 A x2, sgn(f)
g(x1;x2) = x1 V =x2, sgn(g)

(s1,2) = (=, +).
(s1, %) = (+, =)

Proposition: F is an S-preclone.

aXn)

Then we have:

F = °Pol o for the S-relation ¢ = (04,0-):

Example: A= {0,1},
0 = (0s)ses with o4

0=(<,>)=(3

—o
[Erg—

co -
or ||

1
1) = (r17f27f37r47r57r6)
hAg=(,+,+, = =, )

Summer School Stard Lesnd, September 3, 2023
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The Galois closures

Let A be a finite set
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The Galois closures

Let A be a finite set

Theorem
Let S be a finite monoid. Then, for F C °Op(A), we have

%(F) =>PolInv F,

i.e., the Galois closure is the S-preclone generated by F.
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The Galois closures

Let A be a finite set

Theorem
Let S be a finite monoid. Then, for F C °Op(A), we have

%(F) =>PolInv F,

i.e., the Galois closure is the S-preclone generated by F.

Theorem
Let S be a finite monoid. Then, for @ C SReI(A), we have

Q] = Inv°Pol Q,
i.e., the Galois closure is the S-relational clone generated by Q.

Summer School Stard Lesna, September 3, 2023 R. Péschel, S-preclones (15/25)
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Concerning the proofs

5<F) C °Pol °Inv F and S[Q] C °Inv°Pol Q straightforward
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Concerning the proofs

5<F) C °Pol °Inv F and S[Q] C °Inv°Pol Q straightforward

for S being a group:
generalization of the proofs for the “classical” Galois connection
Pol — Inv
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S-preclones S-relational clones The Galois connection °Pol — Slnv The lattice °L 4 of S-preclones

Concerning the proofs

5<F) C °Pol °Inv F and 5[Q] C °Inv°Pol Q straightforward

for S being a group:
generalization of the proofs for the “classical” Galois connection
Pol — Inv

for arbitrary (finite) monoids S:
more complicated (proof was completed few months ago)

[JipLP2023]: arXiv http://arxiv.org/abs/2306.00493
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Outline

The lattice °£ 4 of S-preclones
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The lattices °L4 and L%

SL 4 = lattice of all S-preclones on A (w.r.t. C)
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The lattices °L4 and L%

SL 4 = lattice of all S-preclones on A (w.r.t. C)
L% := lattice of all S-relational clones on A
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The lattices °L4 and L%

SL 4 = lattice of all S-preclones on A (w.r.t. C)
L% := lattice of all S-relational clones on A (°L5 =g °La)
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The lattices °L4 and L%

SL 4 = lattice of all S-preclones on A (w.r.t. C)
L% := lattice of all S-relational clones on A (°L5 =g °La)

>Op(A)

maximal S-preclones

ol Q

SPo Slnv

minimal S-preclones

J(A) °D(A)
3Ja = S-projections = 3(id4) *Dp = S-diagonals = 9[¢]

Summer School Stard Lesna, September 3, 2023 R. Péschel, S-preclones (18/25)
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Some properties

Each S-preclone is contained in a maximal one (coatom) and
contains a minimal one (atom):

SL A is atomic and coatomic
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Some properties

Each S-preclone is contained in a maximal one (coatom) and
contains a minimal one (atom):

SL A is atomic and coatomic

There are finitely many atoms and coatoms.

Summer School Stard Lesna, September 3, 2023 R. Péschel, S-preclones (19/25)



The lattice SLA of S-preclones
00®000000

Some properties

Each S-preclone is contained in a maximal one (coatom) and
contains a minimal one (atom):

SL A is atomic and coatomic
There are finitely many atoms and coatoms.

SOp(A) is finitely generated (by at most binary S-operations),
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The lattice SLA of S-preclones
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Some properties

Each S-preclone is contained in a maximal one (coatom) and
contains a minimal one (atom):

SL A is atomic and coatomic
There are finitely many atoms and coatoms.

SOp(A) is finitely generated (by at most binary S-operations),

SRel(A) finitely generated (by at most ternary S-relations),
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The lattice SLA of S-preclones
00®000000

Some properties

Each S-preclone is contained in a maximal one (coatom) and
contains a minimal one (atom):

SL A is atomic and coatomic
There are finitely many atoms and coatoms.

SOp(A) is finitely generated (by at most binary S-operations),
e.g., for A=1{0,1,...,k — 1} we have ({m®9} U {id* | s € S}) = *Op(A),
where m(®¢) is the binary S-operation defined by the m(x,y) := max(x,y) ® 1
(known as Sheffer function, @ addition modulo k) with sgn(m) = (e, e).

SRel(A) finitely generated (by at most ternary S-relations),

eg., |A >3 A, VY,...,. V), (<0, ) (£, -+, #)] = SRel(A). Here
(0,0,...,0") denotes the relation ¢ € *Rel(A) with g. = ¢ and gs = o’ for
scS\{e}. (V=Va=A> A=Ax={(x,x)| x € A})

(For |A| = 2 a ternary S-relation is needed)
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Example: Boolean +-preclones

+:=S5:={+, -} (two-element group = {+1,—1})
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Example: Boolean +-preclones
+:=S5:={+, -} (two-element group = {+1,—1})
notation for

S-preclone, °L4, 3(F), JQ], *Pol, °Inv :
+-preclone, L 4, jE<F), i[Q], +Pol, TInv
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Example: Boolean +-preclones
+:=S5:={+, -} (two-element group = {+1,—1})

notation for

S-preclone, °L4, 3(F), JQ], *Pol, °Inv :
+-preclone, L 4, jE<F), i[Q], +Pol, TInv

A:={0,1}:

+-preclone = Boolean +-preclone
*L5 lattice of Boolean +-preclones
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Example: Boolean +-preclones
+:=S5:={+, -} (two-element group = {+1,—1})

notation for

S-preclone, °L4, 3(F), JQ], *Pol, °Inv :
+-preclone, L 4, jE<F), i[Q], +Pol, TInv

A:={0,1}:
+-preclone = Boolean +-preclone
*L5 lattice of Boolean +-preclones

Recall:
L->, the Post lattice of Boolean clones, is countable and
has 5 maximal and 7 minimal clones.
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The maximal Boolean +-preclones

Theorem
There are nine maximal Boolean +-preclones listed below. Each such
preclone is of the form F = Pol o for some +-relation o = (04, 0_):
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The maximal Boolean +-preclones

Theorem
There are nine maximal Boolean +-preclones listed below. Each such

preclone is of the form F = Pol o for some +-relation o = (04, 0_):

(a) *Pol(o, o) with o € {00,001, 02,03, 04} where Pol o; is maximal
in L (0-preserving, 1-preserving, monotone, self-dual, linear
operations)

o0 = {0}, o1 = {1}, 02 = < ={(0,0),(0,1), (1, 1)},
o3 ={(0,1),(1,0)}, o4 = {(x,y,z,u) € A*| x+y+z+u=0}
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The maximal Boolean +-preclones

Theorem
There are nine maximal Boolean +-preclones listed below. Each such
preclone is of the form F = Pol o for some +-relation o = (04, 0_):

(a) TPol(o,0) with o € {0g,01,02,03,04} where Polo; is maximal
in L (0-preserving, 1-preserving, monotone, self-dual, linear
operations)

0o = {0}7 01 = {1}7 o2 =< = {(070)7 (07 1)a (17 1)}7
o3 ={(0,1),(1,0)}, o4 = {(x,y,z,u) € A*| x+y+z+u=0}
(b) TPol(<,>) our motivating example! all +-operations where each

~+argument is order-preserving and each —argument is order-reversing.
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The maximal Boolean +-preclones

Theorem
There are nine maximal Boolean +-preclones listed below. Each such
preclone is of the form F = Pol o for some +-relation o = (04, 0-):

(a) TPol(o,0) with o € {0g,01,02,03,04} where Polo; is maximal
in L (0-preserving, 1-preserving, monotone, self-dual, linear
operations)

o0 = {0}, o1 = {1}, 02 = < ={(0,0),(0,1), (1, 1)},
o3 ={(0,1),(1,0)}, o4 = {(x,y,z,u) € A*| x+y+z+u=0}

(b) TPol(<,>) our motivating example! all +-operations where each
~+argument is order-preserving and each —argument is order-reversing.

(c) TPol(A,0) = all functions with positive or mixed signum.
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The maximal Boolean +-preclones

Theorem
There are nine maximal Boolean +-preclones listed below. Each such
preclone is of the form F = Pol o for some +-relation o = (04, 0-):

(a) TPol(o,0) with o € {0g,01,02,03,04} where Polo; is maximal
in L (0-preserving, 1-preserving, monotone, self-dual, linear
operations)

oo = {0}, o1 = {1}, 02 = < ={(0,0),(0,1), (1, 1)},
o3 ={(0,1),(1,0)}, o4 = {(x,y,z,u) € A*| x+y+z+u=0}

(b) TPol(<,>) our motivating example! all +-operations where each
~+argument is order-preserving and each —argument is order-reversing.

(¢) TPol(A, D) = all functions with positive or mixed signum.

(d) *Pol(A%, As) = all Boolean +-operations, where each negative
argument is fictitious (including all negative constants).
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The maximal Boolean +-preclones

Theorem
There are nine maximal Boolean +-preclones listed below. Each such
preclone is of the form F = Pol o for some +-relation o = (04, 0-):

(a) TPol(o,0) with o € {0g,01,02,03,04} where Polo; is maximal
in L (0-preserving, 1-preserving, monotone, self-dual, linear
operations)

oo = {0}, o1 = {1}, 02 = < ={(0,0),(0,1), (1, 1)},
o3 ={(0,1),(1,0)}, o4 = {(x,y,z,u) € A*| x+y+z+u=0}

(b) TPol(<,>) our motivating example! all +-operations where each
~+argument is order-preserving and each —argument is order-reversing.

(¢) TPol(A, D) = all functions with positive or mixed signum.

(d) *Pol(A%, As) = all Boolean +-operations, where each negative
argument is fictitious (including all negative constants).

() FPol({0},{1}).
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The minimal Boolean 4-preclones

Theorem
There are twenty three minimal Boolean +-preclones. Each such
+-preclone is of the form *(f) with one +-operation f as generator:
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The minimal Boolean 4-preclones

Theorem
There are twenty three minimal Boolean +-preclones. Each such
+-preclone is of the form *(f) with one +-operation f as generator:

x ifx=yorz=u,
(A) *(ho), (1), *(hy) where hi(x,y,z,u) =<~ ’
i otherwise,

where the generators have signum A = (+,+,—, —), (#3)
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The minimal Boolean 4-preclones

Theorem
There are twenty three minimal Boolean +-preclones. Each such
+-preclone is of the form *(f) with one +-operation f as generator:

x ifx=yorz=u,
(A) *(ho), *(hv), *(hy) where hi(x,y,z,u) ={ .
i otherwise,

where the generators have signum A = (+,+,—, —), (#3)

(B) H(xAy)V(yA2)V(zAx)), Ax+y+2)
where the generators have signum A = (+,+,+, —),
(the last argument is ficticious) (#2)

Summer School Stard Lesna, September 3, 2023 R. Péschel, S-preclones (22/25)



S-preclones S-relational clones The Galois connection °Pol — °Inv The lattice SLA of S-preclones

00000 000 00000C O0000e000

The minimal Boolean 4-preclones

Theorem
There are twenty three minimal Boolean +-preclones. Each such
+-preclone is of the form *(f) with one +-operation f as generator:

x ifx=yorz=u,
(A) Hho),=(h1),*(hy) where hi(x,y,z,u) =< y
i otherwise,

where the generators have signum A = (+,+,—, —), (#3)
(B) H(xAY)V(yA2)V(zAx), Hx+y+2)

where the generators have signum A = (+,+,+, —),

(the last argument is ficticious) (#2)
(C) HxAy), HxVy), EHxV (yAz)),HxA(yV2)),

HxV(y A=2)), Hx Ay Vv -2)), H(x A =2) V(v A 2))

HxAY) V(Y AZ) V(2 AX), H(x Ay) V(¥ A=z) vV (mz Ax)),

where the generators have signum A = (+,+, —), (#9)
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The minimal Boolean 4-preclones

Theorem
There are twenty three minimal Boolean +-preclones. Each such
+-preclone is of the form *(f) with one +-operation f as generator:

x ifx=yorz=u,
(A) Hho),=(h1),*(hy) where hi(x,y,z,u) =< y
i otherwise,

where the generators have signum A = (+,+,—, —), (#3)
(B) H(xAy)V(yAz)V(zAx), Xx+y+2)

where the generators have signum A = (+,+,+, —),

(the last argument is ficticious) (#2)

(C) HxAy), HxVy),HxV(yAz),SxA(yV2)),
Hx V (y Az)), Hx A (y V-z)), H(x A=z) V(v A 2))
HxAy)V(yA2)V(zAX), H(xAy)V(y A=z) V(22 A X)),

where the generators have signum A = (+,+, —), (#9)
(D) 0), (1), (), Hy), H(=x), HxAy), Hxvy), HxA-y), Hxvoy)
where the generators have signum \ = (4, —). (#9)

Summer School Stard Lesna, September 3, 2023 R. Péschel, S-preclones (22/25)



S-preclones S-relational clones The Galois connection °Pol — °Inv The lattice SL',A of S-preclones
D ) (o] 000000800

Further research

Some open problems that we hope to solve in the future:
Is the lattice of Boolean +-preclones countable?

Classify the maximal S-preclones for |S| > 2 and |A| > 2.
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Further research
Some open problems that we hope to solve in the future:
Is the lattice of Boolean +-preclones countable?
Classify the maximal S-preclones for |S| > 2 and |A| > 2.

Further research:
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Further research
Some open problems that we hope to solve in the future:
Is the lattice of Boolean +-preclones countable?
Classify the maximal S-preclones for |S| > 2 and |A| > 2.

Further research:

Can the notions of S-preclone and S-relational clone be extended
to the setting where the monoid S of signa is only assumed to be a
semigroup?
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Further research

Some open problems that we hope to solve in the future:
Is the lattice of Boolean +-preclones countable?
Classify the maximal S-preclones for |S| > 2 and |A| > 2.

Further research:

Can the notions of S-preclone and S-relational clone be extended
to the setting where the monoid S of signa is only assumed to be a
semigroup?

Take an “interesting” result about clones or relational clones or
universal algebras and ask for an analogous result for S-preclones
or S-relational clones or S-algebras (i.e., (A, (fi)ic/) with
fundamental operations f; € >Op(A) for a fixed finite monoid S).
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