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Abstract

In the center of the interest of this thesis is the non-conservative

advection equation. This hyperbolic partial differential equation

serves as a fundamental model for flux propagation in pipe net-

works. Numerous numerical methods have been developed for

problems of this type; however, achieving high accuracy typically

requires sufficiently small time steps due to the stability restric-

tions imposed on commonly used explicit schemes. The method

presented in this work aims to overcome these limitations by al-

lowing the use of larger time steps while maintaining stability.

Following [3], the network is modeled as a directed acyclic

graph composed of vertices and edges. Within this framework,

we derive the so-called inverse WENO scheme, which is conser-

vative in a nonstandard sense, unconditionally stable, without

unphysical oscillations even for large Courant numbers, and ca-

pable of achieving third order accuracy in both time and space

under suitable conditions.

The proposed inverse scheme is tested on various types of net-

works in a series of numerical experiments. The principal experi-

ment is carried out on a section of the actual sewer network of the

city of Revúca, demonstrating the applicability and robustness of

the developed method in realistic settings.
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Abstrakt

Nosnou témou tejto dizertačnej práce je rovnica advekcie v

nekonzervatívnom tvare používana pri modelovaní toku v potr-

bubných systémoch. Pre tento typ úloh je vyvinutých veľké

množstvo numerických metód, avšak na dosiahnutie vysokej pres-

nosti a stability, vo veľa prípadoch, je kladená podmienka na

dostatočne malé časové kroky pre bežne používané explicitné schémy.

Metóda prezentovaná v tejto práci tieto obmedzenia prekonáva

tým, že umožňuje použitie väčších časových krokov pri zachovaní

stability.

V súlade s [3] je sieť modelovaná ako orientovaný acyklický

graf pozostávajúci z vrcholov a hrán. Na pozadí takého to grafu

odvodzujeme takzvanú inverznú WENO schému, ktorá je konzer-

vatívna v neštandardnom zmysle, bezpodmienečne stabilná, bez

nefyzikálnych oscilácií aj pre veľké Courantove čísla a za vhod-

ných podmienok schopná dosiahnuť presnosť tretieho rádu v čase

aj priestore.

Navrhnutá inverzná schéma je aplikovaná na rôzne typy sietí v

sérii uvedených numerických experimentov. Hlavný experiment

je realizovaný na časti reálnej kanalizačnej siete mesta Revúca,

čím sa ukazuje použiteľnosť a všestranosť vyvinutej metódy v

realistických podmienkach.
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1 Introduction

Computational and numerical simulations play an essential

role in the analysis of many practical applications when the un-

derlying mathematical models are described by partial differen-

tial equations (PDEs). A crucial challenge with PDEs is that

analytical (exact) solutions are known for only a limited number

of simplified equations. To overcome this limitation, numerical

methods have been developed to provide accurate approximate

solutions.

This thesis focuses partially on fluid dynamics, for which sev-

eral PDEs of mainly hyperbolic type describe the behavior of

fluids at different levels of detail. In the thesis, the hyperbolic

equations in their simplest version, the one-dimensional linear

advection equation, is treated in details where the main difficulty

is their application on networks.

In general, there are two different approaches on how to solve

hyperbolic PDEs. The explicit numerical schemes compute solu-

tion directly at each time step. They are straightforward in the

implementation but require careful selection of the time step size

to satisfy stability conditions.

On the other hand, there are so called implicit numerical

methods. These methods overcome obstacles with stability, and

they are very robust, but it is traded for lower accuracy and slow
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convergence of solution. Implicit methods are more demanding

both in terms of implementation and computational resources.

We intend to combine the advantages of both approaches.

Starting from a Taylor expansion, we apply the inverse Lax–Wendroff

procedure to replace spatial derivatives while retaining the time

derivatives. This process results in a so-called compact implicit

scheme.

However, this scheme may still suffer from the occurrence

of non-physical oscillations. To improve the robustness of the

compact inverse scheme, we employ Essentially Non-Oscillatory

(ENO) and Weighted Essentially Non-Oscillatory (WENO) ap-

proximations.

The structure of the thesis is as follows.In the second sec-

tion, we present the necessary mathematical background for the

simulations. It includes a description of the network, which is

represented as an acyclic graph.

The third section focuses on the implementation of the pro-

posed numerical methods in the Python programming language.

The fourth section presents fundamental numerical methods

required for the derivation of the comapact inverse scheme.

The fifth section focuses specifically on the derivation of the

compact inverse scheme. This section also introduces the ENO

and WENO schemes, which enhance the method by reducing non-

physical oscillations.
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The sixth section contains the practical part of the thesis,

where several numerical experiments are performed using the

schemes derived in the previous sections. First, the methods are

tested on a single edge to examine the occurrence of nonphysical

oscillations for solutions defined by piecewise functions. Next, the

results are compared on a simple network adapted from the [3].

Finally, more complex experiments are performed on a realistic

network representing a part of a sewer system
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2 Mathematical model

In the beginning, we introduce the notation for networks that

can represent in practice sewer systems [7, 1, 10] or district heat-

ing networks [2, 8, 3]. We present their formal mathematical

description, which can help us introduce the numerical methods

and data structures used in their implementation.

Following [5], we suppose that the network is represented by a

directed acyclic graph given by a set V of vertices where pm ∈ V,

m = 1, 2, . . . ,M and a set E of oriented edges with two vertices,

where le ∈ E , e = 1, 2, . . . , E.

The structure of the network is illustrated in Figure 1.

Figure 1: Schematic diagram of the network using the notation outlined
in this section.

Now we are ready to formulate the model equation to be
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solved on the network in the following form,

∂tq
e + ve(t)∂xq

e = 0 , x ∈ (0, Le) , t > 0 , e = 1, . . . , E .

Here, qe = qe(x, t), e = 1, 2, . . . , E is the unknown function re-

lated to the edge le, where t ∈ [0, T ] ⊂ R is the time variable and

x ∈ [0, Le] is the local space coordinate of the edge. The flow

rates given ve > 0 can be variable with respect to time. In such a

way, qe can represent the concentration of a transported quantity

in the network, e.g. the mass per unit volume [6].

For our purposes, we suppose an initial condition

qe0(x) = qe(x, 0) = 0 , x ∈ (0, Le) , e = 1, 2, . . . , E ,

In the beginning, there is no transported quantity present in the

network.

For the vertices that are not inflow or outflow vertices, we

assume the continuity of the concentration.

Our ultimate goal is to apply the proposed method to real-life

examples of networks, such as the example of a sewer network in

the Slovak city Revúca, see Figure 2.

3 Graphs implementation in Python

The mathematical model presented in section 2 has been im-

plemented using the Python programming language. Python pro-
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Figure 2: Three dimensional representation of a part of the sewer net-
work in Revúca.

vides a wide range of built-in libraries that support both the spe-

cific requirements of this work and the general implementation

of numerical methods. In particular, the NumPy library is highly

suitable for this purpose.

We illustrate the implementation in a specific showcase net-

work, as shown in Figure 1. This network includes multiple ver-

tices and branches that capture the essential elements of the im-

plementation.

The vector Q defined as

Q = [np.zeros([N + 1, i + 1]) for i in I]

is a multidimensional array that will store the approximate values

of the computed solution qni ≈ q(xi, t
n) for each edge. It will be

calculated at each spatial point xei of every edge le ∈ E in
m and for

each time value tn. Each dimension of it has a specific meaning.
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The first dimension of the array corresponds to the number of

edges of the graph for which the results are computed. The second

dimension represents the number of discrete time steps and has

the same length for all edges. The third dimension corresponds

to spatial discretization along each edge and may vary in size

depending on the edge.

We introduce a one-dimensional array called BC that describes

the boundary condition in the following code statement

BC = [’BB_b(tt*tau)’,’alfa[0]*Q[0][tt][I[0]]’,

’(1-alfa[0])*Q[0][tt][I[0]]’,’alfa[1]*Q[1][tt][I[1]]’,

’(1-alfa[1])*Q[1][tt][I[1]]’,

’Q[2][tt][I[2]]+Q[4][tt][I[4]]’].

First, we identify which points serve as vertices. Second, we assign

boundary conditions that include information about which edges

are connected. Third, this BC array also contains data on how

the flux is distributed among the branches of our directed graph.

In the implementation, we also define the parameter alpha as a

splitting factor for each splitting vertex

The initial conditions are stored in the IC array. For the first

edge, whose inlet vertex we define the trigonometric function.

The initial condition for this particular showcase is nonzero only

on edge 1.

We define BC and IC as a data type string because we need

to specify the conditions consisting of the solution itself before
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computing the solution. The prescribed code is stored in a string

array, which allows us to avoid evaluating the boundary condition

directly at the place of its establishment.

4 Numerical methods

We focus on a numerical solution of the problems considered.

For the derivation of numerical schemes in our work, we begin

with the description of the advection equation on a single edge le

of the network, therefore, we skip the index e in the notation to

simplify it,

∂tq + v(t)∂xq = 0 , x ∈ (0, L) , t > 0 . (1)

We search for the solution q = q(x, t) of (1) with the boundary

and initial conditions given by

q(0, t) = q0(t) , t ≥ 0 , q(x, 0) = 0 , x ∈ (0, L) .

Note that the given velocity function v in (1) is positive, i.e.,

v(t) > 0, t ≥ 0.

For the space discretization, we will use a notation widely

used for the Finite Difference Method (FDM) as it is in [6].

We are looking for approximations Qn
i ≈ qni for i = 1, 2, . . . , I

and n = 1, 2, . . . , N , where qni := q(xi, t
n) is the exact unknown

solution and Qn
i is an approximate numerical solution using the

initial condition Q0
i = 0 and the boundary condition Qn

0 = q0(t
n).
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4.1 First order implicit method

To overcome this disadvantage of explicit scheme, onr can use

implit scheme instead. In the process of obtaining the simplest

first order accurate implicit scheme for vn > 0, we aim to approx-

imate the advection equation (1) in the new time level n + 1,

i.e., ∂tq
n+1
i + vn+1∂xq

n+1
i = 0. To do so, we again apply the

backward finite differences for spatial upwind discretization and

for the time discretization (the “backward Euler method”) and we

obtain the first order implicit scheme :

(1 + Cn+1
i )Qn+1

i − Cn+1
i Qn+1

i−1 = Qn
i .

The implicit schemes generally lead to systems of algebraic

equations. The first order accurate methods are inapplicable in

practical examples due to their low accuracy.

4.2 Second order explicit method

Considering the stability limitations of fully explicit methods,

our aim is to enhance their accuracy. In pursuit of this goal, we

focus here on the second order explicit method. The derivation of

such a method involves a method known as the Lax-Wendroff

procedure, also known as the Cauchy-Kowalewskaya proce-

dure [6] , where the time derivatives are substituted with spatial

derivatives. The procedure will use the advection equation (1).

Here, we present only the final form of the second order explicit
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scheme, assuming a uniform grid hi = hi−1. The Courant num-

ber Cn
i = Cn

i−1 ≡ C is constant across the spatial domain for a

given time step within a single edge. In this case, the stencil can

be simplified and implemented in the following form:

Qn+1
i = Qn

i

(
1− 3

2
Cwi +

1

2
τvn

)
+Qn

i−1C
(1
2
+

3

2
wi − τvn

)
+

+
1

2
Qn

i−2C
n
(
τvn − wi

)
− 1

2
Qn

i+1C(1− wi).

It is important to mention that the second order explicit

scheme is only conditionally stable and in the case of a non-

smooth solution, the method could provide numerical results with

non-physical oscillations.

5 Inverse scheme

The main contribution of the thesis belongs to this chapter.

In order to derive the numerical scheme to solve (1), we begin

with the Taylor expansion at point (xi−1, t
n). Next, we apply

the inverse Lax-Wendroff procedure to replace the spatial deriva-

tives with the time derivatives, in contrast to the standard Lax-

Wendroff method.

To derive the numerical scheme, we use the following para-

metric finite difference approximations. Firstly, we approximate
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∂tq by the second order accurate finite differences,

∂tq
n
i ≈

Qn
i −Qn−1

i

τ
+

1− w

2 τ

(
Qn+1

i − 2Qn
i +Qn−1

i

)
(2)

+
w

2 τ

(
Qn

i − 2Qn−1
i +Qn−2

i

)
,

and ∂xtq by the first order accurate finite difference,

∂xtq
n
i ≈ 1− w

τh

(
Qn+1

i −Qn
i −Qn+1

i−1 +Qn
i−1

)
(3)

+
w

τh

(
Qn

i −Qn
i−1 −Qn−1

i +Qn−1
i−1

)
,

The final parametric numerical scheme for a single edge le and

for Cn
i > 0 in the network takes the form

Cn
i Q

n
i +Qn

i − 1

2

(
(1− wn)(Qn+1

i−1 −Qn
i ) + (4)

+wn(Qn
i−1 −Qn−1

i )
)
=

Cn
i Q

n
i−1 +Qn−1

i − 1

2

(
(1− wn−1)(Qn

i−1 −Qn−1
i ) +

+wn−1(Qn−1
i−1 −Qn−2

i )
)
,

where we emphasize that w can be time dependent. We assume

that the values Q0
i and Q1

i for i = 0, 1, . . . , I and also Qn
0 for

n = 2, 3, . . . , N are given.

The scheme is unconditionally stable using von Neumann

stability analysis for constant (or frozen) velocity values as shown

in [4] for the case of a direct numerical scheme.

We describe how to choose the values wn of the parameter.

If the velocity is constant in time, i.e., the Courant number is

16



constant and Cn = Ce,n ≡ Ce, then the best choice based on our

previous research published in [4] is

wn =
1

3
+

1

6Ce,n
. (5)

In this setting of the parameter wn, the scheme (4) achieves

third order accuracy in both time and space. In general, for

non-smooth, discontinuous, or rapidly varying solutions, the nu-

merical scheme (4) might produce unphysical oscillations.

To make the scheme (4) able to solve such cases as those with

discontinuous solution and suppress non-physical oscillations, we

introduce a modified form of the parameter wn, making it depen-

dent on the numerical solution itself, i.e., wn = w(Qn
i ). This

brings nonlinearity but this difficulty can be handled using a

predictor-corrector iterative approach.

One of the simplest ways to avoid unphysical oscillations is

to use the Essentially Non-Oscillatory (ENO) scheme. The

ENO scheme adaptively selects its stencil. Near discontinuities,

the stencil selection process chooses grid points exclusively from

one side of the discontinuity.

Note that although ENO introduces nonlinearity into the com-

putation process as the decision on the final stencil depends on

the solution itself thanks to the parameter w(r), it will be relaxed

by the predicted value Qn,p
i .

In our work, we also improved the compact inverse scheme (4)
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with the Weighted Essentially Non-Oscillatory (WENO)

scheme. The WENO is an extension of the ENO. The difference

lies in how the stencils are chosen, WENO retains all candidate

stencils, evaluates their smoothness, and assigns each a weight

based on its.

In regions where there is a presence of discontinuities and the

scheme generates non-physical oscillations, an indicator penalizes

stencils that cross the discontinuity, assigning them very small

weights, while simultaneously giving greater weight to the more

suitable, smooth stencils.

We consider the weights as polynomial-based functions. In

this work, both theoretical formulation and numerical experi-

ments employ indicators based on second-degree polynomials.

So finally the WENO wights reach the form :

w =
2
(
ϵ+ (Qn+1

i −Qn
i )

2
)2

(
ϵ+ (Qn+1

i −Qn
i )

2
)2

+ 2
(
ϵ+ (Qn+1

i −Qn
i )

2
)2

6 Numerical experiments

We would like to demonstrate the behavior of compact im-

plicit inverese scheme (4) and compare its propherties, in the case

of variable parameter w (WENO) with the fixed value of w (3rd

order inverse scheme). We performed experiments on the single
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edge and also on networks. In each case, we compare the ex-

perimental order of convergence (EOC) for each numerical

method.

6.1 Benchmark with a non-smooth solution

We start testing our schemes for a single edge with non-

smooth solution for the occurrence of nonphysical oscillations.

We evaluate the influence of the doubled number of time steps

τ = 0.005 on the precision and presence of nonphysical oscilla-

tion, see Figure 3. The 3rd order inverse scheme provides values

closer to the values of exact solution but suffers from presence of

non-psysical oscillation. The lower value of the Cournat number

increases the precision of the numerical solution for both pre-

sented schemes and WENO schemes that successfully suppress

oscillations.

6.2 Numerical experiments on a realistic network

We apply our numerical schemes to a part of a real sewer

network in the city of Revúca. The final form of the network

with which we are working is plotted in Figures 4 and 2. We note

that in the current version we derive a nondimensional model

based on this network to assess the behavior of our numerical

method for some possible scenarios of pollutant transport [9] in

complex networks.
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Figure 3: Comparison of methods in addtion to change of Cournat
number. Dotted line for C = 4. and simple line for C/2 = 2.

The network consists of five input vertices and one output

vertex denoted by OUTFLOW see Figure 4.

6.2.1 Constant water discharge

In our experiment, we suppose constant velocities per each

edge to represent a stationary flow in the network. The values are

obtained by prescribing constant water discharge (volume flow)

Vbc for each input vertex.

For our numerical experiment in this network, we set the final

simulation time T = 2. The number of time steps gradually

N = 192, 384. The number of spatial steps Ie per each edge le is

20



Figure 4: 2D representation of the part of the sewer Revuca

128 or 256 to take into account the significantly different lengths

of the edges in the network. The Courant numbers Ce for each

edge are shown in Tables 1, 2.
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e 0 1 2 3 4 5 6 7 8

Ie 96 96 96 96 96 96 96 96 96

Ce 5.23 2.33 2.42 7.40 7.17 4.75 3.39 5.12 16.03

e 9 10 11 12 13 14 15 16

Ie 192 96 96 96 96 96 192 192

Ce 1.76 4.25 10.74 10.36 12.03 4.84 7.04 4.30

Table 1: Courant numbers for edges, N = 192.

e 0 1 2 3 4 5 6 7 8

Ie 96 96 96 96 96 96 96 96 96

Ce 2.61 1.16 1.21 3.70 3.58 2.37 1.69 2.56 8.015

e 9 10 11 12 13 14 15 16

Ie 192 96 96 96 96 96 192 192

Ce 0.88 2.12 5.37 5.18 6.01 2.42 3.52 2.15

Table 2: Courant numbers for edges, N = 384.
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Figure 5: Selected paths of the Revúca sewer network.

To demonstrate the results, we mark paths originating from

the inflow vertices BC1−BC5, respectively, as shown in Figures

5, each path terminating at the OUTFLOW vertex. In all cases,

clearly, the waves are moving towards the OUTFLOW vertex. The

flow profile along selected paths at different times is shown in

the series of Figures 5a, 5b. We mark the coupling vertices with

dashed lines in these Figures together with the vertex number.

Note that we should observe in the solution the waves of the

prescribed initial maximal value that are eventually summed up

and that can change their lengths due to different speeds on each

edge. In Figures, we present the numerical solutions obtained

with the 3rd order accurate scheme (4) with (5).

Figure 6 shows the path that starts at BC1. We could notice
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that the shape of the wave is changing over time.
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(b) t = 2.0

Figure 6: Flow through the path BC1 shown in 2 different moments.
Courant numbers on each edge are shown in Table 2.

For t = 2 one can observe interactions of the waves. At t = 2,

the waves that originated from BC1, BC3 and BC2 are in the

system, where the undershooting Qmax ≈ 2.39 for the WENO

scheme is clearly visible, as well as overshooting in the case of the

3rd order accurate scheme Qmax ≈ 3.24. The maximum value of

this wave is set to 3 in the boundary condition.

We also observe that the impact of the doubled number of

time steps is presented in Table 1 and Table 2. The series of

Figures 7 describes the path BC2 in the final time t = 2 where

the accuracy of the results offered by the 3rd order and WENO

schemes could be visually compared.
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