ERROR ESTIMATES OF THE FINITE VOLUME SCHEME FOR THE
NONLINEAR TENSOR ANISOTROPIC DIFFUSION
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Abstract. The paper deals with an error analysis of the semi-implicit diamond-cell finite volume
scheme, introduced in [4], for solving the nonlinear tensor anisotropic diffusion. First we present the
finite volume scheme and its basic properties. Then the error estimate analysis is presented, where
the piecewise constant approximation given by the finite volume scheme is compared with the weak
solution to the problem. We proved that the error of the approximate solution in L2-norm is of
order h, where h is a spatial resolution step under the natural relation k ~ h?, where k is a time
discretization step. The numerical results devoted to image processing applications are also given.

Key words. Parabolic partial differential equation, nonlinear tensor anisotropic diffusion, image
processing, diamond-cell finite volume method, error estimates.

AMS subject classifications. 35K55, 66M12, 74510, 68U10.

1. Introduction. The nonlinear tensor anisotropic diffusion introduced by Weic-
kert, cf. [20], is used in many image processing applications, cf. [6, 12, 16, 17, 4]. Such
model is proper in any situation, where a strong smoothing is useful in a preferred
direction, but it should be low in the perpendicular direction. This type of diffu-
sion completes interrupted coherent structures and thus improves the edge detection,
cf. [20, 4]. It means that the model is useful to provide image pre-processing for
algorithms which depend on edge indicators like the image segmentation, cf. Section
6.

The semi-implicit schemes were introduced to image processing in [8, 19] for solv-
ing the regularized Perona-Malik equation, cf. [2, 15]. The finite volume methods
were used first time in this context in [13] and adaptivity was developed in [10, 9].
The error estimates for the finite volume discretization of the regularized Perona-
Malik model was given in [7]. In [4] the nine point finite volume scheme was designed
and studied for solving the nonlinear tensor anisotropic diffusion in image processing.
In this paper we prove the error estimates for that scheme. We estimate the difference
between approximate and exact solution in dependence on spatial and time discretiza-
tion step. The main ideas used in our error analysis are a bounding of the gradient
in tangential direction by using the gradient in normal direction, a time translate
estimate for approximate solution and the Lipschitz continuity of the diffusion tensor
elements with respect to the smoothed partial derivatives of the solution.

In section 2 we present the studied mathematical model, its basic properties and
provide brief description of the anisotropic diffusion tensor construction. Section
3 is devoted to our semi-implicit diamond-cell finite volume scheme and section 4
sumarises important properties of the scheme which are used in the sequel. The core
of the paper, the error estimate analysis, is presented in section 5. The paper is
finished by a discussion on computational results presented in section 6.
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2. Mathematical model. The nonlinear tensor anisotropic diffusion model has
the following form

(2.1) % — V- (DVu) =0, inQr=1xQ,
(2.2) u(z,0) = uo(x), in Q,
(2.3) DVu-n =0, on I x 01,

where an unknown function is given by u(z,t) and represents a grey level image
intensity, I = [0, 7] denotes a time interval,  is a 2D rectangular image domain with
boundary 99, uy € L2(Q) is an initial condition (processed image) and n is the outer
normal unit vector to the 9Q. The matrix D represents so-called the diffusion tensor
depending on the eigenvalues and eigenvectors of the (regularized) structure tensor

(2.4) Jp(Vug) = G, * (VugVugh),

where uz(z,t) = (G; * u(-,t))(z), (f > 0) is used. G; and G, are Gaussian kernels.
The matrix J, is symmetric and positive semidefinite and its eigenvectors are parallel

and orthogonal to Vug, respectively. In computer vision the matrix J, = ( Z g >

is known as a structure tensor or interest operator or second moment matrix. Its
eigenvalues are given by

1
(2.5) Bz =g <a+ ct(a—c)?+ 4b2) , > pe.

The corresponding orthogonal set of eigenvectors (v, w) to eigenvalues (u1, u2) is given
by

v = (v1,02), w = (w1, ws),
(2.6) v; = 2b, vy =c—a++/(a—c)?+4b?,
w Lo, w1 = —Va, Wy = V1.

The orientation of the eigenvector w, which corresponds to the smaller eigenvalue s
is called coherence orientation. This orientation has the lowest fluctuations in image
intensity.

The diffusion tensor D is designed to steer a smoothing process such that the
filtering is strong along the coherence direction w and increases with the coherence
(p1 —p2)?. To that goal D must possess the same eigenvectors v and w as the structure
tensor J,(Vuz) and the eigenvalues of D are chosen as follows

(2.7 ki=a, a€(0,1), akl,
{ a, if M1 = M2,

a+ (1—-a)exp (ﬁg), C >0 else.

Ko =

Then D has the following form

(28) D= ABA™', where A:(U1 _02) and B:("ﬁ 0 )’

vy 1 0 ke

so it depends nonlinearly on partial derivatives of solution u, satisfies smoothness,
symmetry and uniform positive definiteness properties.
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DEFINITION 2.1. A function v € L*(0,T; H*(2)) is a weak solution of the prob-
lem (2.1)-(2.3) if satisfies the identity

f/u%—f (z,t) da:dt+/u0 () ¢ (z,0) dz —

T

(2.9) // DVu) - Vdzdt = 0, Vo e ¥,
0

where

(2.10) T = {p € C>' (2 x[0,T]),DVp.7 =0 on 90 x (0,T),¢(,T)=0}.

3. The numerical scheme. In order to build the scheme we used the finite
volume method, cf. [5], since this discretization technique uses the piecewise constant
representation of approximate solutions similarly to the structure of digital images,
cf. [13]. The restrictions of the classical five-point methods for the tensor models lead
to a choice of the nine-point diamond-cell method, cf. [3, 4].

Let the image be represented by n; X my pixels (finite volumes) such that it
looks like a mesh with n; rows and my columns. Let Q = (0,n1h) x (0,nzh), h is
a pixel size. We consider the smoothing process in a time interval I = [0,T]. Let
0=ty <t1 <+ <tn,,. =T denote the time discretization with ¢, = t,_1 + k,
where k is a length of discrete time step. In our scheme we will look for u" an
approximation of solution at time t,, for every n = 1,..., N;q.. We start with an
integration of the equation (2.1) over finite volume W, then provide a semi-implicit
time discretization and use a divergence theorem to get

n _ n—1
(3.1) AW oy - Y (D" 1Vu™) - nyypds = 0,
k -
o€EWNEint

where ujy,, W € 7T, represents the value of u™ on W. T}, is an admissible finite volume
mesh, cf. [5] and further quantities and notations are described as follows: m(W) is
the measure of the finite volume W with boundary OW, owr = WNE = W|E is an
edge of the finite volume W, where E € 7T, is an adjacent finite volume to W such
that m(W N E) # 0. Due to simplifying notation, we use o instead of owg at several
places if no confusion can appear (e.g. in (3.1)). Ew is the set of edges such that
oW = UO'ES oand & = UWe Ew. The set of boundary edges is denoted by &1,
that is Eepr = {0 € €,0 C 00} and let Eint = E\ Eeat- Y is the set of pairs of adjacent
finite volumes, defined by Y = {(W,E) € T2, W # E, m(owg) # 0} and ny,,
is the normal unit vector to o outward to W.
Next step is to define our discrete numerical solution by

Nimae

(3.2) wp (2, t) Z Z ufyx{z € Wix{tn_1 <t <tp},
n=0 WET,

where the function x(A) is defined as follows

1, if A is true,
(3.3) X{A}_{ 0, elsewhere.
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The extension of the function (3.2) outside Q is given first by its periodic mirror
reflection in Qy, where ¢ is the width of the smoothing kernel,

(3.4) Q; =QU Bg(z), =z €09,

Bj(z) is a circle centered at z with radius #, and then we extend this periodic mirror
reflection by 0 outside 2; and denote it by g .
We start computations by defining initial values

(3.5) uly = ﬁ /W ug(z)dz, W € T,

and let the finite volume approximation at the n-th time step be given by

up p(@) = Y uppx{z e W}
WEeTh

In order to get the scheme we write (3.1) in the form

U A W P VA W
) : 5o
k m(W) cEEWNEint e

where m(o) is the measure of edge o and ¢} (uj, ;) denotes an approximation of the
exact averaged flux ﬁ [, (D™ 'Vu™) - nw,.ds for any W and o € Ew.

We construct an approximation of the flux with the help of a co-volume mesh, cf.
e.g. [3]. The co-volume x, associated to o is constructed around each edge by joining
endpoints of this edge and midpoints of finite volumes which are common to this edge,
see Fig.3.1. Using this method we get the scheme which has the form, cf. [4],

. . . . . .
TN Ts
Ny, - ) o
Tw _XUWE _.-'. TE TE .'-._ XO'EW_.". w
o~ o - S _ o :
ety e
n,, s~ n,, gL
Ts N
. . . . . .

Fig. 3.1. A detail of a mesh. The co-volumes xo associated to edges ¢ = owr (left) and
o =ogw (right).

ufy —uf! 1
(36) —— Y Goupm(e) =0
o €EEWNEint
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with
_ u —un oy —
(3.7) dr(up ) = Ao 4 B, N5,
’ h h
where )\, and j3, are elements of the matrix D, = D?~! = ( %U g(, written

in the basis (nw,s,tw,s), cf. [3], where tyw,, is a unit vector parallel to o such that
(xny — xs) - tw,, > 0. Let us note that A, denotes A(un)(Twe,tn 1) and B, is
given correspondingly, where zwg is a point of owg = W|E intersecting the segment
zwxg. Even if it may look artificial, it will simplify further considerations. In practice
it means that,

(3.8) Ao =Xs, Pr=pB, and U, =v, foredges parallel to axis y.
On the other hand,

(3.9) Ao =Vys, Pr=—-B, and 7, =\, foredges parallel to axis z,

A P . .
where ( o f 7 ) are values of the diffusion tensor on edge o written in the standard
g o

basis ((1,0)%, (0,1)7).

The values at g and xw are taken as ug and uw, and the values ug and uyn
at the vertices zy and zg are computed as the arithmetic mean of uy,, where W are
finite volumes which are common to this vertex. Although these u},, ul,, v} and u%
correspond to particular edge o, and so we should denote them by uR, , uyy, , up
and u%_in (3.7), we will use the above simplified notations.

4. Stability and convergence results. The goal of this section is to present
results concerning stability and convergence properties for our scheme. All results
given in this section were proven in [4], we present them here because they will be
also used in section 5 devoted to error estimates for the scheme.

LEMMA 4.1. (Bounding of the gradient in tangential direction) The gra-
dient in tangential direction can be bounded by the gradient in normal direction (see
Fig. 3.1) as follows

Bo\? [uly —um\? < wh —uly\ 2«
(4.1) Z ()\—> (T) Ao <y Z (T) Ao s

0€E;int 0EE;int
—_ 2_
1 (Bs\ As
here 0<vy <1, = maxvY,, Yo = () £,
shee 0<9<1 y=maxn = Y (£)
6€Pa'ngi'nt

where edges 6 and set P, are given in the following definition.

DEFINITION 4.2. Let P, be the set of all edges 6 perpendicular to o (see Fig. 4.1
for two illustrative situations when o = owg and o = ogw ), which have common
vertex with o and fulfill the following conditions:

(zE; —2w;) -nw,e > 0 if (zN, — 3s,) - tw,, > 0 and

(xm, —zw;) - nw,, <0 if (zn, —zs,) - tw,e <O0.

Let us note that xw, = w%% = ar?j%, for o = owr, g, = ar%vs = a:‘}%, for o = owg,
Tw, = xh, =2y, , for 0 = opw and xp, = xp, =23y, , for o = opw.

THEOREM 4.3. (Existence and uniqueness of discrete solution) For h
sufficiently small, there exists unique solution uj, , given by the scheme (3.6)-(3.7) at
any discrete time step t,,.
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r—- - - -~ - - - 0 0 | r-—- - = - - - 0 0 |
| | | | | |
| | | | | |
| . :ElEs | (] $2E‘5 | | (] a:%,Vs | (] .’L’%Vs |
| | | | | |
| | | | | |
| 1 TN, 02 . 01 Ts, O |
| | | |
| | | |
| OWE | | OEW |
| o Tw, *TFE, | | °TE, *TW., |
| | | |
! d3 Ts, 04 Lo 3 TN, 04 !
[ | [ |
| | | | | |
| | | | | |
| . :E%VS | (] .’L’%VJ | | (] a:3E5 | (] .’L’%s |
| | | | | |
| | | | | |
L - - — _ I | L - - - I |

F1G. 4.1. Left: an edge owg and edges 01, 2, 63, 64 € Pyyyp. Right: an edge opw and edges
01, 02, 03, 04 € Pogyy -

The convergence analysis of our scheme was based on Lemma 4.1 and Kol-
mogorov’s compactness criterion in L2. The scheme is more complicated in com-
parison with classical five-point schemes due to ”corners points”, which are included
in the gradient in tangential direction, and we overcame that difficulty with the help
of Lemma 4.1. Kolmogorov’s compactness theorem, cf. e.g. [5], follows from lem-
mata 4.4-4.7 and implies relative compactness of the sequence of numerical solutions
given by our scheme refining the space and time discretization step. The relative
compactness enables us to choose the convergent subsequence which in the limit gives
the weak solution.

LEMMA 4.4. (Uniform boundedness) There exists a positive constant C' such
that

(4.2) ||Uh,k”L2(QT) <C.

LEMMA 4.5. (Time translate estimate) For any s € (0,T) there erists a
positive constant C such that

(4.3) / (unk (2t + 8) —up i, (1)) dedt < Cs.

Qx(0,T—s)

LEMMA 4.6. (Space translate estimate I) There ezists a positive constant C
such that

(4.4) / (uni (2 +&,8) — un g (2, £))” dedt < C [€] (€] + 2)

QE X (O,T)

for any vector £ € R4, where Q¢ = {z € Q,[z,z + &] € Q}.
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LEMMA 4.7. (Space translate estimate II) There exists a positive constant
C' such that

(45) [ o+ 60) = un (@0 dot < ¢
Qx(0,T)

for any vector £ € RY.
Finally we state the following theorem from [4].

THEOREM 4.8. (Convergence of the scheme) The sequence upy converges
strongly in L?(Q7) to the unique weak solution u of (2.1)-(2.3) as h,k — 0.

5. Error estimates. In this section we are going to derive error estimates bet-
ween weak solution of the model (2.1)-(2.3) and the numerical solution satisfying
the scheme (3.6)-(3.7). For the error analysis a stronger regularity assumptions
must be stated than arise in practice, but it is a general approach when deriving
the error estimates. By the results presented in [20] we know that weak solution
u € C*(£,(0,0))..

THEOREM 5.1. (Error estimate) Let the weak solution fulfill the following
reqularity properties: Vu € Loo(Qr), uy € L2(Q7), u € Lo(I, W22(Q)), Vu; €
Ly(I,L(2)). Let e}y = u(zw,t,) — ujy and

ehk(@,t) = Z ewx{zr € Wix{tn1 <t <tn}.
WeTh

Then, there exist a constant C, such that for sufficiently small h

m m tn
/ e Pdz + Y / e — er i Pdr + 3 / S (e — efy)?dt
Q n=1g

n:1tn_1 og€Eint
(5.1) < C(h* + k)

for every m =1, ..., Nmax.-

Proof. Let us define Py(7p) as the set of functions from €2 to R which are constant
over each finite volume W of the mesh 7. Let now ¢, 1 < t < t,. We multiply equa-
tion (2.1) by v}}, € Po(Tr), integrate it over volume W and use divergence theorem
to have

(5.2) /atu(m, t) vy dx — Z DVu -ny,vfy ds = 0.
W

0€EWNEint

Let us note that we consider DVu - nw,, in the basis (nw,,, tw,,). It means that
the elements of the matrix D are given by (3.8)-(3.9). The elements of the gradient

Vu™(s,t), in this basis are written as gm , are equal to Zw ) on right edge
y y
o of finite volume W, ( _Z$ ) on left edge of W, ( u;, ) on upper edge of W
—u, —uy

and ( _uuy ) on lower edge of W. The normal ny,, is equal to (1) in the basis
T

(nw,,tw,,) for each edge o. Multiplying equation (3.6) by v, m(W) we get the
discrete scheme in the form

n _ ,n—1y.n oM P )
(5'3)%[/#)%7”(14,) -3 <,\UM n @TM) m(o)h, = 0.

h h
o €EEWNEint
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Then setting v}k, = e}, and subtracting (5.3) from (5.2) we get

n _ ,n—=1\_n
o =t
w

+ Z /[(XJ(UE_U/W) +BJ(UN}_LuS)>e%_Dvu'nW,o'erl)L[/] dS

h
0€EWNEint p

u(zw,tn) —ulzw, th— n
:/<(W ) k(W 1)—6tu)ewdw.
w

Then we sum (5.4) over W € T, integrate over (t,—1,t,) and sum again over n =
1,...,m. We apply the property 2(a — b)a = a® — b*> + (a — b)? to state that

(5.5) /|eh |2 dz + Z / leptt —ep [Pde

n=1 Q

+2 2 / 3 / [( — “W) 1 5,k - “g)> el — DVu - nW,(,e’VLV] dsdt

n= lt ogC€Eint o

/|ehk| dx+22/ Z /( W tn —ku(mw, n-1) 8tu) ey dxdt.

y WEThyy

In order to rearrange the third term on the left hand side of (5.5) we define auxiliary
variables Aw g and Agn as follows

u(zg,tn) —ulxw,tn
(56) Awp = HEtn) — uEwi )

1u(zrs,tn) — uw(zw,, tn)
(5.7) Asn= ) i 5 - sonl
0EP,NE;ne

Then, using (5.6) and (5.7), we rearrange the third term into the following splitting

1 0€Eint o

=A1+A2+A3+A4,

where

__22/ Z _eW)eWm(a)dt,

n= 1t 0EEint

Ay=2Yy / 5 B (M < e ) mio

n_lt TEEint

m tn

45=2%" / 3 / (% = X) Aws + (Bo — B) Asw) elydsdt,

n=1tn_1 0EEint &
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m tn
Ay=2)" / > / (MwE + BAsny — DVu - nw,,) e}y dsdt,

n:lt‘n_1 TEEint e

where X denotes A(u)(s,t), s € 0, t € (tn—1,t,) and A, denotes A(up)(zwe,tn—1),
which indicates our strategy for evaluation of diffusion tensor at time ¢,,_; and in the
point xwg using approximation up ;. Owing to conservativity of numerical fluxes and
fact that m(o) = h we have

m n n m '
A =-2 Z / Z 5\,7(6]5 ;LeW)e’V‘Vm(a)dt = Z / Z Ao (€ — efy) dt.
n=1; "  0€&int n=l; * | 0€&Lin:

Next step is to rearrange A4 by adding and subtracting term DVu(s,t,) - nw,,

m tn
Ay =2 Z / z / (S\AWE + BASN — DVu(s,t) . nW,o') eﬁ,dsdt,

n:1tn—1 0E€E;int o

m tn
=2 Z / Z / (MwE + BAsy — DVu(s, t,) - nw,, ) ey dsdt

"thn_1 0E€EE;int s

+2 i / Z /(DVu(s,tn) — DVu(s,t)) - nw,cep dsdt.

n:1tn—1 0€E;int o

Further, we put A;, Az, A3 and A4 into (5.5) and get

m m tn
/ |e7z’tk|2d:1: + Z / lek k — eﬁ;cl|2d;v —+ Z / Z Ao (€ — e’v‘V)2 dt
Q

":19 n:1tn—1 0E€EEint
(5.8) :/|e2’k|2da:+Bl+BQ+B3+B4+B5+Bﬁ,
Q
where
m ¢ ¢
B; =2 Z Z / (u(ww, n) —ku(xw, n-t) _ Btu) ey drdt,
n=l " WeThyy

m n n
By = —22 / Z Bs (% - ASN) eyym(o)dt,

”thn_1 0EE;int

m In
Bi=-2Y [ % [ (% - %) Awnchdsdt,

":ltn_1 TEEint

ot
B4=—QZ/ Z /(BJ_B)ASNeTVLVdet:

":1tn—1 TEEint &
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=-2 Z / Z / MwE + BAsny — DVu(s, t,) - nw,,) efydsdt,

n= 1t 0EE;int ps

:—22/ Z /DVust) DVu(s,t)) - nw,cepydsdt.

n= 1t 0EEint o

Now we bound each term B;, i = 1,2, ...,6 and begin with B;, where we can estimate

u('Z.WJt’n) _u(xWatnfl) _ 6tu S
k
tn tn
/ / V(s + 2(zw — ), 9) - (xw — 2)dzdg| + / wee(z, g)dg|

n—1 0

n—1

Applying previous inequality we have

|Bl|<22 / > [(3 / / Vue(ow + 2(ow — ), )|dedg + / e, )\dg | Iely \dadt.

_y WeThyy tn 10 tne1

Then we use Young’s inequality to obtain

|Bl|<2/ > [ (e dadt

n=ly,_, WeTny

1 ‘ 2
+ Z / > / / /|Vut($w + z(xw — ), g9)|dzdg + / luge (x,9)|dg | dzdt,
n=ly ", WeTny tn 10 tn—1
and from it we get
m—1 tn
(5:9) 1Ba| < 2Kl 0,000 + 202Vt oy + 3 [ [ luPdad.
n:[)tn_1 Q
Concerning the second term we can write
m tn n
. /Ba UEs — UW; u(mEsatn) - u(metn) n
pe-y [ 25 2 (M i ehym(o)e
n:lt 0EE;int SEP,NEint
en. — ey =
3 / > Py ) g mea
n—lt o’E&mi 0' 0EP,NE;int
iy f (e, = i) /5
eL —e -
= Z B Wl /X, (el —ep) m(o)dt
2 h
L 0€5mt As 0€P;NEint
1 m - (e —en)?
<32 / =) o)t
n=1 (Tegz'nt

tn—1
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,3 (e, —eii,)’
42/ Yo X CRghmlo
n—lt ae&m PyNEin
Similarly to the proof of (4.1), given in section 3 of [4], we get

ra} 2 no_ pn 2_ n _ .n 2_
s (3, 5 35 3 (3590

0€EEint g 0EP,NE;int

with 7 given in (4.1). Then we have

B —€eW) dt+’yZ/ Z el —efy)’ dt,

aegmt n—lt 0€Eint

which yields

(5.10) By <X + 2y Z / 3 X (el — efy) dt.

n—lt 0EEint

Let us rewrite term Bs as

B = Z / 3 / (u(mEatn) ;U(xw,tn)) (€% — b)) dsdt.

n=1; 7 | o€ty
Thanks to regularity of the solution u we know that
Byl < Vullian) D / > [ Phe = Alleh - eyl dsdt.
n=1;*  0€Eini
Using Young’s inequality we obtain
|B3| < B3a + Bsg,

where

2 w m
n \2
—Zk D A E M) =5k D A (e — )’
n=1 0€&;int n=1 0€&int
tn _ _

1 i Ao — N
(5.12) Bsp = %uvuniw@ﬂ > / > /%hdsdt

n:ltn_1 0€E;int ps

(5.11) Bsy

and w is a sufficiently small parameter. Our notation A\, — A means rigorously
Mun k) (@wE,tn—1) — A(u)(s,t). In order to estimate this difference we introduce
the following lemma, which gives an estimate between elements of discrete and exact
diffusion tensor. Let us note that the construction of D, and D described by (2.4)-
(2.8) is the same, the index o is used only because the tensor D, is evaluated using
numerical solution on edge o, and the arguments are different. In the first case it is
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the numerical solution wp,k, which is used in evaluation of diffusion tensor at point
zwe € o and at time t,_;, where zwg is a point of owg = W|E intersecting the
segment zwzg. In the second case the argument is given by the function u and the
tensor is evaluated at any point s € o and t € (tp—1,1,).

LEMMA 5.2. There exist a positive constant C' such that

[A(unk)@we; tn—1) — Au)(s,t)| < C(h + [[unk(t — k) — unk(t)||Lo(0)

(5.13) Hun,k () — v La) + [u@)]|L. @) [[u(t) — vk (®)]|L.@)-
and

1B(unk) (@we, tn1) — Bw)(s,t)] < C(h+ [|upk(t — k) — un ik (t)]] 1,0

(5.14) H|unk () — wt)||Lo@) + [[u(®]| Lo @) l[u(t) = wnk )] Lo0)-

Proof. The basic ingredients of the proof are given by the properties of functions X
and 3 as Lipschitz functions of the partial derivatives of solution (smoothed by spatial
convolutions). We show the Lipschitz continuity for all functions A, 3, v, because A
and 8 may be equal to one of them, cf. (3.8)-(3.9), depending on the local basis in
which both matrices D, and D are written. From the diffusion tensor construction,
cf. (2.4)-(2.8), it follows that we can write the estimated terms in the following form,

(5.15) |5\(a2’7€1, bZ;cl,cZ;cl) — Xa,b,c)| or |B(a2;cl,b,’:7_kl,c;:;cl) — B(a,b,c)l,

where

0G; ?
a}ﬁl = (Gp * <—t *uh,k) ) (zwe,tn-1),

0Gjy 0Gjy

o () (o) e
0G5 2

CZ;cl — (Gp * (6—; *uh,k> ) (xwe,tn-1)

and ), f is equal to one of the functions A, 3, v depending on the above defined three
arguments as follows
nlfuf + @v% _

vi + v3

a, if puy = pe (ie. if\/4b% + (a — ¢)2 = 0),

1
a+(1-a) (% + 28 e w#%+@-97 | else.

A(a,b,c) =

24/4b%2+(a—c)?
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1)1’1)2(.‘%1 —KZQ)
b = 0=
/B(aa ,C) ’Uf-l—’l}g

0, if pu1 = pso (e if\/402 + (a — ¢)2 = 0)
7%e_m, else.

liz’l]l + mv2 .
vi +v3

a, if pup = ps (i.e. if\/4b% + (a — ¢)2 = 0)
f(l-a)lc——eca ) w0z

2 2\/ab24(a—c)? ,  else.

If we denote by F = 4b? + (a — c)? the values of A\, 3, v for F = 0 are defined as limit
values as F' — 0 and thus the functions are continuous.

From such form of A\, 8, v one can simply see that they are uniformly bounded.
We can write

v(a,b,¢) =

Ma,b,c)=a+ (1—a) (%%— ;\;Fa) e F.

Since |a — ¢| < /4b2 + (a — ¢)? = V/F and a € (0,1), we get
VE
2VF

’rj\

(5.16) N <a+(-a) (% + <

and similarly for § and v.

From the structure of A, 3, v we can also see that their partial derivatives of any
order, with respect to a,b, ¢ will contain a product of the term e~ and a rational
polynomial, which can be estimated by powers of F', and which together give uniform
bounds on the derivatives. In our proof it is sufficient to have Lipschitz continuity of

A, B, v, so we show that their first partial derivatives are uniformly bounded. First
we have

oA e T 4 2 2 2,€
%=(1—a)(a—c)ﬁ+(a—1)(8b +2b%(a—¢)* + (a—c) )F

=

[N

Since |a| <1, |1 —a| <1 and |a — ¢| < F2 we have

1 1
e F 2 212 2 n€ T
‘— <la-— F2 + ((4b° + (@a—¢)*)° + (a—c) +4b)F%
1 1
Fev (F?+F)er F+2 1
<75t 7 =3¢ Zhl(F)SIgg%ihl(F)Zhl(Fl),
where F; = 2(v/2 — 1), so
(5.17) ‘— <0 <1.2.
Then we similarly get
15D dbe~ F e %

%:(l—a)T+(1—a)2b(a—c)(4b2+(a—c) -2) 7

[V
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Since 2|b| < 1/4b% + (a — ¢)2 = F'z we have

Fle—%
‘ Fie F

N F:F3(F +2)e F

_(F+ 4)e T
F3 - F3
2(F) < maxhy(F) = ha(F2),
where Fy = /33 — 5, so
(5.18) ‘— <0< 2.
Since
g/c\ (a—1)(a— C)W + (1 — a)(8b* +2b%(a — ¢)? + (a — 0)2)6};; = _%
we get
1)) 1))
1 —|==< .
(5.19) Oc Oa|~ G
For the function v we get
O _(1_ a)a )—1 +(1—a)@®F +26%(a— ) + (a — c)2)e_%
da F? 3
so we get the same estimate as in (5.17) and (5.19) also for % | Since
ov 4be T e T
P _q—a)2 L 2b(a— ¢)(4b? + (a — ¢)? — 2
= (- )T+ (@ D2a— U + (a0 D)L
so we get the same estimate as in (5.18) for |, and because % = —% we have
again | 8| < Cy. For the function 8 we have
oB 2 2 e ¥
1- — )4 —¢)2—2
o = (L= a)bla = (P +(a = ~2)
thus
08|  F:F:(F+2e+ (F+2e ¥
‘% < (F% e F%) < m(F)
and therefore
op
2 — | <
(5:20) 2l <e
We also have
‘Zf (0= D(EF + 46 (a = o) + (a = )
S0
“r 2F 4 F?
‘g’g (2(40* + (a — ¢)?) + (4b* + (a — 0)2)2)61;: _ T
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and from it ‘ ‘ < Ch. Using 3 6'6 = —a—f we also get ‘%‘ < (.

The relation in (5.15) contalns differences of either A, § or v evaluated in different
arguments. Using boundedness of their partial derivatives, and thus the Lipschitz
continuity, those differences can be estimated by the differences of the arguments. We
will do it only for A, all other situations are treated similarly. We have

|)\(“h libh k :ch k ) Aa,b,¢)| < LA\/(GZ;:—GP"'(bZ;cl—b)Q (CZ k1—0)2
(5.21) < La(lap 7t —al+ bt =0l +cp it —el),

where L) is the Lipschitz constant of function A. Since all terms in the absolute values
on the right hand s1de of (5.21) can be estimated similarly, we do it in details just for
the first one |ah » —al- A slight difference is only when treating [b 7 ! — b and we
will also mention it later. We can use the following splitting and get

0Gy ’ aG; 2
|a2,—kl —a| < (Gp * ( axt *uh,k> ) (zwe,tn-1) — (Gp % (6—:; *Uh,k) ) (8, tn—1)
0Gy ’ aG; 2
+ (Gp * (6—; *uh,k> ) (S,tn_l) - <Gp * (6—:; *uh,k> ) (S,t)
0G; 2 aG;  \’
* (G” (e e) ) 0= <GP (% +s) ) =0

=J1+ Jo+ Js.

Then subsequently
2

G
n<| [Gawe-0 | [ GEE=nunstntdn)| de-
RN

2
- /Gp(s—f) (/ oG L (& = n)un (), ta- 1)dn> d¢| <
RN RN
2
< /|Gp($WE—§)— (s—¢ (R/ aGt'S Munk(,tn-1)dn | d€ < Ch,
RN

because of the fact that |zwr — s| < h, C*° smoothness of G, and because
? 2
0Gy 0Gy
/ L& —munk(m tno1)dn | < C/ - (E—n) dn/ui,k(n,tn_l)dn <
Oz Ox
RN RN Q
< Cllupk(tn-1)llLo@) < C
holds for any ¢ € RY, using the Cauchy-Schwarz inequality, C> smoothness of G;

and extension by 0 of uy_; outside a neighbourhood of (..
The second term can be written as follows

= [Gus-9 || [ G2~ munstota-r)in
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2
(R/ 25t €~ munan, )d) it = / G — E)KdE,
RN

and for the term K, using the relation |p? —¢?| = [p+q||p—q|, we get for any £ € RV,
t € (tn_1,tn) that

| K| =

0G5
S (&= M (Wnk(,tn1) + un k(. ))dn|
< C (|lun kM tn-l|za@) + [[urk (M tn)|| La)) [[unk(t — k) —un k@) L0
< Cllupnk(t = k) — upk(t)||ro0)

oGy

5 (&€ —n)(unk(tn—1) — unr(n,t))dn

where the Cauchy-Schwarz inequality and piecewise constant in time definition of up,
was used. Then also

| 2] < Cllupp(t — k) — up k()| 2. (0)

because [pn G,(s —£)d€ =1 for any s.
For the third term we have

/ (5 6G,5(£ Mk (, )dn) d¢ — /%(ﬁ—ﬂ)u(mt)dn> dé¢

N N

= | [ Gyl -

and again due to the Cauchy-Schwarz inequality we get

N

el = | [ G2 = uns(.0) + a0 | [ 57 = ) unalo,0) = )

N

< Clluni(t) = u®)l|o() + Cllu®) || llunk(t) = u®)l|L@)-

and so
|J3] < Cllup,k(t) — w(t)||Lo) + Cllu@®)||Ly@)l|une®) — u)||L.0)-

Let us note that for |b,T:fk1 — b| we can use the same approach as above, but
in the terms which would correspond to J> and J3, we would use |p1g1 — p2ga| <
|p1(q1 — @2)| + |(p1 — p2)gz| in order to get the same estimates as above. For the
term |CZ’791 — ¢| we can use completely same approach as above. Putting together all
previous estimates we end the proof of Lemma 5.2. O

Next we also show that

Ao > C >0, forall o € Eis.
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The matrices B and D, cf. (2.8), are similar and positive definite. We can write for
their traces

(5.22) Tr(D) =Tr(B) = k1 + k2 € [2a, 0 + 1].

Thanks to (5.22), we have 7, < Tr(D) < a + 1. The use of determinants leads to
Aoy — B2 =|D| = |B| = k1k2 > o2, and from it A\, > 2 CHES a+1 =C.

It comes from regularity of the solution, boundedness of Ay and application of
the Cauchy-Schwarz inequality that

Bsp < C(w hZ/ > / * dsdt.
n= lt 0€Eint o
Lemma 5.2, regularity of 4 and inequality (a + b)? < 2a® + 2b% lead to

|Bsg| < 4C (w)h? Z / Z (A% + ||upi(z,t — k) — uh,k(m,t)||2L2(Q)

n= ltn— TEEint
(5.23) o fun () = w(z, 1)}, q ) dt
Owing to geometrical arguments, we know that

> dwsm(o) = C|,

0€EE;int
which yields
(5.24) Y w=clql
0EEint

for our uniform square mesh. Now, we estimate each term on the right hand side of
(5.23). Thanks to relation (5.24) we simply bound the first term as follows

(5.25) C(w)h? i D h’dt < C(w)|QITH.

":]'tn_1 0€EEint

The second term can be rewritten again using the relation (5.24) in the form

tn
C@ Y. [ llunatat =1 —unele, e Y Wi
n:ltn_1 0€E;nt
(5.26) < CWw)|Q //(uh,k(:c,t — k) —upi(z,t))?dzdt < C(w)k

due to the time translate estimate, cf. Lemma 4.5. We treat the third term in the
similar way as previous one and obtain

m tn

C’(w)z / ||uh,k(:c,t)—u(x,t)||i2(m Z R2di

n=1; * | 0EEint
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T
< C(w)[Q //(Uh,k(fﬂ,t) — u(, 1))’ dzdt = C(w)||unk(z,t) — u(z,)I|7,0mn
0 Q

m 23
(527 = C)llens (@Dl uan = C@ Y [ [ leflPdat
n:]'tn—l Q
Finally, applying (5.25), (5.26) and (5.27) in (5.23) we get
m tn
|Bsp| < C@)Th? + C(w)k +C(w) 3 / / ] o[2dadt,
n:1tn—1 Q

which together with (5.11) result in

Bl <5k D A (el — i)’

n=1 o€&nt

(5.28) £ CWTH + Ok + C@) 3 / / e o [2dedt.

n:ltn_1 Q
Using the same tricks as for the term B3 we can state that

Bi <53k Y Ao (el —ep)’

n=1 o0€EE;nt
m tn
(5.29) + CWTH + Cw)k+Cw) S / / e |2 ddt.
n:ltn_1 Q

As usual in finite volume methods, we rearrange the term Bjs in the form
tn

By = -2 Z / Z / (S\AWE + BAsn — DVu(s, t,) -nw,g) ey dsdt

n:ltn_l 0€E;int o

m iz
=> / > / (MwE + BAsy — DVu(s, tn) - nw,q) (ef; — ejy)dsdt

n:lt" 1 0€Eint o

m tn
— Z / Z m(o) (XAWE + BAsn — ﬁa) /DVu(s,tn) -nW,gds) (e} — el )dt.

"th" 1 0€E;int

Next step is to define an auxiliary unknown Bs4 by

_ _ 1
Bsa = Mwg + BAsny — —— /Dv“(s,tn) ‘g ds.
m(o)

Then we can write

Bsal < |3 (AWE - ﬁ /ﬂm(s,tn)ds> +5 (ASN - ﬁ /ﬂy(s,tn)ds> .

o o
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In order to estimate the tern Bs4 we use technique from [5]. Let us note that due to
simplification we omit the time variable here and provide only necessary arguments,
the complete proof can be found in chapter 9.6 of [5]. Let us define Ry, as follows

_ U(LCE) — u(wW) 1
Rw, = A " ) /Vu(ar) - nw,,ds.

Using Taylor expansion and u € C%(x,), cf. Fig. 3.1, we have

u(zg) —u(z) =Vu(z) - (zg — +/H 9z + (1 — g9)zgl(zp — ) - (xp —x)gdyg
0
and

u(zw) —u(x) = Vu(z) - (zw — z) +/H gz + (1 — g)zw](zw — z) - (zw — x)g dyg,
0

where z € o and H(u)[?] is the Hessian matrix of u at a point z. Subtracting one
equation from the other and integrating over o we get

|RW,0'| S BW,G' + BE,a;

where
B H(u)(gx+ (1 —g)x zw —z|%gd
Wo = 370y //| )(g ( Drw)||zw |“g dgds

and Bg , is given just changing W to E. To conclude, we note that g —zw = hnw,,.
Thanks to the Cauchy-Schwarz inequality and the fact that |zw — z| < m(o) we can

bound By, in the following way
/ |H (u)[#]| dz)

(5.30) Bu,| < <

The above mention facts lead to

1
Boal <3p5 [ / [H(u)(gz + (1~ 9)z5) (a5 —2) - (a5 — 2)g] dods

g

3 / / H(w)(gz + (1 — 9)ow)(@w — o) - (ew — 2)g] dgds

1

e Y g / / H(u)(gz + (1 - 9)v5,) (@5, — 2) - (25, — 2)g| dgds

d€P-NEnt 4 |

v i/ / () (g2 + (1~ 9)aws) o, —2) - (e, — 2)o] dgds.

0€EP;NEint

+ B
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Owing to boundedness of the diffusion tensor elements, relation (5.30) and Young’s
inequality we can estimate the fifth term by

|B5|<Ch22/ > /|H 2)%dz | |el — el |dt <

n= lt 0EE;int
wz/ S Ko (e — ey dt + C(w h32/ > [y,
n= 1t " 0€Eins "_1t Uegmtx
which gives us
(5.31)  |Bs|<w Z Z — ) + C)B3|[ullF (1, 12 gy -
n= lt " o'ESmt
Concerning the last term, we can write

:—22/ Z /DVust) DVu(s,t)) - nw, ey dsdt

n= lt oC€E;int s

=y / 5 [ (DVuls,ta) = DVuls, ) mv (e — ) dc

n:1tn—1 o€Eint o

which can be split in the form

B < Cw Z / Z / ((DVu(s,t,) — DVu(s,t)) -nW,(,)2 m/_\(a) dsdt

+ 5 Z / Z T —€w) )% dt
n—lt 0EEint

by the Young inequality. Properties of the matrix D together with the regularity of
the solution u lead to the following estimate for the first term

z / Z / ((DVu(s,t,) — DVu(s,t)) - ny,,)> mj\(a)dsdt

o

Z/ 3y /(/avugsg)d)2m(a)dsdt

n— lt 0€Eint t

kZ/ 3 // (‘W“”> dgm(o)dsdt

n=1 0€&int oty

n= ltn 1 ae&ma

CWEIVuellLo(r,L (@)
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where lower limit of the integration ¢ € (t,—1,t,]- And from the above mentioned
inequalities we get

m tn
w _
(5.32) B < C(w)E*||VuellLy(r,00 () + 3 Z Z Ao (e, —ely) dt.

n:1tn_1 o€E;int

At the end, we apply (5.9), (5.10), (5.28), (5.29), (5.31) and (5.32) in (5.8) to state
that for w sufficiently small ( e.g. for w < 55)

tn
/|esz|2dx+z/|e;;k — e Pdr+ Y / S o (el —efy) dt

Q n:lg n:ltn_1 0EE;int
m tn
< c/ lef x?dz +C (k+ 1) +C Y / / lef [*dwdt.
Q n:1tn—1 Q

Since for the initial error we have

/ lef ¢ [*dz < Ch?
Q

thanks to Gronwall‘s lemma we end up the proof. [

6. Numerical experiments. In this section, we are going to demonstrate prac-
tical advantages of our numerical scheme. To that goal we present and discuss the
results of several computational experiments performed by the scheme. The results
show that the diffusion improves the structure connectivity which enables to get good
segmentation of biological images.

The images used for these experiments come from the two-photon laser scanning
microscopy. They represent the corresponding cell membranes, cf. Fig. 6.1 (top left),
nuclei, cf. Fig. 6.1 (middle, left). In order to provide a segmentation we can also
put membranes and nuclei together and form one coupled image, cf. Fig. 6.1 (bottom
left). These 2D slices were chosen from 3D images showing early stages of the zebrafish
embryogenesis.

In experiments with our scheme for the nonlinear tensor anisotropic diffusion we
use the spatial step h = 0.01, time step k£ = 0.0001, C = 1, a = 0.001, £ = 1075,
p = 0.002 for the membranes and coupled images and £ = 10~'%, p = 0.1 for the
nuclei images. The arising linear systems are solved by the Gauss-Seidel iterations.

Figs. 6.1 and 6.2 demonstrate the behaviour of the nonlinear tensor anisotropic
diffusion applied to these 2D images. We can observe that this type of multiscale pro-
cess enhances the connectivity of the zebrafish embryo eye retina structures boundaries
while smoothing their interior. It enables to get much better results of the image seg-
mentation algorithms which depend on the structure connectivity. The most expres-
sive example of this connectivity improvement is represented by the processed nuclei
image and therefore we display the nuclei images in the enlarged form, cf. Fig. 6.2.
Although, in Fig. 6.2 (top), we can see only separate nuclei, we are able to recognize
the embryo structures in the original image. However, this simple task for a human
brain is nontrivial for the image segmentation algorithms. As we can see, it can be
overcome by pre-processing using the nonlinear tensor diffusion, cf. Fig.. 6.2 (bottom).
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F1G. 6.1. 2D slices of the 8D zebrafish embryo image. Left: original images. Right: filtered
images after 50 time steps. Top: cell membranes. Middle: cell nuclei. Bottom: membranes and
nuclei coupled together.
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F1G. 6.2. The images of cell nuclei from the Fig. 6.1.

23
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F1G. 6.3. The structure segmentation for the original image of coupled membranes and nuclei.
Top (left): the isolines of the final state of segmentation function. Top (right): the chosen isoline
of the final state of segmentation function. Bottom: the graph of the final state of segmentation
function. The results were obtained after 5000 segmentation steps.

In Figs. 6.3-6.6 we present the image segmentation results in order to show how
one can exploit improvement of the connectivity of coherent structures. We use the
image segmentation algorithm based on the subjective surface method [18] and its
semi-implicit finite volume implementation [14]. We start the segmentation construct-
ing an initial segmentation function centered in a segmented object. Then, in order
to extract a shape of the object, we evolve it by solving the so-called subjective sur-
face equation which is a special geometrical partial differential equation for moving
graphs by weighted mean curvature, cf. [18, 14]. Its solution evolves to a final state
with a shock profile which gives the segmentation result. To extract the shape of the
segmented object we take a proper isoline of the shock profile at the stopping time,
mostly naturally the average of maximal and minimal value of the final segmentation
function.

In Fig. 6.3 we present the segmentation results obtained using the original image
of coupled membranes and nuclei, cf. Fig. 6.1 (bottom left). Due to a great number
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FiG. 6.4. The structure segmentation for the filtered image of coupled membranes and nuclei.
Top (left): the chosen isoline of the final state of segmentation function. Top (right): the same
isoline of the final state of segmentation function displayed on the original image. Bottom: the
graph of the final state of segmentation function. The results were obtained after 200 segmentation
steps.

of noisy structures as well as structures represented by individual membranes and
nuclei in the original image, the segmentation algorithm is not able to find the cor-
rect boundary of the segmented embryo structure. The isolines of the final state of
segmentation function are depicted at the top left of the figure, the mean isoline at
the top right and the graph of the final state of segmentation function at the bottom
of the figure.

We can compare this segmentation result with the ones obtained using the filtered
images presented in Figs. 6.4-6.6. The mean isoline of the final state of segmentation
function is shown at the top of the figures, where we display it together with the
filtered image (top left) and with the original one (top right). The graph of the final
state of segmentation function is shown at the bottom of the figures. As one can
clearly see, almost all isolines are accumulated along the structure boundary due to
the correct shock profile obtained using the filtered image and thus the mean isoline
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Fi1g. 6.5. The structure segmentation for the filtered image of membranes. Top (left): the
chosen isoline of the final state of segmentation function. Top (right): the same isoline of the final
state of segmentation function displayed on the original image. Bottom: the graph of the final state
of segmentation function. The results were obtained after 200 segmentation steps.

correctly represents the biological structure.
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