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Abstract

In this paper, we propose and apply a novel numerical approach for modeling the gravi-
tational field by solving the coupled interior-exterior boundary value problem (BVP) us-
ing the finite element method (FEM). To this end, we construct a finite computational
domain encompassing the selected celestial object and a bounded portion of its exterior,
within which the BVP is formulated. This problem consists of the Poisson equation for
the gravitational potential, along with a Dirichlet boundary condition (BC) prescribed
on the boundary. In this case, since the boundary is placed far from the object so that
the Dirichlet BC is nearly zero, the only key input for the computation is the 3D model
of the celestial body and its density. The solution is derived using the FEM, which is
particularly effective for handling highly irregular or complex surface geometries. The
numerical experiments include a test case involving a homogeneous sphere to demon-
strate the second-order accuracy of the proposed approach as well as simulations of the
gravitational fields of two selected asteroids, namely 25143 Itokawa and 433 Eros, and the
comet 67P/Churyumov-Gerasimenko. These simulations yield detailed three-dimensional
distributions of both gravitational potential and gravitational acceleration within the entire
computational domain.
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1 Introduction

Advancements in science and technology have significantly expanded the possibilities for
exploring celestial bodies. Modern instruments, spacecraft, and observation techniques now
allow scientists to study planets, moons, asteroids, and other objects in space, helping us
better understand the origins and nature of the universe. Several space missions, e.g. Haya-
busa (Yoshikawa et al. 2021), Hayabusa2 (Tsuda et al. 2013), Rosetta (Taylor et al. 2017),
OSIRIS-REx (March 2021), Lucy (Olkin 2021), and Psyche (Zuber et al. 2022), have been
launched to explore comets and asteroids, and their number is expected to increase in the
coming years. Thanks to these missions, we are able to obtain a wealth of valuable infor-
mation about our solar system and its formation. Since most asteroids and comets have
highly irregular shapes and unknown mass distributions, having detailed knowledge of their
gravitational potential is crucial for spacecraft approaching them. Moreover, such studies
can also advance our research of the Earth’s gravity field, where each year we gain increas-
ingly detailed information about both the terrain itself and the gravitational field, including
its temporal variations.

The determination of the gravitational and gravity fields is usually formulated in terms
of geodetic boundary value problems (BVPs), the foundations of which were first laid in
publications such as Legendre (1782); Laplace (1785, 1799). Nowadays, the most com-
monly employed methods for modeling the Earth’s gravity field are those based on spheri-
cal and spheroidal harmonic functions (e.g., Moritz (1980); Sanso and Sideris (2013)). For
irregular celestial bodies, however, the use of spherical harmonics may be problematic due
to poor convergence near the surface, where the discrepancy between the actual shape and
the assumed spherical reference leads to significant modeling errors. Alternative approaches
and applications tailored to celestial bodies can be found in, e.g., Sebera et al. (2016); Bucha
etal. (2019); Sprlak et al. (2020); Bucha and Sanso (2021) and the references therein.

On the other hand, for celestial bodies, the most widely used approaches are the mas-
con (mass concentration) technique and the polyhedral method. The main idea behind the
mascon technique is to approximate the actual body by a discrete system of point masses
or small volumetric elements, each assigned a specific mass concentration. These mascons
are strategically distributed to accurately represent the true internal mass distribution of the
body. For more details, see e.g. Geissler et al. (1996); Park et al. (2010); Colagross et al.
(2015); Chanut et al. (2015). The principle of the polyhedral method consists of model-
ing the body as a convex or non-convex polyhedron composed of triangular or quadrilat-
eral faces. Based on this model, the gravitational potential and gravitational acceleration at
any point in space can then be computed analytically, see e.g. Werner (1994); Werner and
Scheeres (1997); Scheeres et al. (1996). Each of these approaches has its own advantages
and limitations, which are well documented in the literature. Comparative analyses of these
methods have been the focus of numerous studies and can be found in various publications,
e.g. Balmino (1994); Werner and Scheeres (1997); Hu (2012).

Unlike the previously mentioned approaches, in this paper we present a solution to the
coupled interior-exterior BVP based on a numerical method. For this purpose, we define a
spherical 3D computational domain centered at the gravity center of the selected celestial
body, with a radius ten times larger than its average radius (similarly based ideas have been
applied in Faskova et al. (2010); Yin and Sneeuw (2021); Duan et al. (2024)). Within this
domain, we solve the Poisson equation for the gravitational potential, using the celestial
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body’s density distribution as input. Outside it, where the density of surrounding space is
assumed to be zero, the Poisson equation reduces to the Laplace equation, see e.g. Moritz
(1980). A Dirichlet BC is applied on the outer boundary of the domain, using the expression
for the gravitational potential generated by a homogeneous sphere, see for example (Moritz
1980). It is worth noting that in our approach, we assume neither the presence of an addi-
tional body generating a gravitational field, nor the motion of the studied celestial object.
The problem is then solved numerically by the finite element method (FEM). The result is
the distribution of the gravitational potential and gravitational acceleration throughout the
entire domain, that is, inside, on the surface, and outside the celestial body.

The paper is organized as follows. The first section formulates the coupled interior-exte-
rior BVP for the gravitational potential. The second section presents its solution using FEM.
The third section describes the numerical experiments, starting with a test case for evalu-
ating the experimental order of convergence, followed by simulations involving irregular
celestial bodies. Finally, the last section provides a summary and conclusions.

2 Formulation of the coupled interior-exterior boundary value
problem

Let us consider an infinite domain containing a selected celestial object Q¢ (see Fig. 1 a).
To define the computational domain 2 for our purposes (specifically, to enable the subse-
quent application of FEM) we truncate this infinite space by introducing an artificial spheri-
cal boundary placed sufficiently far from the object (see Fig. 1 b) and with its origin located
at the center of mass of the chosen celestial body.

Within this domain €2, we formulate the following BVP

AV (x) =f(x), x € 0, )

a)

Fig. 1 An illustration of a the infinite domain containing a selected celestial body 2 g (e.g. the Psyche
asteroid [24] in this case) and its surroundings, and b its truncation to the computational domain €2 for
numerical purposes. Here, pc g denotes the density of the celestial body, while outside it, a zero density
p = 0 is assumed

@ Springer



Acta Geodaetica et Geophysica

V(x) :GTM7 x € 09, 2

where V (x) is the gravitational potential at any point x = (z,y, z), G is the universal gravi-
tational constant, M is the weight of a celestial object, and R is the radius of a spherical
boundary 0f). We note that, as defined, BC (2) represents the gravitational potential gener-
ated by a homogeneous sphere when the point at which the potential is evaluated is located
outside the body, see e.g. Moritz (1980).

The right-hand side of (1) is given by f(x) = —47wGp(x), where p(x) is the density of
the celestial body, when x € Q¢op. Ifx € Q — Q¢ p, then p(x) = 0. So from a mathematical
point of view, BVP given by (1)-(2) consists of an elliptic partial differential equation with
a discontinuous right-hand side and a Dirichlet BC. On the other hand from the perspective
of physical geodesy, it represents a combination of the Poisson and Laplace equations, see
e.g. Moritz (1980), with an approximate boundary condition of Dirichlet type, specified at a
sufficient distance. Therefore, we will refer to BVP given by (1)-(2) as the coupled interior-
exterior BVP.

3 Solution by the the finite element method

From the standard theory of partial differential equations, see e.g. Rektorys (1977), it fol-
lows that there exists a unique weak solution to the BVP (1)-(2). Furthermore, applying the
general theory of FEM, see e.g. Brenner and Scott (2002), we know that the FEM solution
converges to the weak solution.

To solve the BVP (1)-(2) by FEM, we adopt the fundamental principles outlined in
Brenner and Scott (2002) and follow the approach presented in Reddy (2006).

We discretize the entire computational domain {2 into a union of elements 2°,
e=1,...,N,where N denotes the total number of elements in 2. Since our computations
involve the irregular shape of the celestial body, which we approximate using a set of tri-
angles, we employ the linear tetrahedral elements defined by four nodes, N;, j =1,..., 4,
see Fig. 2 a.

To ensure that the resulting stiffness matrix is positive definite, we begin by multiplying
equation (1) by -1, i.e., we rewrite equation (1) in the form (for the sake of clarity, we omit
x in the subsequent equations)

Ny Vi

N3 ) y o ve

[ 4
Ny N, Ve ¢ Ve
a) b) Vi 2

Fig. 2 An illustration of the notation: a the linear tetrahedral element Q¢ defined by four nodes
Nj, j=1,..., 4,depicted in green, and b its unknown nodal values V].e, j=1,..., 4, depicted in red
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—AV = 4nGp. (3)

Then we multiply (3) by a weight function w and using Green’s identity we obtain the weak
formulation of (1) over an arbitrary above defined element 2°

/VV.dex: /VV-nwda+/47erwdx, )
Qe Qe Qe

where n denotes the unit outer normal to 9.
For a linear tetrahedral element 2 with four nodes, see Brenner and Scott (2002) or
Reddy (2006), we can write

4
VRVE=) Vi, )
j=1

i.e. we take an approximation of the unknown value 7 as V¢, a linear combination of basis
functions ¢; with coefficients V7, j = 1, ..., 4, see Fig. 2 b. It is worth noting that the linear
basis functions on a tetrahedral element are defined such that each function is equal to 1 at
one vertex of the tetrahedron and 0 at the other three, resulting in a linear variation of the
solution within the element, see e.g. Brenner and Scott (2002); Reddy (2006).

Then we substitute (5) into the weak formulation (4), and consider 1); for weight function
w. We obtain the i*” equation in the form

4
e [0 O | O%; 0% O O |
;Vf 9z 9 "oy By 0z 0z X7
o (6)
:/qnwida+/47er1/z1;dx

Qe Qe

where g, = VV(x) - n denotes the projection of the vector VV (x) along the unit outer
normal n.
Now we can write (6) in a compact matrix form

KEVe:QE+fE7 (7)

where K = [K,] denotes an element stiffness matrix, V¢ = (V, ..., V) is a column vec-
tor of unknowns, Q¢ and ¢ denote the right-hand side vectors, namely the flux vector,
derived from the gradient of the gravitational potential, and the source vector, which incor-
porates the density distribution, respectively.
Then the equations for all elements are assembled using two fundamental principles:
(i) Continuity of primary variables at interelement nodes. This means that the nodal val-
ues V and Vje+1 of two adjacent elements ¢ and 2°*! must be equal at their shared
nodes.
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(i) Equilibrium (or balance) of secondary variables at element interfaces. This implies that,
on portions of 9N° lying in the interior of the domain £2, the value ¢, on the side p of
the element Q¢ cancels with the value ¢¢*! on the side 7 of the element Q¢+, provided
that sides p and r coincide geometrically.

Finally, we impose the Dirichlet BC (2) at the nodes located on 2. In this way, we obtain
the global linear system of equations with the column vector of unknown global nodal
values V

KV =Q+f, ®)

where K is a sparse and positive definite matrix, as most of its entries are zero, and Q and
are column vectors whose components are also mostly zero, because the fluxes cancel
inside the computational domain, and the source vector contains zero values in the region
governed by the Laplace equation.
For readers interested in the details of FEM, we recommend, for instance, Reddy (2006).

4 Numerical experiments

All numerical simulations were performed in the FEM software package Ansys 2025 R1
[2]. Given that the Poisson and Laplace equations are mathematical simplifications of the
general heat conduction equation, the problem was formulated and solved in ANSY'S using
a steady-state thermal analysis with the thermal conductivity’ equal 1. The right-hand side
of (1) was defined as a "heat generation rate’, with two separate domains characterized
by different material densities, see Fig. 6. Consequently, in the solution visualizations, the
gravitational potential was represented by the variable "temperature’, and the gravitational
acceleration vector was analogously represented by the ’total heat flux’.

4.1 Validation of the proposed method via test case

As an initial validation step, we conducted a test case in which the gravitational field was
generated by a homogeneous sphere of radius 1 [m] and density pgs = 1[kg/m3], while
the whole computational domain € has the radius 2 [m], see Fig. 3. The subscript HS in py s
is intended to emphasize the assumption of a homogeneous sphere as the gravitating body.

Fig. 3 The computational domain for the test experiment: a sphere
with radius 1 [m] and density prrs = 1 (depicted in green), which
generates the gravitational field, and a total domain 2 with radius
2 [m] (depicted in green and grey)
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Table 1 Testing numerical experiment — statistics of residuals in Q — Qg g.

Mesh Edge Nodes Avg Min Max o EOC
1 0.5 3580 4.53e—06 1.14e—19 1.29¢e—04 2.128e—03 -

2 0.25 23653 6.01e—08 1.08e—21 5.10e—06 2.452¢—04 2.161
3 0.125 179406 9.09¢—10 3.74e—23 1.39¢e—07 3.015e—05 2.096
4 0.0625 1394955 1.35e—11 2.81e—25 7.62e—09 3.670e—06 2.106

The Mesh column denotes the level of mesh, the Edge column represents the edge length of the elements
in [m], the Nodes column indicates the number of nodes in Q@ — Qg g, the values Avg, Min, and Max
indicate the average, minimum, and maximum values of the residuals, respectively, the o column shows

Nodes
i=1

the standard deviation of the residuals, calculated as o = \/ m Z (residuals)? and the EOC

stands for the experimental order of convergence

a) b)

Fig. 4 The test experiment - cross-section of the computational domain discretized into elements: a the
coarsest grid, b the finest grid

The computational domain has been meshed by tetrahedral elements with the length of
edge 0.5 [m], see Tab. 1 and Fig.4 a. Then a sequence of three uniform mesh refinements,
see Fig.4 b, was performed in order to compute the experimental order of convergence
(EOC) of the method. In general, the value of EOC might be calculated in the following
way. Let us assume that Ej, denotes the error corresponding to a mesh size %, the EOC
between two successive meshes hq and hs is then calculated as

BOC = —o\Pra ). ©)

This value provides an estimate of the asymptotic convergence behavior of the numerical
method. More details on the value of the EOC, along with a detailed derivation, can be
found, for example, in Minarechova et al. (2021).
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In our case, the obtained numerical solution, see Fig. 5, was evaluated against the analyti-
cal reference for homogeneous sphere V= GM/R. Results of this comparison for nodes
located outside the gravitationg sphere, (275, can be found in Table 1. The proposed method
exhibits second-order accuracy, as indicated by the EOC values as well as it clearly shows
a decrease in the observed characteristics with mesh refinement.

4.2 Numerical simulations involving real celestial bodies

Building on the test case, we carried out three numerical experiments involving comet 67P/
Churyumov—Gerasimenko, asteroids 25143 Itokawa and 433 Eros. For each case, we used a
3D triangularized model of the celestial body, obtained from the 3D Asteroid Catalogue [1].
In this setup, the given triangles naturally form the element faces, while their vertices serve
as the mesh nodes. The meshing process then extends both inside and outside the celestial
body.

4.2.1 Comet 67P/Churyumov-Gerasimenko

Comet 67P/Churyumov-Gerasimenko is a Jupiter-family comet. It became well-known
because of the European Space Agency’s Rosetta mission (Taylor et al. 2017) that was
the first spacecraft to orbit a comet and to send a lander, called Philae, to its surface. The
designation of the comet originates from the names of Klim Churyumov and Svetlana Gera-
simenko, who discovered it in 1969. It has an unusual two-lobed shape, see Fig. 6 or Fig. 7,
with an irregular geometry that is suitable for evaluating the performance of the method.
For our numerical simulation, a 3D computational domain €2 that contained a comet at
its center, see Fig. 6, was created; while in Fig. 7 a) only the comet, discretized into tetrahe-
dral elements, is visualized. The input physical parameter for the simulation was a uniform
density 533 kg/m?, see e.g. Yin and Sneeuw (2021). The Dirichlet BC was assigned a value
of 2.2234 x 1072 [m?s~2]. A detail of a domain cross-section with equipotential contours
displayed inside the comet and on its surface can be seen in Fig. 8. Fig. 9 shows the total
gravitational acceleration vector. It is important to note that, in ANSYS, this quantity cor-

6.5

6,283 Max
5,818
5,352
4,887

4,421

3,956

3,491

3,025

2,56

2,094 Min

-

a) b)

Fig.5 The test experiment - gravitational potential solution: a cross-section of the computational domain
€2, b the nodal solution as a function of radius
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Fig. 6 The computational domain €2 for the experiment with
comet 67P/Churyumov-Gerasimenko

19,866 Max
18,92
17,974
17,028
16,082
15,137
14,191
13,245
12,299
11,353 Min

¥

z‘j\x b) z‘/I\lx

Fig. 7 The comet 67P/Churyumov-Gerasimenko: a meshed by tetrahedral elements, b gravitational po-
tential distribution [m2s~2] on the its surface

a)

a)

Fig. 8 Cross-section of the computational domain: equipotential contours of the gravitational potential
[m?s~2] throughout the entire computational region including a within the comet, and b on the comet’s
surface

b)

responds to the total heat flux, which results in the vectors pointing in opposite directions.
The gravitational potential distribution on the comet’s surface in views along the coordinate
axes can be seen in Fig. 10. The obtained visualizations clearly demonstrate agreement with
the solutions obtained using other methods, see e.g. Yin and Sneeuw (2021).

4.2.2 Asteroid (25143) Itokawa
As the second object of interest in our analysis, we selected an asteroid (25143) Itokawa. It

is an S-type near-Earth asteroid approximately 330 m in length and an irregular shape. The
Japanese Hayabusa spacecraft conducted a rendezvous, landing, and sample-return mission
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0,00025847 Max
0,0002399
0,00022133
0,00020276
0,00018419
0,00016562
0,00014705
0,00012848
0,00010991
9,1337¢-5 Min

[ 2e403 4e+03 (m)
]

Tes03 30403

Fig.9 Comet 67P/Churyumov-Gerasimenko - total gravitational acceleration vector [m.s~2] on the sur-
face of the asteroid

-
mo

i 122
11353 Min

0 L-..

Fig. 10 The gravitational potential distribution [m?s~2] on the comet 67P/Churyumov-Gerasimenko’s
surface in views along the coordinate axes

in 2005, confirming that Itokawa is a rubble-pile structure composed of loosely bound boul-
ders and regolith (Tsuda et al. 2013; Yoshikawa et al. 2021).

For our numerical simulation, we again created a 3D computational domain 2 with a
radius ten times larger than the average dimension of the asteroid, and with the asteroid
located at its center of mass. The input data for our simulation included a 3D model [1], a
uniform density 1 950 kg/m?, and the value of the Dirichlet BC 4, 6145 x 10~* [m2s~2].
The total number of the finite elements in the whole computational domain 2 has been 4
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0,015541 Max
0,014896
0,014251
0,013606
0,01296
0,012315
0,01167
0,011025
0,01038
0,0097347 Min

) b ‘
Fig. 11 a The surface of asteroid Itokawa approximated by a set of triangles, b gravitational potential
distribution [m?s~2] on the its surface

a)

Fig. 12 Asteroid (25143) Itokawa - Cross-section of the computational domain: equipotential contours of
the gravitational potential [m2s~2] throughout the entire computational region, including a within the
body, and b on the body’s surface

b)

Fig. 13 Asteroid (25143) Itokawa
- total gravitational acceleration
vector [ms 2] on the surface

of the asteroid. We remind that
since in ANSYS the vectors
represent heat flux, they have an
opposite orientation to that of the
gravitational vectors

984 273, while the total number of nodes on the asteroid’s surface 73 498. The discretized
3D model of asteroid Itokawa is depicted in Fig. 11 a.

The corresponding solution for the gravitational potential on its surface is depicted in
Fig. 11 b, while shown in views along the coordinate axes, is presented in Fig. 14. As in
the previous experiment, a domain cross-section was generated too, with isolines used to
visualize the spatial distribution of the gravitational potential (see Fig. 12). As a final step,
we included a visualization of the gravitational acceleration vectors, see Fig. 13.
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| _BE_BEe ]

L.

Fig. 14 Asteroid (25143) Itokawa - gravitational potential distribution [m?s 2] on the asteroid’s surface
in views along the coordinate axes

4.2.3 Asteroid (433) Eros

The final celestial object chosen for our analysis was asteroid (433) Eros. It is a large near-
Earth asteroid about 34 kms long with an irregular shape and many craters. We selected
this asteroid due to its significantly larger size compared to the previously studied asteroid,
Itokawa.

For the purpose of our numerical simulation, a three-dimensional computational
domain 2 was created once more, having a radius ten times greater than the asteroid’s
average dimension, with the asteroid positioned at its center of mass. The input physical
parameter for this experiment included a density of 2 670 kg/m? and the Dirichlet BC
4.46615 x 107 [km?s~2]. Afterwards, the computational domain was meshed by 441 778
finite elements, and the number of nodes on the asteroid’s surface was 148 164. The 3D
model of asteroid Eros [1], discretized with tetrahedral elements is depicted in the Fig. 15 a.

The gravitational potential solution, see Fig. 15 b, visualized from perspectives along
the coordinate axes, is presented in Fig. 17. In line with the previous experiments, a cross-
sectional view of the domain was also created, with the gravitational potential depicted by
isolines to demonstrate its spatial distribution (see Fig. 16). Finally, we visualized the gravi-
tational acceleration vectors, as shown in Fig. 18. Again we remind that as the vectors in
ANSYS represent heat flux, their orientation is opposite to that of the gravitational vectors.
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6,449e-5 Max
6,137e5
5,824e-5
55125
5,199e-5
4,887e-5
4,575e-5
4,262e-5
3,95e-5
3,637e-5 Min

v

A

a) b)

Fig. 15 a The 3D model of asteroid (433) Eros meshed with tetrahedral elements, b the gravitational
potential distribution [km?s~2] on its surface

Fig. 16 Asteroid (433) Eros - Cross-section of the computational domain: equipotential contours of the
gravitational potential [km?s~2] throughout the computational domain including the body’s surface

5 Discussion and conclusions

In this work, we have proposed, derived, and implemented a finite element method-based
approach for modeling the gravitational field of irregular celestial bodies. To this end, we
formulated a coupled interior-exterior boundary value problem, consisting of a partial dif-
ferential equation with a discontinuous right-hand side and a Dirichlet boundary condition.
Solving such a formulated problem allowed us to obtain the distribution of the gravita-
tional potential not only on the surface of the body but also within its interior and surround-
ing space. We validated the proposed approach using a test case involving a homogeneous
sphere, where the convergence was shown to be of second order. Subsequently, we applied
it to three real celestial objects of significantly different sizes and irregular shapes, namely,
comet 67P/Churyumov-Gerasimenko, and the asteroids 25143 Itokawa and 433 Eros, to
demonstrate its effectiveness. The outcome was the spatial distribution of the gravitational
potential and gravitational acceleration. The results confirm that the proposed method is
robust enough to handle geometries of considerable complexity.

In the future, we plan to compare the proposed approach with other methods in terms
of both accuracy and computational efficiency. Furthermore, based on the current problem
formulation and proposed methodology, future extensions could include incorporating a
variable density model or accounting for multiple interacting bodies. Another promising
direction would be the dynamic modeling of evolving celestial bodies.
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Fig. 17 Asteroid (433) Eros - Gravitational potential distribution [km2s~2] on the asteroid’s surface
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Fig. 18 Asteroid (433) Eros - total gravitational acceleration vector [km s~2] on the surface of the
asteroid
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