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✉③❧♦✈5 ❜♦❞②✳ X"❡ ❦❛➸❞7 %❛❦7%♦ ❜♦❞ #9 ♣♦%♦♠ ❝❤❛"❛❦%❡"✐#%✐❝❦5 ❥❡❞♥♦%❧✐✈5 ❡❧✐♣#② ✭❖❜"✳ ✶✳❆✮✳ ◆+#❧❡❞♥❡

#❛ ✈②%✈♦"/ ♦❜+❧❦❛ %❛❦%♦ ✈②%✈♦"❡♥5❤♦ ♣♦❧②❣Z♥✉ ❛ ❝❡❧7 ♣♦#%✉♣ #❛ ♦♣❛❦✉❥❡✱ ↔/♠ #❛ ❞♦#%❛%♦↔♥7♠ ♣♦↔%♦♠

❦"♦❦♦✈ ❞♦❦+➸❡ ✈②%✈♦"✐➫ #✐♠✉❧+❝✐❛ ➨/"❡♥✐❛ ↔❡❧❛ ❧❡#♥5❤♦ ♣♦➸✐❛"✉✳

❖❜"✳ ✶✿ ❖#② ❡❧✐♣#② ❛ ✈③❞✐❛❧❡♥♦#➫ ✉③❧♦✈5❤♦ ❜♦❞✉ ♦❞ #%"❡❞✉✳

❖❜"✳ ✷✿ ❆ ✲ ❱②✉➸✐%✐❡ ❍✉②❣❡♥#♦✈❤♦ ♣"✐♥❝/♣✉ ♣"✐ #✐♠✉❧+❝✐✐ ❦"✐✈❦②✱ ❇ ✲ ✈♣❧②✈ ❤♦"➞❛✈♦#%✐ ♠❛%❡"✐+❧✉✱ #✐❧② ❛

#♠❡"✉ ✈❡%"❛✳

✷



❖❦"❡♠ ✉➸ '♣♦♠*♥❛♥-❝❤ ❢❛❦1♦"♦✈✱ ③♦❤➞❛❞➡✉❥❡ '♦❢1✈9" ❛❦1✉:❧♥② '1❛✈ ✭✈❧❤❦♦'➫ ♣♦"❛'1✉✮✱ 1❡♣❧♦1✉ ❛

✈❧❤❦♦'➫ ✈③❞✉❝❤✉✱ ♥♦ 1❛❦1✐❡➸ '❦❧♦♥ 1❡"9♥✉✳ ❙♦❢1✈9" ❋❆❘❙■❚❊ "✐❡➨✐ ✉➸ '♣♦♠*♥❛♥9 ♣♦③❡♠♥9 ❛ ❦♦"✉♥♦✈9

❞"✉❤② ❧❡'♥-❝❤ ♣♦➸✐❛"♦✈✳

❱!✈♦❥ ❦&✐✈❦② ✈ &♦✈✐♥❡

J"❡ ✈-✈♦❥ ❦"✐✈✐❡❦ '❛ ③✈②↔❛❥♥❡ ✈②✉➸*✈❛❥L ❞✈❛ ♣"*'1✉♣② ❛ 1♦ ❊✉❧❡"♦✈'❦- ❛ ▲❛❣"❛♥❣❡♦✈'❦-✳ ❖❜✐❞✈❛ ✈➨❛❦

♠❛❥L '✈♦❥❡ ♣♦③✐1*✈❛ ✐ ♥❡❣❛1*✈❛✳

❊✉❧❡$♦✈'❦)✿ J"✐ 1❛❦♦♠1♦ ♣"*'1✉♣❡ ❥❡ ✈-♣♦↔1♦✈: '✐❡➫ "❡♣"❡③❡♥1♦✈❛♥: ♣❡✈♥❡ ③✈♦❧❡♥-♠✐ ♠"✐❡➸❦♦✈-♠✐

❜♦❞♠✐ "♦✈♥♦♠❡"♥❡ "♦③❞❡❧❡♥-♠✐ ♥❛ ✈-♣♦↔1♦✈❡❥ ♦❜❧❛'1✐ Ω✳ ❱-✈♦❥ ❦"✐✈❦② Γ✱ ❦1♦": 1✈♦"* ♣♦❞♠♥♦✲

➸✐♥✉ ♦❜❧❛'1✐ Ω ❥❡ ❞❛♥- "✐❡➨❡♥*♠ ❞✐❢❡"❡♥❝✐:❧♥-❝❤ "♦✈♥*❝ ♣"❡ ❝❡❧L ❞✐'❦"❡1✐③♦✈❛♥L ♦❜❧❛'➫ Ω✳ ❚:1♦

♠❡1R❞❛ ❦❧❛❞✐❡ ✈❡➞❦9 ♥:"♦❦② ♥❛ ✈-♣♦↔1♦✈- ↔❛'✳ ❱-❤♦❞♦✉ ❥❡✱ ➸❡ ✈♦ '✈♦❥❡❥ ♣♦❞'1❛1❡ ③❛❤➥➡❛ 1♦♣♦✲

❧♦❣✐❝❦9 ③♠❡♥②✳ J"*❦❧❛❞♦♠ ❥❡ ❧❡✈❡❧✲$❡% ♠❡1R❞❛✳

▲❛❣$❛♥❣❡♦✈'❦)✿ ❱ 1♦♠1♦ ♣"*♣❛❞❡ ❥❡ ✈-♣♦↔1♦✈: '✐❡➫ 1✈♦"❡♥: ❧❡♥ ♣♦❤②❜❧✐✈-♠✐ ❜♦❞♠✐✱ ❦1♦"9 "❡♣"❡③❡♥✲

1✉❥L ❦"✐✈❦✉ Γ✳ ❱↕❛❦❛ 1♦♠✉ ♦♣"♦1✐ ❊✉❧❡"♦✈'❦9♠✉ ♣"*'1✉♣✉ ♣♦❞'1❛1♥❡ ③♥✐➸✉❥❡ ♣❛♠U➫♦✈9 ♥:"♦❦②

"♦✈♥❛❦♦ ❛❦♦ ❛❥ ↔❛'♦✈L ♥:"♦↔♥♦'➫✳ ◆❛ ❞"✉❤❡❥ '1"❛♥❡ ✈➨❛❦ ♥❡③❛❤➥➡❛ 1♦♣♦❧♦❣✐❝❦9 ③♠❡♥② ❛ ❥❡ ✐❝❤

♣"❡ 1❡♥1♦ ♠♦❞❡❧ ♥✉1♥9 ♥❛♣"♦❣"❛♠♦✈❛➫ ❞♦❞❛1♦↔♥❡✳ ❖❞✈♦❞❡♥*♠ ♥✉♠❡"✐❝❦❡❥ '❝❤9♠② ♣"❡ ✈-✈♦❥ "♦✲

✈✐♥♥❡❥ ❦"✐✈❦② ' ▲❛❣"❛♥❣❡♦✈'❦-♠ ♣"*'1✉♣♦♠✱ "♦✈♥❛❦♦ ❛❦♦ ❛❥ 1♦♣♦❧♦❣✐❝❦-♠✐ ③♠❡♥❛♠✐✱ '❛ ❜✉❞❡♠❡

③❛♦❜❡"❛➫ ✈ ♥❛'❧❡❞✉❥L❝✐❝❤ ↔❛'1✐❛❝❤ 1❡❥1♦ ♣":❝❡✳

✸



 ♦❤②❜♦✈& '♦✈♥✐❝❛

❱ ♥❛➨♦♠ ♣'(♣❛❞❡ ↔❡❧♦ ♣♦➸✐❛'✉ '❡♣'❡③❡♥1✉❥❡♠❡ ✉③❛✈'❡1♦✉ ❦'✐✈❦♦✉ Γ ✈ ❞✈♦❥'♦③♠❡'♥♦♠ ♣'✐❡51♦'❡✳ ❑'✐✈❦❛

Γ ❥❡ ❞❛♥8 ♣♦♠♦❝♦✉ ♣♦❧♦❤♦✈;❤♦ ✈❡❦1♦'❛ r = [x, y]✳ ❏❡❥ ♣♦❤②❜ ✈ ❦❛➸❞♦♠ ❜♦❞❡ ♠?➸❡♠❡ '♦③❧♦➸✐1 ❞♦

1❛♥❣❡♥❝✐8❧♥❡❤♦ ❛ ♥♦'♠8❧♦✈;❤♦ 5♠❡'✉ ❛ ✈②51✐❤✉❥❡ ❤♦ ♣❛'❝✐8❧♥❛ ❞✐❢❡'❡♥❝✐8❧♥❛ '♦✈♥✐❝❛✿

∂tr = βn+ αt ✭✶✮

❦❞❡ 'F❝❤❧♦5➫ ∂tr✱ ❞❛♥8 ↔❛5♦✈♦✉ ❞❡'✐✈8❝✐♦✉ ♣♦❧♦❤♦✈;❤♦ ✈❡❦1♦'❛✱ ♣♦③♦518✈❛ ③ 'F❝❤❧♦51✐ β ✈ ♥♦'♠8❧♦✈♦♠

5♠❡'❡ n ❛ ③ 'F❝❤❧♦51✐ α ✈ 1❛♥❣❡♥❝✐8❧♥♦♠ 5♠❡'❡ t✳ ❑♦❡✜❝✐❡♥1 β ♣'✐❛♠♦ ✈♣❧F✈❛ ♥❛ ➨('❡♥✐❡ ❦'✐✈❦②✱

③❛1✐❛➞ ↔♦ ❦♦❡✜❝✐❡♥1 α ♥❡♠8 ♥❛ ➨('❡♥✐❡ ➸✐❛❞❡♥ ✈♣❧②✈ ❛ ③❛❜❡③♣❡↔✉❥❡ '♦✈♥♦♠❡'♥; '♦③❞❡❧❡♥✐❡ ✉③❧♦✈F❝❤

❜♦❞♦✈ ♣♦③❞➝➸ ❝❡❧;❤♦ ♦❜✈♦❞✉ ❦'✐✈❦② ❛ 1F♠ ❛❥ ❝❡❧❦♦✈L 51❛❜✐❧✐1✉ 5②51;♠✉✳

❆❦♦ ✉➸ ❜♦❧♦ 5♣♦♠(♥❛♥;✱ ♥❛ ✈F✈♦❥ ♣♦➸✐❛'✉ ♠❛❥L ✈♣❧②✈ ✈❡➞❦♦5➫ ❛ 5♠❡' ✈❡1'❛✱ '♦✈♥❛❦♦ ❛❦♦ ❛❥ ❤♦'➞❛✈♦5➫

♠❛1❡'✐8❧✉✳ N'❡1♦ ♠✉5( ♥♦'♠8❧♦✈8 'F❝❤❧♦5➫ β ③❛❤➥➡❛➫ 1❛❦;1♦ ♣❛'❛♠❡1'❡✳

❩ ❡♠♣✐'✐❝❦;❤♦ ♣♦③♦'♦✈❛♥✐❛ ➨('❡♥✐❛ ❧❡5♥F❝❤ ♣♦➸✐❛'♦✈ ❥❡ ③♥8♠❡✱ ➸❡ ♣'✐ ♣'L❞❡♥( ✈❡1'❛ ✈ ♥♦'♠8❧♦✈♦♠

5♠❡'❡ ✭✈ 5♠❡'❡ ➨('❡♥✐❛ ♣♦➸✐❛'✉✮✱ 'F❝❤❧♦5➫ ♣♦➸✐❛'✉ ✈ 1♦♠1♦ 5♠❡'❡ '❛♣(❞♥❡ ♥❛'❛518✳ ◆❛ ❞'✉❤❡❥ 51'❛♥❡

♣'✐ ♣'L❞❡♥( ✈❡1'❛ ♣'♦1✐ 5♠❡'✉ ♥♦'♠8❧②✱ 'F❝❤❧♦5➫ ❦❧❡58✳ ❱ 5♠❡'❡ ❦♦❧♠♦♠ ♥❛ ↔❡❧♦ ♣♦➸✐❛'✉ ❥❡ ✈♣❧②✈ ✈❡1'❛

♥✉❧♦✈F ✭❖❜'✳ ✹✮✳

N'❡1♦ ❥❡ ♥❛❥✈❤♦❞♥❡❥➨(♠ ❦❛♥❞✐❞81♦♠ ♣'❡ ♣♦♣(5❛♥✐❡ ✈♣❧②✈✉ ✈❡1'❛ ♥❛ ➨('❡♥✐❡ ↔❡❧❛ ♣♦➸✐❛'✉ ❡①♣♦♥❡♥✲

❝✐8❧♥❛ ❢✉♥❦❝✐❛ 1✈❛'❡ eλ(v·n) ✱ ❦❞❡ 5❦❛❧8'♥② 5L↔✐♥ v·n ❥❡ ♣'✐❡♠❡1 ✈❡❦1♦'❛ 'F❝❤❧♦51✐ ✈❡1'❛ ♥❛ ♥♦'♠8❧✉✳

N❛'❛♠❡1❡' λ ❥❡ ♠✐❡'❛ ✈♣❧②✈✉ ✈❡1'❛✳

❖❜'✳ ✸✿ N'♦❥❡❦❝✐❛ ✈❡➞❦♦51✐ ❛ 5♠❡'✉ ✈❡1'❛ ♥❛ ♥♦'♠8❧✉ ❦'✐✈❦②✳

N❛❧✐✈♦✱ ↔✐➸❡ ❤♦'➞❛✈♦5➫ ❧❡5❛ '❡♣'❡③❡♥1✉❥❡ 5❦❛❧8'♥❡ 'F❝❤❧♦51♥; ♣♦❧❡ f ✳ ◆❛ ✈F✈♦❥✐ ❦'✐✈❦② 5❛ ♣♦❞✐❡➞❛ 1✐❡➸

❥❡❥ ❦'✐✈♦5➫ k ✱ ❦1♦'8 ♠8 ✈❧❛51♥♦5➫ ❦'✐✈❦✉ 5➫❛❤♦✈❛➫✳ ▼✐❡'✉ ✈♣❧②✈✉ ❦'✐✈♦51✐ '❡♣'❡③❡♥1✉❥❡ ♣❛'❛♠❡1❡' δ ✳

◆♦'♠8❧♦✈L 'F❝❤❧♦5➫ ♣♦1♦♠ ❞❡✜♥✉❥❡♠❡ ❛❦♦ 5L↔✐♥ 1F❝❤1♦ ③❧♦➸✐❡❦ ✈③➫❛❤♦♠✿

β❂eλ(v·n)f (1− δk) ✭✷✮

❚❛❦1♦ ③✈♦❧❡♥8 β ♥8♠ ③❛❜❡③♣❡↔(✱ ➸❡ ↔❡❧♦ ♣♦➸✐❛'✉ ♥❡♣'❡♥✐❦♥❡ ♥❡❤♦'➞❛✈F♠ ♠❛1❡'✐8❧♦♠✳

✹



❖❜"✳ ✹✿ ❱'✈♦❥ ❦"✐✈❦② . ✈♣❧②✈♦♠ ③3♣❛❞♥7❤♦ ✈❡:"❛ ❤♦♠♦❣7♥♥❡❤♦ ❛ ♥❡❤♦♠♦❣7♥♥❡ ❤♦"➞❛✈7❤♦ ♣♦❞❦❧❛❞✉✳

❑❡↕➸❡ ♣❧❛:✐❛ ✈③➫❛❤② kn = −∂st = −∂ssr ✱ ♠C➸❡♠❡ "'❝❤❧♦.➫ βn ③ ♣♦❤②❜♦✈❡❥ "♦✈♥✐❝❡ ✭✶✮ ♣"❡♣H.❛➫

✈ :✈❛"❡

βn = eλ(v·n)fn+ eλ(v·n)f δ ∂ssr ✭✸✮

❘♦✈♥❛❦♦ ♣♦✉➸H:H♠ ✈③➫❛❤♦✈ t = ∂sr ♣"❡ :❛♥❣❡♥❝✐3❧✉ ✈ "♦✈♥✐❝✐ ✭✶✮ ❛ n = t
⊥ = (∂sr)

⊥
♣"❡ ♥♦"♠3❧✉

✈♦ ✈③➫❛❤✉ ✭✸✮✱ ❞♦.:3✈❛♠❡ ♣"❡ ♣♦❤②❜♦✈K "♦✈♥✐❝✉ ♥❛.❧❡❞✉❥K❝✐ :✈❛"✿

∂tr = δ f eλ(v·n)∂ssr+ α∂sr+ eλ(v·n)f (∂sr)
⊥

✭✹✮

❚❛♥❣❡♥❝✐3❧♥✉ "'❝❤❧♦.➫ α ③H.❦❛♠❡ "✐❡➨❡♥H♠ "♦✈♥✐❝❡❬✸✱ ✹✱ ✺✱ ✽❪✿

∂sα = βk −
1

L

ˆ

Γ

βk ds+

(

L

g
− 1

)

ω ✭✺✮

❑❞❡ ↔❛.➫ βk − 1
L

´

Γ
βk ds ♥3♠ ③❛❜❡③♣❡↔✉❥❡ ③❛❝❤♦✈❛♥✐❡ ♣♦♠❡"✉ ❞➝➸♦❦ ❡❧❡♠❡♥:♦✈ ❦"✐✈❦② Γ✱ ③❛:✐❛➞

↔♦ ❞"✉❤3 ↔❛.➫

(

L
g
− 1

)

ω ③❛❜❡③♣❡↔✉❥❡ "♦✈♥♦♠❡"♥K "❡❞✐.:"✐❜K❝✐✉ ✉③❧♦✈'❝❤ ❜♦❞♦✈ ♣♦ ♦❜✈♦❞❡ ❦"✐✈❦②✳

❘❡❧❛①❛↔♥' ♣❛"❛♠❡:❡" ω ✉"↔✉❥❡ "'❝❤❧♦.➫ "❡❞✐.:"✐❜K❝✐❡ ✉③❧♦✈'❝❤ ❜♦❞♦✈✱ g ✈②❥❛❞"✉❥❡ :③✈✳ ❧♦❦3❧♥✉ ❞➝➸❦✉✳

✺



◆✉♠❡$✐❝❦( ❞✐*❦$❡+✐③(❝✐❛ ♣♦❤②❜♦✈❡❥ $♦✈♥✐❝❡

 ♦♠♦❝♦✉ ♠❡&'❞② ❦♦♥❡↔♥-❝❤ ♦❜❥❡♠♦✈ ♦❞✈♦❞2♠❡ ♥✉♠❡3✐❝❦5 6❝❤7♠✉ ♣3❡ ✈-✈♦❥ ❦3✐✈❦②✳

 ♦❤②❜♦✈5 3♦✈♥✐❝✉ ✭✹✮ ③✐♥&❡❣3✉❥❡♠❡ ♥❛ ♦❜❧❛6&✐

[

ri− 1
2
, ri+ 1

2

]

✱ ♣3✐↔♦♠ ri− 1
2
♣3❡❞6&❛✈✉❥❡ 6&3❡❞ ❡❧❡✲

♠❡♥&✉ ♠❡❞③✐ ❜♦❞♠✐ ri−1 ❛ ri✱ ❛ ♣♦❞♦❜♥❡ ri+ 1
2
❥❡ 6&3❡❞ ♠❡❞③✐ ri ❛ ri+1 ✳ ◆❡❝❤ hi = |ri − ri−1| ❛

hi+1 = |ri+1 − ri| ♣♦&♦♠✿

ˆ r
i+1

2

r
i−

1
2

∂trds =

ˆ r
i+1

2

r
i−

1
2

δ f eλ(v·n)∂ssrds+

ˆ r
i+1

2

r
i−

1
2

α∂srds+

ˆ r
i+1

2

r
i−

1
2

eλ(v·n)f (∂sr)
⊥
ds ✭✻✮

✱

❑❡↕➸❡ ❤♦❞♥♦&② δ ✱ f ✱ eλ(v·n) ✱ α ♣3❡ 3♦✈♥✐❝✉ ✭✻✮ ✉✈❛➸✉❥❡♠❡ ✈ ❜♦❞♦❝❤ ri ❦♦♥➨&❛♥&♥7✱ ♠J➸❡♠❡ ✐❝❤

♥K6❧❡❞♥❡ ✈②❜3❛➫ ♣3❡❞ ✐♥&❡❣3K❧✳

ˆ r
i+1

2

r
i−

1
2

∂trds = δ f eλ(v·n)
ˆ r

i+1
2

r
i−

1
2

∂ssrds+ α

ˆ r
i+1

2

r
i−

1
2

∂srds+ eλ(v·n)f

ˆ r
i+1

2

r
i−

1
2

(∂sr)
⊥
ds ✭✼✮

❏❡❞♥♦&❧✐✈7 ↔❛6&✐ 3♦✈♥✐❝❡ ✭✼✮ ③✐♥&❡❣3✉❥❡♠❡ ♣♦6&✉♣♥❡✳

✶✳  ♦✉➸✐&2♠ ❞✐✈❡3❣❡♥↔♥❡❥ ✈❡&② ❛ ❝❡♥&3K❧♥❡❥ ❞✐❢❡3❡♥❝✐❡ ❞♦6&K✈❛♠❡✿

ˆ r
i+1

2

r
i−

1
2

∂ssrds = [∂sr]
r
i+1

2
r
i−

1
2

=

(

∂r

∂s

)

i+ 1
2

−

(

∂r

∂s

)

i− 1
2

=
ri+1 − ri
hi+1

−
ri − ri−1

hi

✭✽✮

✷✳

α

ˆ r
i+1

2

r
i−

1
2

∂srds = α [ri]
r
i+1

2
r
i−

1
2

= α(ri+ 1
2
− ri− 1

2
) = α

ri+1 − ri−1
2

✭✾✮

✸✳ ❱②♣♦↔2&❛♠❡ ✐♥&❡❣3K❧

´ r
i+1

2
r
i−

1
2

(∂sr)
⊥
ds ✳ ❑❡↕➸❡ ∂sr =

[

∂x
∂s

, ∂y
∂s

]

✱ ♣3❡ ❦♦❧♠✐❝✉ ♥❛➡ ♣❧❛&2 (∂sr)
⊥
=

[

∂y
∂s
,−∂x

∂s

]

✱ ♣3❡&♦ &❡♥&♦ ✈❡❦&♦3 ③✐♥&❡❣✉❥❡♠❡ ♣♦6&✉♣♥❡ ♣♦ ③❧♦➸❦K❝❤✳

ˆ r
i+1

2

r
i−

1
2

∂y

∂s
ds = [y ]

r
i+1

2
r
i−

1
2

= (yi+ 1
2
− yi− 1

2
) =

yi+1 − yi−1
2

 ♦❞♦❜♥-♠ 6♣J6♦❜♦♠ ❞♦6&❛♥❡♠❡ ③✐♥&❡❣3♦✈❛♥2♠ ③❧♦➸❦② −dx
ds
✿

ˆ r
i+1

2

r
i−

1
2

−
∂x

∂s
ds = −

ˆ r
i+1

2

r
i−

1
2

∂x

∂s
ds = − [x ]

r
i+1

2
r
i−

1
2

= (xi− 1
2
− yi+ 1

2
) =

xi−1 − xi+1

2

❖③♥❛↔♠❡ 6✐ ✈❡❦&♦3 &-❝❤&♦ ③❧♦➸✐❡❦ ❛❦♦

ñi =

[

yi+1 − yy−1
2

,
xi−1 − xi+1

2

]

✭✶✵✮

✳

✹✳ ❑❡↕➸❡ ∂tr ✉✈❛➸✉❥❡♠❡ ♥❛ ✐♥&❡3✈❛❧❡
(

i− 1
2 , i+

1
2

)

❦♦♥➨&❛♥&♥7✱ ③✐♥&❡❣3♦✈❛♥2♠ ❞♦6&❛♥❡♠❡✿

ˆ r
i+1

2

r
i−

1
2

∂trds =
hi+1 + hi

2
∂tri ✭✶✶✮

✻



❉♦"❛❞❡♥'♠ ✈③➫❛❤♦✈ ✭✽✱✾✱✶✵✱✶✶✮ ♣5❡ ♣♦❤②❜♦✈8 5♦✈♥✐❝✉ ✭✼✮ ❞♦"=❛♥❡♠❡ "8"=❛✈✉ ♦❜②↔❛❥♥@❝❤ ❞✐❢❡5❛♥❝✐B❧✲

♥②❝❤ 5♦✈♥'❝ ✲  ❡♠✐❞✐ ❦&'(♥✉  ❝❤'♠✉✿

hi+1 + hi

2
∂tri = δi fi e

λ(vi·ni)

(

ri+1 − ri
hi+1

−
ri − ri−1

hi

)

+ αi

ri+1 − ri−1
2

+ eλ(vi·ni)fiñi ✭✶✷✮

❩ 5♦✈♥✐❝❡ ✭✽✮ ✈✐❞♥♦✱ ➸❡ ♣5✈B ❛ ❞5✉❤B ❞❡5✐✈B❝✐❛ ♣♦❧♦❤♦✈H❤♦ ✈❡❦=♦5❛ ✈③➞❛❞♦♠ ♥❛ ❞➝➸❦✉ ❦5✐✈❦② "8

❛♣5♦①✐♠♦✈❛♥H ♥❛"❧❡❞✉❥8❝✐♠✐ ❞✐❢❡5❡♥❝✐❛♠✐✿

∂sri =
ri+1−ri−1

2 /hi+1+hi

2

∂ssri❂
(

ri+1−ri

hi+1
− ri−ri−1

hi

)

✴

(

hi+1+hi

2

)

♣5❡ ri❂[xi, yi]
T
❥❡ ♣♦❧♦❤♦✈@ ✈❡❦=♦5 ♣5❡ i✲=② ✉③❧♦✈@ ❜♦❞ ❦5✐✈❦② Γ, i = 1, ..., n✱ ❦❞❡ n ❥❡ ♣♦↔❡= ✉③❧♦✈@❝❤

❜♦❞♦✈ ❦5✐✈❦②✱ hi = |hi|✱ hi = ri − ri−1 ✱ ❛ ❦❞❡ ♥♦5♠B❧♦✈@ ✈❡❦=♦5 ❥❡ ❞❛♥@

ni = [nxi, nyi] =
(

ri−1−ri+1

hi+1+hi

)⊥

=
[

yi+1−yi−1

hi+1+hi

, xi−1−xi+1

hi+1+hi

]

✳

❉✐"❦5❡=✐③B❝✐♦✉ ❞✐❢❡5❡♥❝✐B❧♥❡❥ 5♦✈♥✐❝❡ ♣5❡ "❦❛❧B5♥✉ 5@❝❤❧♦"➫ α ✈ =❛♥❣❡♥❝✐B❧♥♦♠ "♠❡5❡ ❞♦"=❛♥❡♠❡✿

αi − αi−1

hi

= βi+ 1
2
ki+ 1

2
−

∑n
i=1 βi+ 1

2
ki+ 1

2
hi

∑n
i=1 hi

+

(∑n
i=1 hi

nhi

− 1

)

ω

❦❞❡

ki+ 1
2
=

sgn(det(hi−1,hi+1))

2hi

arccos

(

hi−1·hi+1

hi−1hi+1

)

.

❑✈S❧✐ ❝②❦❧✐❝❦@♠ ♦❦5❛❥♦✈@♠ ♣♦❞♠✐❡♥❦❛♠ ✉✈❛➸✉❥❡♠❡ ❤♦❞♥♦=② r0 = rn ❛ rn+1 = r1✳

❆❦ ❛♣5♦①✐♠✉❥❡♠❡ ↔❛"♦✈8 ❞❡5✐✈B❝✐✉ ∂tri ✈ 5♦✈♥✐❝✐ ✭✶✷✮ ❞✐❢❡5❡♥❝✐♦✉ ✈ =✈❛5❡
r
m+1

i
−r

m

i

∆t
❞♦"=❛♥❡♠❡ ♣❧♥❡

❞✐ ❦&'(♥✉  ❝❤'♠✉✳

❩B❦❧❛❞♥H =②♣② =❛❦@❝❤=♦ "❝❤H♠ "8✿

• ❊①♣❧✐❝✐(♥3  ❝❤'♠❛ ✲ ♣5❡ ✈@♣♦↔❡= ♣♦❧♦❤♦✈H❤♦ ✈❡❦=♦5❛ r
m+1
i ✈②✉➸'✈❛ ✈➨❡=❦② ❤♦❞♥♦=② ③♦ "=❛5H❤♦

↔❛"♦✈H❤♦ ❦5♦❦✉ m✳ ◆❡✈@❤♦❞♦✉ ❥❡ ♥❡"=❛❜✐❧✐=❛✳ ❙❝❤H♠❛ ♠B =✈❛5

hm
i+1 + hm

i

2

r
m+1
i − rmi

∆t
= δi f

m
i eλ(v

m

i
�nm

i
)

(

r
m
i+1 − r

m
i

hm
i+1

−
r
m
i − r

m
i−1

hm
i

)

+ αm
i

r
m
i+1 − r

m
i−1

2
+

+eλ(v
m

i
�nm

i
)fm

i ñ
m
i .

• 5❧♥❡ ✐♠♣❧✐❝✐(♥3  ❝❤'♠❛ ✲ ❤♦❞♥♦=② ✈❡❦=♦5❛ r
m+1
i ③'"❦❛♠❡ 5✐❡➨❡♥'♠ ♥❛"❧❡❞✉❥8❝❡❤♦ ♥❡❧✐♥❡B5♥❡❤♦

=5♦❥❞✐❛❣♦♥B❧♥❡❤♦ "②"=H♠✉ 5♦✈♥'❝

hm+1
i+1 + hm+1

i

2

r
m+1
i − rmi

∆t
= δi f

m+1
i eλ(v

m+1

i
�n

m+1

i )

(

r
m+1
i+1 − rm+1

i

hm+1
i+1

−
r
m+1
i − rm+1

i−1

hm+1
i

)

+

+αm+1
i

r
m+1
i+1 − rm+1

i−1

2
+ eλ(v

m+1

i
�n

m+1

i )fm+1
i ñ

m+1
i ,

❦❞❡ ❦♦❡✜❝✐❡♥=② ♥❛❝❤B❞③❛❥8❝❡ "❛ ✈ ♠❛=✐❝✐ "②"=H♠✉ ✉✈❛➸✉❥❡♠❡ ③ ♥♦✈H❤♦ ↔❛"♦✈H❤♦ ❦5♦❦✉ ❛ ③'"❦❛♠❡

✐❝❤ ♣♦♠♦❝♦✉ ✐=❡5B❝✐'✳ ◆❡✈@❤♦❞❛ =❡❥=♦ "❝❤H♠② "♣♦↔'✈❛ ✈♦ ✈Y↔➨♦♠ ♥B5♦❦✉ ♥❛ ✈@♣♦↔=♦✈@ ↔❛"✳

✼



• ❙❡♠✐ ✐♠♣❧✐❝✐'♥) *❝❤,♠❛ ✲ ❤♦❞♥♦%② ✈❡❦%♦*❛ r
m+1
i ③!"❦❛♠❡ '✐❡➨❡♥!♠ +'♦❥❞✐❛❣♦♥0❧♥❡❤♦ "②"+4♠✉

'♦✈♥!❝

hm
i+1 + hm

i

2

r
m+1
i − rmi

∆t
= δi fi e

λ(vi�ni)

(

r
m+1
i+1 − rm+1

i

hm
i+1

−
r
m+1
i − rm+1

i−1

hm
i

)

+ αm
i

r
m+1
i+1 − rm+1

i−1

2
+

+eλ(vi�ni)fm
i ñ

m
i , ✭✶✸✮

❦❞❡ ❦♦❡✜❝✐❡♥+② ♥❛❝❤0❞③❛❥=❝❡ "❛ ✈ ♠❛+✐❝✐ "②"+4♠✉ ✉✈❛➸✉❥❡♠❡ ③ ♥♦✈4❤♦ ❛❥ "+❛'4❤♦ ↔❛"♦✈4❤♦ ❦'♦❦✉✳

❚❛❦0+♦ "❡♠✐✲✐♠♣❧✐❝✐+♥0 "❝❤4♠❛ "❛ ❜❡➸♥❡ ♣♦✉➸!✈❛ ♥❛ ✈E♣♦↔❡+ ✈E✈♦❥❛ ❦'✐✈✐❡❦ ❬✷✱ ✸✱ ✹✱ ✺✱ ✽❪✳

M'❡"♥♦"➫ +E❝❤+♦ "❝❤4♠ ❥❡ ♣'✈4❤♦ '0❞✉✳

❘✐❡➨✐$❡➞♥♦(➫ (*($❛✈② .♦✈♥/❝

❚'♦❥❞✐❛❣♦♥0❧♥② ❝②❦❧✐❝❦E "②"+4♠ '♦✈♥!❝ ✭✶✸✮ ♠O➸♠❡ ③❛♣!"❛➫ ✈ +✈❛'❡

Arm+1
i−1 +Brm+1

i Crm+1
i+1 = D

❦❞❡ ❦♦❡✜❝✐❡♥+② ♠✐♠♦ ❞✐❛❣♦♥0❧② "=

A =

(

αm
i

2
−

δmi fm
i eλ(v

m

i
�nm

i
)

hm
i

)

, C = −

(

αm
i

2
+

δmi fm
i eλ(v

m

i
�nm

i
)

hm
i+1

)

,

❦♦❡✜❝✐❡♥+② ♥❛ ❞✐❛❣♦♥0❧❡ "=

B =

(

hm
i+1 + hm

i

2∆t
−A− C

)

✭✶✹✮

❛ ♣'❛✈0 "+'❛♥❛

D =

(

hm
i+1 + hm

i

2∆t

)

r
m
i + δmi fm

i eλ(v
m

i
�nm
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♣♦③✐+!✈♥❡ ❞❡✜♥✐+♥0✳ ◆❛➨❛ ♠❛+✐❝❛ "="+❛✈② ♥✐❡ ❥❡ "②♠❡+'✐❝❦0 ❛ ♣'❡ ♦✈❡'❡♥✐❡ ❞✐❛❣♦♥0❧♥❡❥ ❞♦♠✐♥❛♥+♥♦"+✐

♠✉"!♠❡ ♣'❡ '✐❛❞❦② ♠❛+✐❝❡ "="+❛✈② +❡"+♦✈❛➫ ♣♦❞♠✐❡♥❦✉

|A|+ |C| ≤ |B|.

❑❡↕➸❡ B > 0✱ ♠O➸♠❡ ♣'❡❝❤0❞③❛❥=❝✐ ✈③➫❛❤ ③❛♣!"❛➫ ✈ +✈❛'❡ |A| + |C| ≤ B ✳ ❆❦ +❡'❛③ ❇ ✈②❥❛❞'!♠❡

❞♦"❛❞❡♥!♠ ✈③➫❛❤✉ ✭✶✻✮ ❞♦"+0✈❛♠❡ ♥❡'♦✈♥♦"➫

|A|+ |C| ≤
hm
i+1 + hm

i

2∆t
−A− C ✭✶✺✮

❩♦ ✈③➫❛❤✉ ✭✶✺✮ ❞♦"+❛♥❡♠❡ ♣♦❞♠✐❡♥❦✉ '✐❡➨✐+❡➞♥♦"+✐ "="+❛✈② ♣'❡ ↔❛"♦✈E ❦'♦❦

∆t ≤
hm
i+1 + hm

i

2 (|A|+ |C|+A+ C)
.
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♣'✐↔♦♠ "❛ ✈②❜❡'✐❡ ♥❛❥♠❡♥➨! ♠♦➸♥E ↔❛"♦✈E ❦'♦❦ ∆t✱ ♣'❡ ❦+♦'E ❥❡ ♣♦+♦♠ "②"+4♠ '✐❡➨✐+❡➞♥E✳ M'✐ ✈✐❛❝❡'E❝❤

❦+✐✈❦0❝❤✱ ❦+♦'4 "❛ ✈②✈!❥❛❥=✱ +❛❦ ♠O➸♠❡ ❞♦"+❛➫ '♦③❞✐❡❧♥❡ ♣♦➸✐❛❞❛✈❦② ♥❛ ↔❛"♦✈E ❦'♦❦✳ ❆ +❡❞❛ +❛❦✱
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(
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❦❞❡

bin
i− 1

2

= max(−αm
i , 0), bout

i− 1
2

= min(−αm
i , 0)

bin
i+ 1

2

= max(αm
i , 0), bout

i+ 1
2

= min(−αm
i , 0)
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;✐-♠✉# ;♦✈♥❛❦♦ ♦➨❡-;✉❥❡ #✐-✉B❝✐❡✱ ❦❡↕ ❦;✐✈❦❛ ✈ ♥✐❡❦-♦;<❝❤ ♠✐❡#-❛❝❤ ♥❛❞♦❜6❞❛ #✐❧♥❡ ❦♦♥✈❡①♥< ❝❤❛;❛❦-❡;✳

❇♦❞② ♥❛ ♦❦;❛❥♦❝❤ ❦♦♥✈❡①♥4❤♦ ♦❜❧6❦✉ ♠M➸✉ ♠❛➫ ✈ ✉;↔✐-<❝❤ #✐-✉B❝✐B❝❤ ❞♦#-❛-♦↔♥❡ ✈❡➞❦6 ♥♦;♠B❧♦✈6

;<❝❤❧♦#➫ ♥❛ -♦✱ ❛❜② #-✐❤❧✐ ✏♣;❡❜❡❤♥6➫✑ ③ ❥❡❞♥❡❥ #-;❛♥② ❦♦♥✈❡①♥❡❥ ↔❛#-✐ ♥❛ ❞;✉❤6✱ ↔/♠ #❛ ✈②-✈♦;/ ❛❦B#✐

#❧✉↔❦❛✳ ❚❛❦<-♦ ❡❢❡❦- ❥❡ ♣;❡ #✐♠✉❧♦✈❛♥✐❡ ➨/;❡♥✐❛ ❧❡#♥4❤♦ ♣♦➸✐❛;✉ ♥❡➸✐❛❞6❝✐✳

 !✈♦❞♥& ❛❧❣♦*✐,♠✉/ ♣*❡ ❞❡❧❡♥✐❡ ❦*✐✈❦②✿

✶✳ ❱②♣♦↔/-❛♠❡ ♥❛❥♠❡♥➨✐✉ ✈③❞✐❛❧❡♥♦#➫ ❞✈♦❝❤ #✉#❡❞♥<❝❤ ❜♦❞♦✈ ❦;✐✈❦②✳ m1 = min [hm
i ]✱ i = 1, ..., n ✳

✷✳ ◆B❥❞❡♠❡ ✈③B❥♦♠♥6 ✈③❞✐❛❧❡♥♦#➫ ✈➨❡-❦<❝❤ ✉③❧♦✈ ♠❡-T❞♦✉ ✏❦❛➸❞< # ❦❛➸❞<♠✑ ♦❦;❡♠ #✉#❡❞♥<❝❤

✉③❧♦✈✳ m2 = |ri − rj |✱ i = 1, ..., n ✱ j = ..., i− 3, i− 2, i+ 2, i+ 3, ... ✳

✸✳ ◆B#❧❡❞♥❡ -❡#-✉❥❡♠❡ ♣♦❞♠✐❡♥❦✉ m1 > Cm2 ✱ ❦❞❡ ❈ ❥❡ ♥❡❥❛❦B ❦♦♥➨-❛♥-❛✳ ❆❦ ❥❡ -B-♦ ♣♦❞♠✐❡♥❦❛

#♣❧♥❡♥B✱ ❞♦❝❤B❞③❛ ✈ ❦♦♥❦;4-♥②❝❤ ✉③❧♦✈<❝❤ ❜♦❞♦❝❤ r
m
i ❛ r

m
j ❦ ❞❡❧❡♥✐✉ ❦;✐✈❦②✳

❘♦✈♥✐❝❡ ♣;❡ ➨/;❡♥✐❡ #❛ ♣♦-♦♠ ;✐❡➨✐❛ ♣;❡ ❦❛➸❞6 ❦;✐✈❦✉ ♦#♦❜✐-♥❡✳ ❚B-♦ ♠②➨❧✐❡♥❦❛ ❥❡ ;♦③♦❜;❛♥B ✈ ❬✻❪✳

◆❛#❧❡❞✉❥6❝❡ ♦❜;B③❦② ❞❡♠♦♥➨-;✉❥6 ➨/;❡♥✐❡ ❦;✐✈❦② ♣;❡ ♣;/♣❛❞ ❜❡③ ❛❧❣♦;✐-♠✉ ♥❛ ❞❡❧❡♥✐❡ ❦;✐✈✐❡❦ ❛ #

♥/♠✳

❖❜;✳ ✻✿ ➆/;❡♥✐❡ ♣♦➸✐❛;♦✈ ❜❡③ ❛❧❣♦;✐-♠✉ ♣;❡ ❞❡❧❡♥✐❡ ❦;✐✈❦②✳

✶✶



❖❜"✳ ✼✿ ➆'"❡♥✐❡ ♣♦➸✐❛"♦✈ 0 ♣♦✉➸✐2'♠ ❛❧❣♦"✐2♠✉ ♣"❡ ❞❡❧❡♥✐❡ ❦"✐✈❦②✳

❙♣"❥❛♥✐❡ ✈✐❛❝❡*+❝❤ ❦*✐✈✐❡❦

9"✐ ➨'"❡♥' ✈✐❛❝❡"<❝❤ ♣♦➸✐❛"♦✈ ♥❛ ♣♦③♦"♦✈❛♥❡❥ ♦❜❧❛02✐ ❞♦❝❤@❞③❛ ❦ ✐❝❤ 02"❡2♦♠ ❛ ♥@0❧❡❞♥A♠✉ ③❧✉↔♦✈❛♥✐✉

0❛ ❞♦ ❥❡❞♥A❤♦ ♣♦➸✐❛"✉✳ ❘♦✈♥❛❦♦ ❛❦♦ ♣"✐ ❞❡❧❡♥' ❥❡ ♥✉2♥A ❞♦♣"♦❣"❛♠♦✈❛➫ 0♣@❥❛♥✐❡ 0❛ ❦"✐✈✐❡❦ ♣"❡ ♥@➨

❛❧❣♦"✐2♠✉0✳

9"❡ 0♣@❥❛♥✐❡ ✈✐❛❝❡"<❝❤ ❦"✐✈✐❡❦ "❡♣"❡③❡♥2✉❥E❝✐❝❤ ❧❡0♥A ♣♦➸✐❛"❡ ❥❡ ♣♦❞02❛2♥A ❛❜② 0♠❡ ✈❡❞❡❧✐ ✉"↔✐➫ ❛❦@

❥❡ ✐❝❤ ✈③@❥♦♠@ ✈③❞✐❛❧❡♥♦0➫✳ ❖③♥❛↔♠❡ 0✐ 2✐❡2♦ ❦"✐✈❦② ❛❦♦ Γg
❛ Γl

✱ ❞❛♥A ♣♦❧♦❤♦✈<♠✐ ✈❡❦2♦"♠✐ r
g
✱r

l
✱

♣"✐↔♦♠ ✈ ❦❛➸❞♦♠ ↔❛0♦✈♦♠ ❦"♦❦✉ "✐❡➨✐♠❡ ♥❡③@✈✐0❧❡ ❞✈❡ 0E02❛✈② "♦✈♥'❝✳ ❑❡↕➸❡ ↔❛0♦✈< ❦"♦❦ ♣"✐ 0♣@❥❛♥'

♥✐❡ ❥❡ ♣♦❞02❛2♥<✱ ❜✉❞❡♠❡ ✈ 2❡❥2♦ ↔❛02✐ ✈②✉➸'✈❛➫ ❤♦"♥< ✐♥❞❡① ♣"❡ ➨♣❡❝✐✜❦@❝✐✉ ❦"✐✈❦②✳

❆❦♦♥@❤❡ 0❛ ❦"✐✈❦② ♣"✐❜❧'➸✐❛ ❦ 0❡❜❡ ❞♦02❛2♦↔♥❡ ❜❧'③❦♦✱ ❞✈❛ ♣♦➸✐❛"❡ 0♣❧②♥E ❞♦ ❥❡❞♥A❤♦✱ ↔♦ ❛❧❣♦"✐2✲

♠✐❝❦② ♦➨❡2"'♠❡ 2❛❦✱ ➸❡ ❞✈❡ ❦"✐✈❦② 0♣♦❥'♠❡ ♥❛0❧❡❞✉❥E❝✐♠ ♣♦02✉♣♦♠✳

 !✈♦❞♥& ❛❧❣♦*✐,♠✉/ ♣*❡ /♣2❥❛♥✐❡ ❦*✐✈✐❡❦

✶✳ ❱②♣♦↔'2❛♠❡ ♥❛❥♠❡♥➨✐✉ ✈③❞✐❛❧❡♥♦0➫ 0✉0❡❞♥<❝❤ ❜♦❞♦✈ ♣"❡ ♦❜❡ ❦"✐✈❦②✱ m1 = min(min(hp
i ), min(hq

j))

✱ i = 1, ..., np✱ j = 1, ..., nq✱ ❦❞❡ np ❛ nq ❥❡ ♣♦↔❡2 ✉③❧♦✈<❝❤ ❜♦❞♦✈ ❥❡❞♥♦2❧✐✈❡❥ ❦"✐✈❦② Γ
p
❛ Γq

✳

✷✳ ❍➞❛❞@♠❡ ♥❛❥♠❡♥➨✐✉ ✈③@❥♦♠♥E ✈③❞✐❛❧❡♥♦0➫ ❦"✐✈✐❡❦ Γp
❛ Γq, ♦③♥❛↔❡♥E m2 = min|rpi − r

q
j | ✱

i = 1, ..., np✱ j = 1, ..., nq✳

✸✳ ◆@0❧❡❞♥❡ 2❡02✉❥❡♠❡ ↔✐ m1 > Cm2 ✳ ❆❦ ❥❡ ♣♦❞♠✐❡♥❦❛ 0♣❧♥❡♥@✱ ✈ ❜♦❞♦❝❤ r
p
i , r

q
j ✱ ♣"❡ ❦2♦"A

♠@♠❡ ✈②♣♦↔'2❛♥E ❤♦❞♥♦2✉ m2✱ 0♣♦❥'♠❡ ❦"✐✈❦② Γp
❛ Γq

❞♦ ❥❡❞♥❡❥✱ ♣"❡ ❦2♦"E "✐❡➨✐♠❡ 0❛♠♦02❛2♥E

0E02❛✈✉ "♦✈♥'❝✳ 9♦↔❡2 ✉③❧♦✈<❝❤ ❜♦❞♦✈ ♥♦✈❡❥ ❦"✐✈❦② ❥❡ n = np+nq−2✱ ♣"❡2♦➸❡ ❜♦❞② 0 ♠✐♥✐♠@❧♥♦✉

✈③❞✐❛❧❡♥♦0➫ ③ ✈<♣♦↔2✉ ✈②♥❡❝❤@♠❡✳

✶✷



❖❜"✳ ✽✿ ➆'"❡♥✐❡ ♣♦➸✐❛"♦✈ ❜❡③ ❛❧❣♦"✐3♠✉ ♣"❡ 6♣7❥❛♥✐❡ ❦"✐✈✐❡❦✳

❖❜"✳ ✾✿ ➆'"❡♥✐❡ ♣♦➸✐❛"♦✈ 6 ♣♦✉➸✐3'♠ ❛❧❣♦"✐3♠✉ ♣"❡ 6♣7❥❛♥✐❡ ❦"✐✈✐❡❦✳

◆♦✈# $♣&$♦❜ (✐❡➨❡♥✐❛ .♦♣♦❧♦❣✐❝❦#❝❤ ③♠✐❡♥

;"❡❞❝❤7❞③❛❥?❝✐ 6♣@6♦❜ "✐❡➨❡♥✐❛ 3♦♣♦❧♦❣✐❝❦B❝❤ ③♠✐❡♥ 6♣♦↔'✈❛❧ ❤➞❛❞❛♥' ♥❛❥♠❡♥➨❡❥ ✈③❞✐❛❧❡♥♦63✐ 3B♠✱ ➸❡

6♠❡ ♣♦↔'3❛❧✐ ✈③7❥♦♠♥? ✈③❞✐❛❧❡♥♦6➫ ✈➨❡3❦B❝❤ ❡①✐63✉❥?❝✐❝❤ ✭♦❦"❡♠ 6✉6❡❞♥B❝❤✮ ✉③❧♦✈B❝❤ ❜♦❞♦✈✳ ;"✐ 6✐♠✉✲

❧7❝✐✐ ♣♦➸✐❛"✉ 6❛ ✈➨❛❦ ♣♦↔❡3 ❜♦❞♦✈✱ ➨'"✐❛❝❡❥ 6❛ ❦"✐✈❦②✱ ♣♦❤②❜✉❥❡ ✈ 3✐6'❝❦❛❝❤✳ ❱②➨➨✐❡ ♣♦♣'6❛♥B ❛❧❣♦"✐3♠✉6

❥❡ ♣♦3♦♠ ❡①3"M♠♥❡ ↔❛6♦✈♦ ♥7"♦↔♥B ❛ ③♥❡❡❢❡❦3'✈➡✉❥❡ 3♦ ♣"✈♦3♥? ✈B❤♦❞✉ ▲❛❣"❛♥❣❡♦✈6❦M❤♦ ♣"'63✉♣✉✳

;"❡3♦ ❥❡ ♥✉3♥M ♥7❥6➫ 6♣@6♦❜✱ ❛❦B♠ ❜② 6♠❡ "✐❡➨❡♥✐❡ 3♦♣♦❧♦❣✐❝❦B❝❤ ③♠✐❡♥ ✉"B❝❤❧✐❧✐✳ ❚❛❦73♦ ♠②➨❧✐❡♥❦❛

❜♦❧❛ ♣♦✉➸✐37 ♣"❡ ❞❡❧❡♥✐❡ ❦"✐✈✐❡❦ ✈ ↔❧7♥❦✉ ❬✽❪✳

❑B♠ ♣"❡❞3B♠ 6♠❡ 6❛ ♣♦③❡"❛❧✐ ♥❛ ✈③7❥♦♠♥? ✈③❞✐❛❧❡♥♦6➫ ❝❤❛"❛❦3❡"✐63✐❝❦? ♣"❡ ❦"✐✈❦②✱ 3❡♥3♦❦"73 6❛

❜✉❞❡♠❡ ♣♦③❡"❛➫ ♥❛ ♦❜❧❛6➫✱ ♥❛ ❦3♦"❡❥ ➨'"❡♥✐❡ ♣♦③♦"✉❥❡♠❡ ❛ ❜✉❞❡♠❡ ③❛③♥❛♠❡♥7✈❛➫ ❥❡❞♥♦3❧✐✈M 3♦♣♦❧♦❣✐❝❦M

③♠❡♥②✱ ❦3♦"M 6❛ ✈ ♥❡❥ ✈②6❦②3♥?✳ ❉@❧❡➸✐3? ?❧♦❤✉ 3✉ ③♦❤"7✈❛ ♣✐①❡❧✱ ❦3♦"B ♣"❡❞63❛✈✉❥❡ ♥❛ ♠❛♣❡ ✶ ♠❡3❡"

➨3✈♦"❝♦✈B✳ ❆❦ 6❛ ✈ ♣✐①❡❧✐ ♦❝✐3♥? ❞✈❛ ♥❡6✉6❡❞♥M ✉③❧♦✈M ❜♦❞②✱ ♣"❡❞♣♦❦❧7❞❛♠❡✱ ➸❡ ✈ ➡♦♠ ♥❛637✈❛ ♥❡❥❛❦7

3♦♣♦❧♦❣✐❝❦7 ③♠❡♥❛✳

❙❛♠♦3♥B ❛❧❣♦"✐3♠✉6 ♣♦③♦637✈❛ ③ 3"♦❝❤ ❤❧❛✈♥B❝❤ ↔❛63'✿

✶✳ ❉❡3❡❦❝✐❛ 3♦♣♦❧♦❣✐❝❦B❝❤ ③♠✐❡♥ ♥❛ ♣♦③♦"♦✈❛♥❡❥ ♦❜❧❛63✐ ✈ ❞❛♥♦♠ ↔❛6♦✈♦♠ ❦"♦❦✉✳

✷✳ ❘✐❡➨❡♥✐❡ ③♦③❜✐❡"❛♥B❝❤ 3♦♣♦❧♦❣✐❝❦B❝❤ ③♠✐❡♥ ❝❤❛"❛❦3❡"✐63✐❝❦B❝❤ ♣"❡ ❞❡❧❡♥✐❡ ❦"✐✈✐❡❦✳

✸✳ ❘✐❡➨❡♥✐❡ ③♦③❜✐❡"❛♥B❝❤ 3♦♣♦❧♦❣✐❝❦B❝❤ ③♠✐❡♥ ❝❤❛"❛❦3❡"✐63✐❝❦B❝❤ ♣"❡ %♣'❥❛♥✐❡ ❦"✐✈✐❡❦✳
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❉❡"❡❦❝✐❛ "♦♣♦❧♦❣✐❝❦+❝❤ ③♠✐❡♥ ♥❛ ♣♦③♦0♦✈❛♥❡❥ ♦❜❧❛4"✐ ✈ ❞❛♥♦♠ ↔❛4♦✈♦♠

❦0♦❦✉

 !❡ ♣♦%!❡❜② ❛❧❣♦!✐%♠✉ .✐ ❞❡✜♥✉❥❡♠❡ ✸ ❞✈♦❥!♦③♠❡!♥6 ♣♦❧✐❛ A, G, R . !♦③♠❡!♠✐ ✈.%✉♣♥6❤♦ ♦❜!8③❦❛✱

♣!✐↔♦♠ ♣♦❧❡ A ❥❡ ♥❛ ③❛↔✐❛%❦✉ %✈♦!❡!♥6 ♥✉❧❛♠✐✳ ✈✐❛❝!♦③♠❡!♥6 ♣♦❧✐❛ D, S .❧>➸✐❛❝❡ ❛❦♦ ③8.♦❜♥@❦②✱ ❞♦

❦%♦!A❝❤ ❜✉❞❡♠❡ ③❛③♥❛♠❡♥8✈❛➫ %♦♣♦❧♦❣✐❝❦6 ③♠❡♥② ✭❞❡❧❡♥✐❡✱ .♣8❥❛♥✐❡✮✳

 ♦.%✉♣ ❥❡ ♥❛.❧❡❞♦✈♥A✿

✶✳  !❡❝❤8❞③❛♠❡ ❦❛➸❞A♠ ✐✲"②♠ ✉③❧♦♠ r
g
i ❦!✐✈❦② Γ

g
✱ i = 1, ..., ng✱ g = 1, 2, ... ✳ ❩❛❦❛➸❞A♠ ③✐.➫✉❥❡♠❡

❥❡❞♥♦%❧✐✈6 ③❧♦➸❦② ♣♦❧♦❤♦✈6❤♦ ✈❡❦%♦!❛ ❛❦♦ ❝❡❧♦↔@.❡❧♥6 ❤♦❞♥♦%② { k, l } = (int)rgi ♣!❡❞.%❛✈✉❥>❝❡

❥❡❞❡♥ ♣✐①❡❧ ♥❛➨❡❥ ♦❜❧❛.%✐✳

✷✳ ❚❡.%✉❥❡♠❡✱ ↔✐ A[k][l] = 0✳ ❆❦ !♦✈♥♦.➫ ♣❧❛%@✱ ③♥❛♠❡♥8 %♦✱ ➸❡ .✈♦❥✉ ♣♦❧♦❤✉ ❞♦ ❞❛♥6❤♦ ♣✐①❡❧✉ ❡➨%❡

♥❡③❛♣@.❛❧ ➸✐❛❞❡♥ ✉③❧♦✈A ❜♦❞✳  ♦%♦♠ ♣!❡ ❞❛♥A ❜♦❞ r
g
i ③❛③♥❛♠❡♥8♠❡ G[k][l] = g ❛ R[k][l] = i✳

❍♦❞♥♦%✉ A[k][l] ♥❛.%❛✈@♠❡ ♥❛ ✶✳

✸✳ ❆❦ ♣!❡ { k, l } = (int)rgi ♣❧❛%@ A[k][l] = 1✱ ③♥❛♠❡♥8 %♦✱ ➸❡ ❞♦ ❞❛♥6❤♦ ♣✐①❡❧✉ ✉➸ ③❛♣@.❛❧ .✈♦❥✉

♣♦❧♦❤✉ ♥✐❡❦%♦!A ③ ♣!❡❞❝❤8❞③❛❥>❝✐❝❤ ✉③❧♦✈A❝❤ ❜♦❞♦✈✳ ■♥❢♦!♠8❝✐❡ ♦ ➡♦♠ ✉➸ ♠8♠❡ ✉❧♦➸❡♥6 ♣!❡

%✐❡%♦ ❦♦♥❦!6%♥❡ k ❛ l ✈ ♣♦❧✐❛❝❤ G ❛ R✳ ◆8.❧❡❞♥❡ ♣!❡ ❛❦%✉8❧♥② ✉③❧♦✈A ❜♦❞ r
g
i ③✐.➫✉❥❡♠❡✱ ↔✐

g = G[k][l]✳ ❆❦ %♦ ♣❧❛%@✱ ✈✐❡♠❡✱ ➸❡ ✉➸ ③❛③♥❛♠❡♥❛♥A ❛ ❛❦%✉8❧♥② ✉③❧♦✈A ❜♦❞ .❛ ♥❛❝❤8❞③❛❥> ♥❛

%❡❥ ✐.%❡❥ ❦!✐✈❦❡✳ ❆❦ ♣♦♠♦❝♦✉ ♥❡!♦✈♥♦.%✐ (i−R[k][l]) > 3 ③✐.%@♠❡✱ ➸❡ ♥✐❡ .> .✉.❡❞✐❛✱ ✈ %♦♠%♦

♣✐①❡❧✐ ♥❛.%8✈❛ ❞❡❧❡♥✐❡✳ ◆8.❧❡❞♥❡ ✐♥❢♦!♠8❝✐❡ ♦ ❦!✐✈❦❡ ❛ ✉③❧♦✈A❝❤ ❜♦❞♦❝❤ ③❛♣@➨❡♠❡ ❞♦ ③8.♦❜♥@❦❛

♣!❡ ❞❡❧❡♥✐❡ ❉ ✭D[][0] = g, D[][1] = R[k][l], D[][2] = i✮✱ ♣!✐↔♦♠ ♣!✈A ✐♥❞❡① ♣♦➞❛ ✐%❡!✉❥❡♠❡ .

♥❛!❛.%❛❥>❝✐♠ ♣♦↔%♦♠ ❞❡❧❡♥@✳ ❆❦ ✐❞❡ ♦ .✉.❡❞♦✈✱ ♥❡✈②❦♦♥8♠❡ ➸✐❛❞♥✉ ♦♣❡!8❝✐✉✱ ↔@♠ ❞♦.✐❛❤♥❡♠❡

➸❡ .♣♦♠❡❞③✐ .✉.❡❞♥A❝❤ ❜♦❞♦✈ .❛ ❞♦ ♣♦❧@ G ❛ R ③❛♣@➨❡ %❡♥ . ♥❛❥♠❡♥➨@♠ ♣♦!❛❞♦✈A♠ ↔@.❧♦♠ i✳ ❆❦

✈➨❛❦ !♦✈♥♦.➫ g = G[k][l] ♥❡♣❧❛%@✱ ✐❞❡ ♦ ❞✈❛ ✉③❧♦✈6 ❜♦❞② ♥❛❝❤8❞③❛❥>❝❡ .❛ ♥❛ !♦③❧✐↔♥A❝❤ ❦!✐✈❦8❝❤ ❛

%❡❞❛ ♥❛.%8✈❛ ✈ %♦♠%♦ ♣✐①❡❧✐ .♣8❥❛♥✐❡✳  ♦❞♦❜♥❡ ❛❦♦ ♣!✐ ❞❡❧❡♥@✱ ♣♦%!❡❜♥6 ✐♥❢♦!♠8❝✐❡ ③❛③♥❛♠❡♥8♠❡

❞♦ ③8.♦❜♥@❦❛ ♣!❡ .♣8❥❛♥✐❡ ❙ ✭S[][0] = G[k][l], S[][1] = R[k][l], S[][2] = g, S[][3] = i✮✳ ❱ ♦❜♦❝❤

♣!@♣❛❞♦❝❤ ✭❞❡❧❡♥✐❡✱ .♣8❥❛♥✐❡✮ ♣♦%♦♠ ♥❛.%❛✈@♠❡A[k][l] = 2✱ ❛❜② .❛ ✉➸ ➸✐❛❞♥❛ ✐♥8 %♦♣♦❧♦❣✐❝❦8

③♠❡♥❛ . ✐♥A♠✐ ✭.✉.❡❞♥A♠✐✱ ♥❛❝❤8❞③❛❥✉❝✐♠✐ .❛ ✈ !♦✈♥❛❦♦♠ ♣✐①❡❧✐✮ ✉③❧♦✈A♠✐ ❜♦❞♠✐ ✈ %♦♠%♦

♣✐①❡❧✐ ✉➸ ♥❡③❛③♥❛♠❡♥❛❧❛✳

❚❛❦A♠%♦ .♣V.♦❜♦♠ .✐ ♥❛♠❛♣✉❥❡♠❡ ❞♦ ③8.♦❜♥@❦♦✈ D ❛ S ✈➨❡%❦② ♣✐①❡❧② ❦❞❡ .❛ ✈②.❦②%♥> ③♠❡♥②✳

❘✐❡➨♥✐❡ ③♦③❜✐❡0❛♥+❝❤ "♦♣♦❧♦❣✐❝❦+❝❤ ③♠✐❡♥ ❝❤❛0❛❦"❡0✐4"✐❝❦+❝❤ ♣0❡ ❞❡❧❡♥✐❛ ❛

4♣:❥❛♥✐❡ ❦0✐✈✐❡❦

❑!✐✈❦❛ .❛ ♠V➸❡ .♣8❥❛➫ ❛ ❞❡❧✐➫ ♥✐❡❧❡♥ ✈ ❞✈♦❝❤✱ ❛❧❡ ❛❥ ✈♦ ✈✐❛❝❡!A❝❤ ❜♦❞♦❝❤ ♥❛!❛③✱ ❦%♦!6 .> ♣♦♠❡!♥❡ ❜❧@③❦♦

.❡❜❛✳ ❖③♥❛↔♠❡ .✐ %❛❦>%♦ ↔❛.➫ ♣♦❞ ♣♦❥♠♦♠ ✏❦♦♥%❛❦%✑✳ ❷✐ ✉➸ ♣!❡ .♣8❥❛♥✐❡ ❛❧❡❜♦ ❞❡❧❡♥✐❡✱ ❥❡ ♣♦%!❡❜♥6

✈②♠❡❞③✐➫✱ ❦❞❡ .❛ ❦♦♥%❛❦% ③❛↔@♥❛ ❛ ❦❞❡ ❦♦♥↔@ ✭❖❜!✳ ✶✵✮✳

❖❜!✳ ✶✵✿

✶✹



❑❡↕➸❡ ✉③❧♦✈) ❜♦❞② ♣.❡❝❤1❞③❛♠❡ ♣♦ ❦.✐✈❦❡ ♣♦67✉♣♥❡✱ ♣.✈: ❞✈♦❥✐❝❛ 7♦❤♦7♦ ❦♦♥7❛❦7✉ ✈ ③16♦❜♥<❦✉

❜✉❞: 7✈♦.✐➫ ✉③❧② 6 ♣♦.❛❞♦✈>♠ ↔<6❧♦♠ ❈✶✷ ❛ ❈✷✶✳ D♦67✉♣♥❡ ♣.❡❝❤1❞③❛♠❡ ③❛③♥❛♠❡♥❛♥>♠✐ ❞❡❧❡♥✐❛♠✐✱

↔✐ 6♣♦❥♠✐ 7❛❦✱ ❛❜② 6♠❡ 6❛ ❞♦67❛❧✐ ♥❛ ❦♦♥✐❡❝ ❥❡❞♥)❤♦ ❦♦♥7❛❦7✉ ❛ ♥❛67❛✈✐❧✐ ❤♦❞♥♦7② ❈✶✶ ❛ ❈✷✷✳

❆❦ 6❛ ❝❤❝❡♠❡ ✈②7✈♦.✐➫ ❦♦♥7❛❦7 ♣.❡ ❞❡❧❡♥✐❡✱ ♥❛ ③❛↔✐❛7❦✉ ♥❛67❛✈<♠❡ g = D[0][0]✱ C12 = D[0][1]✱

C21 = D[0][2]✳ D♦7♦♠ ♣.❡❝❤1❞③❛♠❡ ♣♦➞♦♠ D ❞♦✈7❡❞② ❦>♠ ♥❡❜✉❞: ♣.❡ i = 1, 2, ... 6:↔❛6♥❡ ♣❧❛7✐➫

✈③➫❛❤② g = D[i][0]✱ D[i][1] < C12✱ ((D[i− 1][1]−D[i][1]) + (D[i][2]−D[i− 1][2])) < 20 ✭♠❛❧) :7.➸❦②

❦.✐✈❦② ♠❡❞③✐ ❞❡7❡❦♦✈❛♥>♠✐ ❞❡❧❡♥✐❛♠✐ ③❛♥❡❞❜1✈❛♠❡✮✳ D.✐ ♣♦6❧❡❞♥♦♠ i✱ ♣.❡ ❦7♦.) ❜✉❞: ♣.❡❞❝❤1❞③❛❥:❝❡

✈③➫❛❤② ♣❧❛7✐➫✱ ♥❛67❛✈<♠❡ ❤♦❞♥♦7②C11 = D[i][1]✱ C22 = D[i][2]✳ ◆16❧❡❞♥❡ ❥❡ ♣♦7.❡❜♥) ❜♦❞② C12 ❛ C22

✐♥❦.❡♠❡♥7♦✈❛➫✱ ♣♦❦>♠ 6❛ 671❧❡ ❜✉❞: ♥❛❝❤1❞③❛➫ ✈♦ 6✈♦❥✐❝❤ ♣✐①❡❧♦❝❤✳ D.❡ ❜♦❞② C11✱ C21 7♦ ♥✐❡ ❥❡ ❦✈K❧✐

✐♠♣❧❡♠❡♥71❝✐✐ ❞❡7❡❦❝✐✐ ③♠✐❡♥ ♣♦7.❡❜♥)✳ ❚❛❦7♦ ♠❛①✐♠❛❧✐③✉❥❡♠❡ ✈❡➞❦♦6➫ ❦♦♥7❛❦7✉✳

❱❡➞♠✐ ♣♦❞♦❜♥>♠ 6♣K6♦❜♦♠ ♥❛67❛✈✉❥❡♠❡ ♦❦.❛❥❡ ❦♦♥7❛❦7✉ ♣.✐ .✐❡➨❡♥< 6♣1❥❛♥✐❛ ❦.✐✈✐❡❦✳ ◆❛67❛✈<♠❡

g1 = S[0][0]✱ C12 = S[0][1]✱ g2 = S[0][2]✱C21 = S[0][3]. D.❡❝❤1❞③❛♠❡ ♣♦➞♦♠ S ♣♦❦>♠ ♣❧❛7< g1 =

S[i][0]✱g2 = S[i][2], S[i][1] < C12✱ ((S[i− 1][1]− S[i][1]) + (S[i][3]− S[i− 1][3])) < 20✳

D♦ ➨♣❡❝✐✜❦♦✈❛♥< ❥❡❞♥)❤♦ ❦♦♥7❛❦7✉✱ ✉➸ ❧❡♥ ♣♦7.❡❜♥) :6❡❦②✱ .♦③❞❡❧❡♥) 7>♠7♦ ❦♦♥7❛❦7♦♠✱ ♣♦6♣1✲

❥❛♠❡ 6♣.1✈♥②♠ 6♣K6♦❜♦♠✱ ♣.✐↔♦♠ ✈➨❡7❦② ❜♦❞② ❦♦♥7❛❦7✉ ③❛♥✐❦♥:✳ D♦❧✐❛ A, G, R, D, S ♥✉❧✉❥❡♠❡✱ ❛

❛❦ ❦.✐✈❦② ✐7❡.✉❥❡♠❡ ♦❞ ♥✉❧② ♥❛67❛✈<♠❡ D[][0] = S[][0] = S[][2] = −1✳ ❈❡❧> ❝②❦❧✉6 ♦♣❛❦✉❥❡♠❡✱ ♣♦❦>♠

♥❡❡❧✐♠✐♥✉❥❡♠❡ ✈➨❡7❦② ❦♦♥7❛❦7②✳

❋✉♥❦↔♥♦6➫ ❛❧❣♦.✐7♠✉ ❞❡♠♦♥➨7.✉❥❡♠❡ ♥❛ ♥❛6❧❡❞♦✈♥>❝❤ ♦❜.1③❦♦❝❤✳

✶✺



❖❜"✳ ✶✶✿ ➆'"❡♥✐❡ ✈✐❛❝❡".❝❤ ❧❡1♥.❝❤ ♣♦➸✐❛"♦✈ ✈ ♥❡❤♦♠♦❣7♥♥♦♠ ♣"♦18"❡❞'✳ ✶✵✵✵✱ ✸✵✵✵✱ ✸✺✵✵ ❛ ✹✵✵✵

↔❛1♦✈.❝❤ ❦"♦❦♦✈✳

✶✻



❱!"❧❡❞❦② ✲ ♣♦+♦✈♥❛♥✐❡ ❛❧❣♦+✐1♠♦✈ ♥❛ +✐❡➨❡♥✐❡
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