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Varieties of + BCK-algebras
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o tBCK-algebras are

o the algebraic model of the implicational fragment of the
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Varieties of + BCK-algebras

o tBCK-algebras are

o the algebraic model of the implicational fragment of the
tukasiewicz propositional logic [Komori 1978];
o algebras (A, ©,0) where

for some lattice-ordered abelian group (G, <,+,—,0) and
a convex subset A C G™.

@ The varieties of tBCK-algebras are
S C---CcS S C--CE

where 8, = V(S,,) and &£ = V(Z") [Komori 1978].

@ & is a subvariety of the variety of commutative BCK-algebras,
@. So, what are the covers of the 8,,'s (and of £) in the
subvariety lattice of €7
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Commutative BCK-algebras

Commutative BCK-algebras are algebras (A, S, 0) of type (2,0)
satisfying the equations

zo0=ux,

rox =0,
(zoy)oz=(z02) 0y,
zro(zoy) =yo (youx).
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zo0=ux,
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Commutative BCK-algebras

\

Commutative BCK-algebras are algebras (A, S, 0) of type (2,0)
satisfying the equations

zo0=ux,

rox =0,
(zoy)oz=(r02)0y,
ro(xoy)=yo (you).

The underlying poset defined by x <y iff tSy=0is a
meet-semilattice with

rANy=z0(xoy).

Bounded commutative BCK-algebras are term-equivalent to
MV-algebras.
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t BCK-algebras

l

t BCK-algebras are commutative BCK-algebras satisfying

@ the equation
oy Ayor)=0;

@ the quasi-equation

TANy>z & z0z=y8z = x=y.
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t BCK-algebras

t BCK-algebras are commutative BCK-algebras satisfying

@ the equation
(zoy)A(yoz)=0;

@ the quasi-equation
TANy>z & z0z=y8z = x=y.

The smallest commutative BCK-algebra that is not an
t BCK-algebra:
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T Y
We say that Z Ay
@ (x,y,z) is a forbidden triple .
feANy>z,202=y0z2
and = # y; TOYy=yox
0
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 Forbidden triples i

We say that z y
o (z,y,z) is a forbidden triple Ay
frAy>zr62=y0z2
and = # y; z
e (z,y) is a forbidden pair if TOYy=yor
roy=yox#0.
0
- = - = ERR NS



Forbidden triples/pairs

We say that x Yy
@ (x,y, z) is a forbidden triple T Ay
fzANy>z,zrx60z=y0z2
and = # y; ?
o (z,y) is a forbidden pair if TOy=yos
roy=yozx#0. .

A commutative BCK-algebra is not an £tBCK-algebra iff it has
a forbidden triple/pair.
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Simple construction — splitting a totally ordered tBCK-algebra

A

it
v

«0O> «Fr «=>r < P NEa



Simple construction — splitting a totally ordered tBCK-algebra
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Forbidden subalgebras

Simple construction — splitting a totally ordered £ BCK-algebra:

Ay A
€T

0

Wedefinezoy=x0bin Ajandyoxz =y S bin As.
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Forbidden subalgebras

Simple construction — splitting a totally ordered £ BCK-algebra:

ai ag

We may assume that the “branches” are bounded, with (a;, a2)
being a forbidden pair, in which case [0, a1] = [0, ag].
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Forbidden subalgebras

Simple construction — splitting a totally ordered £ BCK-algebra:

ai ag

We may assume that the “branches” are bounded, with (a;, a2)
being a forbidden pair, in which case [0, a1] = [0, ag].

This is a simple algebra.
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Splitting S, 41 = {0,1,...,n+ 1}:

aiq a2
N
l 1
0
a1 Sa=a19n=1land xS a1 =axSn=1
Notation: S, o or Ma(Sy,)

«0O> «Fr «=>r < P NEa
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Forbidden subalgebras

The are uncountably many varieties of commutative BCK-algebras.

The map K — V({Sp2 | n € K}) from nonempty subsets of
positive integers to subvarieties of € is one-to-one.
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Forbidden subalgebras

The are uncountably many varieties of commutative BCK-algebras.

The map K — V({Sp2 | n € K}) from nonempty subsets of
positive integers to subvarieties of € is one-to-one.

We say that A is sectionally of finite length if, for every a € A,
[0, a] is of finite length.

Suppose that A is sectionally of finite length. Then A is not an
t BCK-algebra iff it has a subalgebra isomorphic to some S, 5.
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| Covers of §,,

The (strict) covers of §,, in A(6) are:
® Spt1,
° Sy_12ifn>2, and
° 8, V8,2 (forevery m <n—1)ifn> 3.
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Covers of §,,

The (strict) covers of §,, in A(6) are:
® Spt1,
° Sy_12ifn>2, and
° 8, V8,2 (forevery m <n—1)ifn> 3.

n+1

b

8n+1
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Covers of §,,

The (strict) covers of §,, in A(6) are:
® Spt1,
° Sy_12ifn>2, and
° 8, V8,2 (forevery m <n—1)ifn> 3.

n+1

n—1 \41 1n71 al\/w
bo bo b b
8n+1 Sn—l,Q (TL > 2) Sn \/Sm,Q (7'L > 3)

JK Covers of some subvarieties of 6



| Covers of &,

For any integers n > 1 and p > 2, the (strict) covers of 8, ;, in
A(2) are:
° Sn,p \ Sn+2:

® Sy pt1, and
® SppVSp2 (for every m < n)if n > 2.
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Covers of &,

For any integers n > 1 and p > 2, the (strict) covers of 8, ;, in
A(2) are:
° Sn,p \ Sn+2:

® Sy pt1, and
® SppVSp2 (for every m < n)if n > 2.

n4+ 2
al ap n+1
\/ '
lo lo

Snp V Snta
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Covers of &,

For any integers n > 1 and p > 2, the (strict) covers of 8, ;, in
A(2) are:
° Sn,p \% Sn+2.

® Sy pt1, and
® SppVSp2 (for every m < n)if n > 2.

n4+ 2
alre - - - ap n+1 .
\n/ n \/‘
bo bo i
Snp V Sni2 Snpt1
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Covers of &,

For any integers n > 1 and p > 2, the (strict) covers of 8, ;, in
A(2) are:
° Sn,p \% Sn+2.

® Sy pt1, and
® SppVSp2 (for every m < n)if n > 2.

n4+ 2
b \/ M \/ \/
bo bo i i i
8n,p Vv §n+2 Sn7p+1 Sn,P Vv Sm,z (TL > 2)
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For any integer k > 1, we define

ro0ky=(...(z0y) 0y o...)0yY
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| Axiomatization of §,,

For any integer k£ > 1, we define

roky=(...(zoy) oy o...)0y.

Lemma (Cornish 1980, Komori 1978)
O A totally ordered commutative BCK-algebra A satisfies

(x ©ky) ANy =0. (Ex)

iff A= S, for somen < k.
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| Axiomatization of §,,

For any integer k£ > 1, we define

roky=(...(zoy) oy o...)0y.

Lemma (Cornish 1980, Komori 1978)
O A totally ordered commutative BCK-algebra A satisfies

(x ©ky) ANy =0. (Ex)

iff A= S, for somen < k.

@ A subdirectly irreducible commutative BCK-algebra is a tree
with meet-irreducible 0. It satisfies (Ey) iff its length is < k.
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Digression — 6y,

Let €, be the subvariety of € defined by (Ej).

The subdirectly irreducible members of €y, are trees (with
meet-irreducible 0) of length < k.

Note that €, N <L = §;,.
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Digression — 6y,

Let €, be the subvariety of € defined by (Ej).

The subdirectly irreducible members of €y, are trees (with
meet-irreducible 0) of length < k.

Note that €, N <L = §;,.

The only (strict) cover of € in A(B) is € V Sk1; it is
axiomatized by the equations

(zo(k+1y)Ay=0 (Ex41)

and

(xeky) NyN(usv)A(veu)=0.
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l

Axiomatization of §,,

For any integer n > 1 and any cardinal x > 2, \/ o
the algebra S,, ,; satisfies the equation n

(e ky) Ay =0 (Ex) l

iff n < k.
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| Axiomatization of §,,

For any integer n > 1 and any cardinal x > 2, \/ .
the algebra S,, ,; satisfies the equation n

(zoky) ANy=0 (Ex) jl

0

iff n < k.

v

Thus, also S, ., with m < n satisfy (E;), but they are not in §,, .
because S,  is a simple algebra and its subalgebras are

@ S, form<n-+1 and
° Sy for A < k.
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\

Axiomatization of §,,

For any integer n > 1 and any cardinal x > 2,
the algebra S, ,; satisfies the equation

iff n > k.

Every cBCK-algebra satisfies (F1).
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Si°=1(0,0), (1,0)] in (Z X Z)" = ({0} x Z") U ({1} x Z7)

N

(1,-1)

0, 1)
(0,0)

SOO
1,2
«4O0> «F>» «=)» « =) = Q>



. . 00
Digression — 875

S =1[(0,0),(1,0)] in (Z X Z)" = ({0} x ZP) U ({1} x Z7)

Y
(

The algebra ST satisfies the equation 1,0)
(1,-1)
(zoy)A(yor) < |
<zok((zoy)A(yoz) (Fr) 15(0 )
for each k. Consequently, the variety (0,0)
879 = V(S7%) is not generated by its finite 555,
members. )

JK Covers of some subvarieties of 6



| Axiomatization of §,,

The variety S, . with s infinite is axiomatized, relative to 6, by the
equations
(zo(m+1)y)Ay=0 (Ent1)
and
(zoy)A(yoz)<zon((zoy)A(yoz)). (Fn)

V
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\

Axiomatization of §,,

For any integers n,p > 1, the algebra S,
satisfies the equation

N @oz)A(mjox)=0 (G
0<izj<k

iff p <k.

Note that (G;) defines &£ relative to 6.
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| Axiomatization of §,,

For any integers n,p > 1, the variety §,, , is axiomatized, relative
to G, by the equations

(ro(n+1)y)Ay=0, (Ent1)
(zoy Alyorz)<zon((zoy) Ayor)), (Fn)
N\ @ioz)A(zjox)=0. (Gp)

0<i#j<p

V

Note that 8,1 = Sp41 =61 N L.
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Covers of &

l

879 and £V S, 5 (for each n > 1) are covers of £ in A(B).

(1,0)

(1,-1) : \/
-
I (0,1) 1 Il

(0,0) 0 0
N LV 82
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Covers of &

l

879 and £V S, 5 (for each n > 1) are covers of £ in A(B).

(1,0)

(1,-1) \/
2 :

(0,1) 1 Il ?
I (0,0) 0 0 '
(‘Siog LV 82
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