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ABSTRACT

The paper is devoted to a novel scheme for solving the boundary-value problem (BVP)
with the oblique derivative boundary condition (BC). In this approach, the oblique
derivative in the BC is decomposed into its normal and two tangential components which
are approximated by means of numerical solution values. Then the munerical scheme by
the finite volume method is developed and testing numerical experiments are done. The
obtained numerical solutions are compared to the exact one to show that the proposed
method is second order accurate. Afterwards, the algorithm is applied to solving the fixed
gravimetric BVP, namely, the numerical solution is sought in a domain bounded by a part
of the Earth’s surface (Himalayva region or Slovakia), four side boundaries and
a corresponding upper boundary at the satellite level. On the Earth’s surface, the oblique
derivative BC in the form of surface gravity disturbances from the EGM2008, DTU10-
GRAV or the detailed gravity mapping is taken into account. On the upper and side
boundaries, the Dirichlet BC from the EGM2008 or GOCOO03s is applied. The disturbing
potential as a direct numerical result is compared with the solution to the more common
BVP with the Neumann BC considered on the Earth’s surface. All numerical experiments
show better agreement of the solution to the BVP with the obligue derivative BC than
solution to the BVP with the Neumann BC in comparison with the disturbing potential
obtained by a different mathematical approach. In area of Slovakia, when applying the
GPS/levelling test at 61 points, we have gained 1.7 cm improvement in favour of the
standard deviation of residuals of quasigeoidal heights obtained by solving the BVP with
the oblique derivative BC in comparison with the solution to BVP with the Neumann BC.

Keywords: fixed gravimetric boundary-value problem, oblique derivative boundary
condition, finite volume method

1. INTRODUCTION
The main goals of physical geodesy are the precise determination of the external

gravity field and the geoid which can be both achieved by solving the external geodetic
boundary-value problem (BVP). From the mathematical point of view, the linearized
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geodetic BVP is formulated in the form of the Laplace partial differential equation for the
unknown disturbing potential in the external domain. Various boundary conditions (BCs)
defined on the Earth’s surface can be considered, e.g. classically the Newton BC is
prescribed, if the so-called gravity anomalies are used, or the Neumann BC is applied, if
the so-called gravity disturbances are used. Recently. also a Dirichlet BC has been
considered in case of geodetic BVP solved in bounded domains. In such approaches, the
Neumann or Newton BCs are given on the Earth’s surface and the Dirichlet BC on the
other boundaries, e.g. on the sphere far from the Earth’s surface, is applied (see e.g.
Faskovd et al., 2010).

In this paper, we consider (i) the normal derivative of the unknown potential to be
given on the part of Earth’s surface, i.e. the Neumann BC (the same approach has been
used e.g. in Faskovd et al., 2010), and (ii) the oblique derivative of the unknown potential
applied on the Earth’s surface, i.e. the oblique derivative BC. On the other parts of the
boundary, namely four side walls and a top, the Dirichlet BC is considered.

Several researchers have applied some of numerical methods to the solution of the
geodetic BVPs. The boundary element method solving the boundary integral form of the
geodetic BVPs has been investigated in e.g. Klees (1995), Klees et al. (2001), Cunderlik et
al. (2008). Variational method based on a weak form of the geodetic BVP and
a minimization of the quadratic functional has been used in e.g. Holota (1997). Holota
and Nesvadba (2008). The finite element method for solving the geodetic BVP with the
Neumann and the Dirichlet BC has been studied e.g. in Faskovad et al. (2010). In our
approach we will apply another numerical method - the finite volume method (FVM).

The paper is organized as follows. In Section 2, we formulate the BVP with the
oblique derivative BC. In Section 3, we derive its solution by the FVM where we pay
attention to details of incorporating of the oblique derivative BC into the numerical
scheme. Section 4 is devoted to the numerical experiments. We start by theoretical
numerical experiments with an artificial oblique vector created at first by shifting the
center point and later by an adding a rotation. We study the experimental order of
convergence of the proposed numerical scheme. Then we focus on practical numerical
experiments. In the experiment in the Himalaya region, we solve both, the BVP with the
oblique derivative BC and the BVP with the Neumann BC, using EGM2008 (Pavlis ef al.,
2008) data as BC. We compare both solutions with the disturbing potential generated from
EGM2008 directly. Then we use the same computational domain as before only the input
surface gravity disturbances are generated from the DTU10-GRAV (4ndersen, 2010) and
the disturbing potential from GOCOO03S (Mayer-Giirr et al., unpublished data). Finally,
we present experiment in the area of Slovakia with the input surface gravity disturbances
obtained from the detailed gravity mapping and the GPS/leveling test is used to evaluate
numerical solutions.

2. FORMULATION OF THE OBLIQUE DERIVATIVE
BOUNDARY-VALUE PROBLEM

Let us consider the fixed gravimetric BVP, c¢f. Koch and Pope (1972), Bjerhammar
and Svensson (1983), Holota (1997):
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AT(x)=0, xeR’-5, (1)
(VT[x),s[x)>:—5g[x), xeds, 2)
T(x)—=0 as |x|>e. (3)

where S is the Earth body, T(x) is the disturbing potential defined as the difference
between the real W (x) and the normal U(x) gravity potential at any point x, Sg(x) is
the so-called gravity disturbance and s[x):—VU(x)/|VU(x)| is the unit vector

normal to the equipotential surface of the normal potential U at point x.

Despite the fact that the fixed gravimetric BVP (Eqs (1)—(3)) deals with the infinite
domain, in our FVM approach we have constructed a bounded domain Q in the external
space above the Earth, see Fig. 1. The bottom surface I' — 8Q represents a part of the
Earth’s surface 5. It is given by a sphere or ellipsoid with the oblique derivative BC
prescribed for it. On the upper spherical boundary as well as on the side ones, the
Dirichlet BC is considered.

We consider the following BVP in the bounded domain Q described in the above
paragraph:

AT(x)=0, xeQ. 4)
<VT[x),s[x}):—5g(x), xel, (5)
T(x)=Tgar(x). x€0Q-T. (6)

where Tgar represents the disturbing potential generated from chosen satellite
geopotential model.

Fig. 1. Sketch of the computational domain €. The shaded boundary I" represents the part of the
Earth’s surface. H: height. B: latitude, L: longitude.
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Solution to the BVP given by Eqs (4)—(6) will be compared with the solution to the
BVP with the Neumann BC (see e.g. Faskova et al., 2010). where the Neumann BC

instead of the oblique derivative BC is considered. To get the Neumann BC, the oblique
derivative BC in Eq. (5) is projected onto the normal » to the boundary I
0T (x)
énr

~—5g(x)cosu(x). @)

where x(x) is the angle £(s(x).np(x)). The same idea was also published in
Cunderlik et al. (2008).

3. SOLUTION TO THE OBLIQUE DERIVATIVE
BOUNDARY-VALUE PROBLEM BY THE FINITE VOLUME METHOD

The FVM offers an intuitive and conservative way of discretizing the governing
equation in a manner that combines some advantages of the finite difference method with
some advantages of the finite element method. The general discretization approach is to
divide the computational domain Q2 into finite volumes p and integrate the equation over
each finite volume with the divergence theorem that turns the volume integrals into
surface integrals. Then the resulting discretized equations equate fluxes across finite
volumes to sources and sinks inside the volume, so the finite volume formulation is
conservative because the ux owing across a shared volume face is the same for each
adjoining volume.

So in the aforementioned manner we multiply the Laplace equation (4) by —1 and then
by integrating

—_[Adedyd;:—jVT-ndo (8)
p dp
we obtain for every finite volume p
_(oL do=0. (C))]
&p on

Let g € N, be a neighbour of the finite volume p, where N,, denotes all neighbours
of p. Then T, and 7, are approximate values of 7 in p and ¢, e,, is a boundary of the

finite volume p that is common with g. Vector » g is a unit normal vector oriented from

p to g and it is orthogonal to e,,, . By m(epq ) we denote the area of e, . Let x, and x,

be representative points of p and ¢ (e.g. centers of gravity) and d,, distance between

them. If we approximate the normal derivative along the boundary of the finite volume p
by
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~T T
of ~T Ty 10)
Onpg dpg
we obtain from Eqs (9) and (10)
T, T,
q P
-> 7 m(epq]zo, (11)
qeN,  “pg
which can be written in the form
m(epq]
3 - (1,-1,)=0. (12)
geN, “pg

representing the linear system of algebraic equations for the FVM. The term

m(epq ) /d g defined on sides of the finite volume p is the so-called transmissivity

coefficient, see Evmard (2001). To take BCs into account, in case of the Dirichlet BC
(Eq. (6)) we prescribe the value of T g on the boundary. while in case of the oblique

derivative BC (Eq. (5)), a special treatment is needed that will be discussed in the
following subsection.
3.1. The oblique derivative boundary condition

In this section we deal with the numerical solution fo the oblique derivative BVP
Eqs (4)—(6). We start by splitting the gradient in Eq. (5) into one normal and two
tangential directions

éTr eérT er

VI =(VT.n)n+(VT.0)t +(VT. b )t =—n+—1t +——1, . (13)
on ot = ot

where » is the normal vector and #;, f, are linearly independent tangent vectors to

I c8Qc R>. Then by inserting Eq. (13) to Eq. (5) we obtain

8T oT oT oT oT oT
VI,5)={—n+—H+—1,5 )=—(n.s)+—(f.5)+—(F>. 14
(V7.5) <an" o, © oty s> an<”'s) arl(l 5) ar2(2 ) a9

and the BC given by Eq. (5) is transformed into the form

erT ér ér
—(n,s)+—(t}.5)+—(f.5)=35g . (15)
o (9) arl(l ) ar2(2 )

We define indices i=1,....ny, j=1.....,np and k=1, ..., n3 in the direction of the
height A, latitude B and longitude L, where »y, ny, n3 denote the numbers of discretization

intervals in height, meridional and zonal direction. Then we set approximations of normal
and tangent vectors
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Ni1jk ~Yijk  YViLjk ~Vijk  Filjk Fijk

n= . . . (16)
_|xi—1,j,k - xi,j,k' |xi—l,j,k _xi,j,k| |-’~';‘—1,j,k _xi,j,k|
f = YEN “*ws JVEN “Yws _“EN ~*ws a7
_|-’~'EN —stl |-’~'EN —st| |x]EN —stl
XwN — X 'WN — Y IwN — T
t) WN —YES VYwN —JVES WN — “ES (18)

_|-’~'WN _xESII |-’~'WN _xESII |xWN _-"Esl
Xijk= (-’fi,j,k Vijk- :i,j,k) is a representative point of the finite volume p=(i. j. k).
*wn = (Ywn- Ywn- 2wy ) - ¥en = (%Ex- VEn- ZEN ) - Xws = (Yws» Yws- Zws ) and
Xgs =(Xgs. VEs. Zgg ) are points in the corners of the bottom boundary I', and

X (y2).j.k :(xi—(lg‘z),j,k’-"’i—(],lz},j,k-:i—(l,fz},j,k) is the point in the center of the

bottom boundary I' (see Fig. 2). In our numerical experiments, we consider the oblique
vector in the form

. Y ~Yi(y2).5k 1 Ye=Yiqy2)jk  FCTEAY2)5k , (19)

|xc ~xiy | [xe =52 % =3

a) b)

Xwn

Xws

Fig.2. Ilustration of the computational grid for an approximation of the oblique derivative.
a) x; j y denotes position vector of the center of volume and xwg. xgs. xgN - xwnN are values of

the position vectors of the vertices. b) T; ik denotes the value of the disturbing potential in the

center of finite volume and Tyyg. Tgg. Tgn . Twn are values of the disturbing potential in the

vertices. Vectors #; and r, denote independent tangent vectors to I" and n the normal vector to I'.
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where xc is the center point xc =(xc, ¥Vc.Zc )€ R> that is used to simulate the oblique

vector in Section 4.1. In Sections 4.2 and 4.3. the real topography is used to calculate the
oblique vector.

By T; j we denote the approximate value of the solution 7 in the finite volume

p=(i, j. k) and we approximate the normal and tangential derivatives in Eq. (15) by

ﬂ_ E—l,j,k‘j},j,k

on |xi—1,j,k —Xijk |
OT _ Ten—Tws (21)
61‘1 IxEN —stl
OT _ Twn —Tgs 22)

6I2 - |xWN —xEsl i

where Ty . Ten» Tws . Tgs (see Fig. 2) are defined by

1

Iwn = E(Ti,j,k R NEVE YIRS ER Y Ry =

+hig ki jak Y G e i 1k ] .
1

Ien = E(T},j,k +T; ik + T jrn + 11k

+hig ke ik Y G en i j1 ke ) .
1

Iys :E(I},j,k 0k et e

gk Yk G e ik ) ,
1

Tes :E(I},j,k +h ik T jen 1 jakn

g e vk Y hj e Y jagn ] .

If we insert these approximations into Eq. (15) to get a discrete form of the oblique
derivative BC given by Eq. (5)

Tyip-T _
(V. s)m btk 00k gy oy, Ten—Tws g o
|-’~';‘—1,j,k _xi,j,k| |xEN - st| (23)
+M({2,s>:5g_
|xWN —xEsl

These equations are incorporated into the FVM linear system of equations which is then
solved.
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4. NUMERICAL EXPERIMENTS

In this section, we present several numerical experiments where we have solved the
problem given by Eqs (4)—(6) by the FVM. For numerical experiments a program in
Mathematica 8.0 was created and then, in order to accelerate the computations, program in
C programming language was developed.

4.1. Experimental order of convergence
of the proposed approach

In the first numerical experiment, the computational domain has been a tesseroid
bounded by two concentric spheres with radii #; =1 and r, =2, and by a coaxial cone
with dimension (0, ©)x(0, ). There have been the oblique derivative BC on the bottom

and the Dirichlet BC on the upper and side boundaries applied. The center point has been
shifted xc =(0.1,—0.2,—0.1). As the Dirichlet BC we have considered the exact

solution of Eq. (4) in the form T(x)=1/r, where r is the distance from x to the center

point xc. As the oblique derivative BC on the bottom boundary, we have prescribed the

derivative of this exact solution which is equal to —1/ 7% . The results can be seen in

Table 1. One can observe that in the case when the center point is shifted, the proposed
approach is second order accurate, i.e. the EOC (Experimental Order of Convergence) is
more than 2.

For the second numerical experiment we have the same computational domain and the
same BCs as in the previous experiment, but the oblique vector s has been rotated by 20°.

The coordinates of the center point have been xc =(—0.2,0.1,0.2) and the Dirichlet and
oblique derivative BC as well as the exact solution have been computed the same way as
before. The L,(€)-norm of differences between the exact and numerical solutions are

shown in Table 2. One can see that also in the case with the rotated oblique vector. the
value of EOC is more than 2.

Table 1. The LZ(Q)-norm of differences between the exact and numerical solutions and the

Experimental Order of Convergence (EOC) for the experiment with the shifted center point
xc=[0.l,—0.2_.—0.1). ny. np and n3 denote numbers of discretization intervals in radial,

meridional and zonal direction.

m X ny X N3 IT_TILQ{Q} EOC
2x2x4 6.74805 x 1072
4x4x8 9.00317 x 1073 2.90597
8§ x8x16 1.54266 x 1073 2.54502
16 x 16 x 16 3.01950 x 1074 2.35328
32x32x64 0.67123 x 10~ 2.16928
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Table 2. The same as in Table 1, but for the shifted center point xc =(-0.2.0.1,0.2) and the
oblique vector s rotated by 20°.

myxmy xn3 17Tl ) EOC
2x2x4 6.43828 x 1072
4%x4x8 8.14779 x 1073 2.98220
8x8x16 1.34261 x 1073 2.60137
16 x 16 x 16 2.44307 x 1074 2.45827
32x32x64 0.52002 x 10> 2.23204

It is worth noting that in the case when the oblique vector is identical with a gradient
vector, we can project to the normal without incorporating error. However, if this is not so
(and this is the case of rotation), we can’t solve the BVP with the Neumann BC and we
have to use the BVP with the oblique derivative BC instead. The detailed study can be
found in Macdk et al. (2012).

4.2. Numerical experiments using the EGM2008

This experiment has dealt with the fixed gravimetric BVP and the computational
domain Q above the Himalaya region approximated by the WGS84 reference ellipsoid.

Arange for the ellipsoidal latitude and longitude has been B E<20.0°,50.0°> and

L E<60.0°,110.0°>, respectively. To calculate the oblique derivative vector, the

ellipsoidal heights above the WGS84 have been generated from SRTM30 (Becker et al.,
2009). The upper boundary has been at the altitude of 240 km above the WGS84. The
number of finite volumes has been 1200 in the height, 900 in the meridional and 1500 in
the zonal directions, i.e. 200 m x 2’ x 2’ sized volumes have been created. All BCs,
namely surface gravity disturbances as well as the disturbing potential. have been
generated from EGM2008, see Paviis et al. (2008). The disturbing potential as a direct
numerical solution to the BVP with the oblique derivative BC is depicted in Fig. 3. The
differences between solution to the BVP with the oblique derivative BC and solution to
the BVP with the Neumann BC can be seen in Fig. 4. One can observe that the highest
values of differences are in the areas of the mountainous ridges. Statistics of differences
between the solution to BVP with the oblique derivative BC and EGM2008 as well as
differences between the BVP with the Neumann BC and EGM2008 is presented in
Table 3. It is evident that solution to the BVP with the oblique derivative BC converges
better to EGM2008 than the solution to the BVP with the Neumann BC.

4.3. Numerical experiments with real data

The first numerical experiment with real data has dealt with the same computational
domain and the resolution as the numerical experiment in Subsection 4.2 only the BCs
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Latitude N [°]

60 65 60 75 80 85 90 95 100 105 110
Longitude E [*]
Fig.3. The disturbing potential solution T of the boundary-value problem (Eq. (4), values in
geopotential units, 1 GPU=10 m? 5_2) with the oblique derivative boundary condition in area of
Himalaya region using EGM2008 data only.

50 0.25
0.22
0.19
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0.13
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-0.11

-0.14

F
(=]

Latitude N [*]
&

30

25

20
60 65 60 75 80 85 90 95 100 106 110
Longitude E [°]
Fig. 4. Differences (values in GPU) between solution to the boundary-value problem with the
oblique derivative boundary condition and solution to the boundary-value problem with the
Neumann boundary condition when using EGM2008 data only.

have been changed. The input surface gravity disturbances have been transformed from
the DTU10-GRAV gravity anomalies (Andersen, 2010) and the disturbing potential on
side and upper boundary has been generated from the GOCOO03S satellite only
geopotential model up to degree 250 (Mayer-Giirr et al., unpublished data). We have
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Table 3. Statistics of residuals (values in GPU) between the disturbing potential obtained by
solving the boundary-value problem (BVP) with the oblique derivative boundary condition (BC)
and the BVP with the Neumann BC, and the disturbing potential generated from EGM2008 directly.
All BCs in BVPs have been generated from EGM2008. RMS: root mean square.

Residuals = T(BVP) — T(EGM2008)
BVP with the Neumann BC BVP with the oblique derivative BC
Min —0.227 —0.087
Mean 0.009 0.004
Max 0.332 0.095
St.Dev. 0.031 0.017
RMS 0.032 0.018

solved both BVPs, i.e. with the oblique derivative as well as with the Neumann BCs. The
computation of each experiment took approximately 4.5 hours on 100 processors using
256 GB of RAM. The differences between both solutions are depicted in Fig. 5. One can
see that the main differences are again in the zomes with the mountainous ridges.
Comparison of both solutions with EGM2008 is presented in Table 4. Again we have
gained better statistical characteristics when taking the oblique derivative into account.
The second numerical experiment has dealt with the fixed gravimetric BVP in the
domain Q above Slovakia approximated by the WGS84 reference ellipsoid. The
computational domain has been defined by the ellipsoidal latitude and longitude in range

50 1.10
1.00

) 0.90
0.80

0.70

=% 0.50
= 0.60
§ 35 0.40
2 0.30
3 - 0.20
0.10

0.00

25 20,10
0.20

0.30

20

80 85 90 95 100 105 110
Longitude E [°]

60 65 60 75

Fig. 5. Differences (values in GPU) between solutions to the boundary-value problem with the
oblique derivative boundary condition and the boundary-value problem with the Neumann boundary
condition when using real input data.
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Table 4. Comparison of statistics (values in GPU) between the disturbing potential computed by
the finite volume method applied to solving the boundary-value problem (BVP) with the Neumann
boundary condition (BC) and the BVP with the oblique derivative BC, and the disturbing potential
generated from EGM2008 directly. As input BCs, real data have been considered. RMS: root mean
square.

Residuals = T(BVP) — T(EGM2008)
BVP with the Neumann BC BVP with the oblique derivative BC
Min —0.876 —0.438
Mean —0.071 —0.025
Max 0.761 0.437
St.Dev. 0.075 0.042
RMS 0.104 0.049

Latitude N []
AR EEEEEELEE LR

16 17 18 19 20 21 22 23
Longitude E [°]

Fig. 6. The disturbing potential solution 7T (values in GPU) of the boundary-value problem with
the oblique derivative boundary condition in Slovakia.

Be (4?.O° ] 55.5°) and L e (16.0° .23.0° > . respectively. Again, to calculate the oblique

derivative vector, the ellipsoidal heights above the WGS84 have been generated from
SRTM30 and the upper boundary has been at an altitude of 240 km. The number of
discretization intervals has been 840 in height, 630 in meridional and 300 in zonal
directions. As input data on the bottom boundary I'. the surface gravity disturbances
obtained from the original terrestrial gravimetric measurements have been considered.
The disturbing potential on upper and side boundaries has been computed from the
GOCO03S satellite only geopotential model up to degree 250. The FVM solution to the
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Fig.7. The differences in quasigeoidal heights & (values in m) obtained as a solution to the
boundary-value problem with the oblique derivative boundary condition and solution to the
boundary-value problem with the Neumann boundary condition.

Table 5. The GPS/leveling test (values in m) at 61 points in area of Slovakia, where FEM denotes
the solution presented in Faskovd et al. (2010), BEM the solution published in Cunderlik ef al.
(2008) and FFT (gravsoft) denotes the solution presented in Mojzes§ ef al. (2005). All solutions are
obtained without applying the fitting method. BC: boundary condition.

Finite Volume Method FFT
FEM BEM EGM2008
. (gravsoft)
Neumann BC | Oblique BC

Min 0.045 0.123 0.044 0.087 0.301 0.226
Mean 0.232 0.274 0.248 0.183 0.437 0.385
Max 0.393 0.419 0.394 0.624 0.584 0.523
St.Dev. 0.076 0.059 0.078 0.171 0.043 0.064

BVP with the oblique derivative BC is depicted in Fig. 6. The residuals between solutions
to the BVP with Neumann BC and BVP with the oblique derivative BC can be seen in
Fig. 7. The result of the GPS/leveling test at 61 points is presented in Table 5. The
standard deviation of residuals at these GPS/levelling points in the case of the BVP with
the Neumann BC is 7.6 cm, while in the case of the BVP with the oblique derivative BC is
only 5.9 cm. Moreover, such standard deviation is lower than the standard deviation of
solutions obtained by the approaches based on the boundary element method or the finite
element method. It is worth noting that the treatment of incorporating the oblique
derivative BC presented in this paper can be applied also in other numerical approaches.
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5. CONCLUSIONS

We have presented the novel algorithm for solving the boundary-value problem with
the oblique derivative boundary condition based on the decomposition of the oblique
vector into one normal and two tangential components. As a numerical method has been
implemented the finite volume method. The proposed numerical scheme has been tested
by theoretical numerical experiments and we have obtained the second order accuracy of
our approach. Then we have applied our algorithm to the fixed gravimetric boundary-
value problem, namely, the numerical solution has been sought in the area of Himalaya
region and in the area of Slovakia. In each experiment we have solved the boundary-value
problem with the oblique derivative boundary condition and the boundary-value problem
with the Neumann boundary condition. We have showed that with the same resolution and
input data, we are able to obtain the more precise solution in areas with larger values of
horizontal gradients when taking the oblique derivative boundary condition into account
instead of the Neumann boundary condition. Moreover, the approach proposed in this
paper can be easily implemented in other numerical approaches.
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