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FUZZY INFORMATION

+ Fuzzy Data

* Fuzzy a-priori Knowledge
) Fuzzy Probabilities
* Soft Computing  ECSC
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FUZZY DATA
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MEASUREMENT RESULTS

NOJ[ PYGC;SC VIUMBCV‘S |oujc more or [ess VIOVI-'DYECI'SG

Majchemajcfca[ model : Fuzzvy number x*
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Characterizing Function
(C1) §:R—[0,1]
(C2) supp[i(.)] s bounded
(€C3) V§e(0,1] the so-called §-cut

Csfi(-)] :={xelK: g(x) 23} = [q,gsb,s]*¢

Remork: For a Precise number xoelR:

50 = gy ©
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NON-PRECISE NUMBERS

¥

X Chqmcjcerizing Function E(-)
('1) Support [g(-)] < [a;b] compact interval
(2) All §-Cuts Cp={xeR: e 2]

are non - empty with

3 7
g = L.._.J[GS;’ 0,1+ K eN

1=1 ] /] -




> X




g Ay i B e b L il st At

e st ey

S

B e P .
et e W Pl 11 11 LA




ion as presented by the screen

one observat










(‘ White Half-Plane

Black Half—Plane—j

Figure Black and white half-planes



IIlumination

' X
Black Half-Plane White Half-Plane

Figure Ideal illumination on a line



(— White Half-Plane

Black Half-PlaneJ LBoundary between Black and

White Half-Planes

Figure Boundary between half-planes



Realistic illumination
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Scaled Rate of Change
of lllumination

X

Derivative of illumination function displayed
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WATER LEVEL

2 fuzzy

| w'(x)]

_ VxeR
max{|w'co]: xe R}
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Figure : Water level
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FUZZY VECTOR
vecjcor-characjcerl'zins function S(-)
g:k“-—» [0,1]

obeying
‘V86(051] the so-called §-cut
C, [§(2] = {x ¢ R", §(2<.).->.8} + 0

5 a finite union of simp[y connected
closed sets

0 SuPP[S(-)] s bounded



C(Xu X2)
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FUZZY HISTOGRAMS
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YIO{ Prec'tse




CONSTRUCTION LEMMA

L et <A35 86(0;1]) be a nested famil\y of
subsets of a set M. Then the membershfp

fuwc‘cion of the corresPond;ng fuzzy subset
of M is given \oy

S(x) = suP{S-ﬁllAs(x) : 36[0,1]} Vxe M
with A,=M



FUZZY FREQUENCY

%

n, ]'CUZZUV Gl)SOlU{Q. freqruewcy Of CICISS KJ

J
Let  A(r) = [n,(K), m(K)] ¥ §e(0,1]

where

Wz“j) = # observ. with Cs(gt()) n Kfi i ¢
[l_s(r%) = # observ. with CS(S‘()) C_in

*

= char.f. \Vj(-) of n; given bj I{s values

Y= BE R o YyeR
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= char.f. 113-(-) of h: s given by
0 = yilny) ¥ yek

fuzz‘y relative frequencv of class K.
| 7 3







CALCULATIONS
Sums 2 x)

Avemses 3’(,‘*

Indicators and Indexes 17
I* B f(x:) '";erwl) "‘;Wn)
Functions of Fuzzy Variables

Extension PrinciPle



STANDARD STATISTICAL INFERENCE

A~F.0e0® MX Observation Space

Xy 73 X SamPle, xieMx = (x,-, n)eM”
M - Sapls Space

. Estimators  Brn, MM =@

- Confiolence Reg:ons K(XyyoyXy)

o lest Statistics K (X s Xp)

Generalization for Fuzzy Data 2



COMBINED FUZZY SAMPLE

Sample Xith &t
€,0), 0, Eu()
X Fuzzy Element of Observation Space M

M= {x = (x, e, %) ¢ x e M} Sample Space
X" Fuzzy Element of M" with VCF ()

S 19 """ n) (S S(X ) V(xl,---,xn)
x. Combined Fuzzy SamPle



GENERALISED ESTIMATORS

8 = pr(x,-,%,) Classical Estimator
2(_=(X1,...,xn) = M: : {\}‘M;-—» @

" Combined Fuzzy Sample 2 {(,--,:)

X
AL
6

1>

Fuzzy Estimator 2 \y(-)

)= sup{§(x): xe 3 (O] Voe®
with (\}({9 XGM (\}x) 9}
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UZZY CORRELATION
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Figure Fuzzy correlation coefficient.



FUZZY CONFIDENCE REGIONS
X~ P, 8e@®

k(-) Confidence function

__)g* Combined fuzzy samPle S(.) VCF

Generalized confidence set w(x¥) is a
fuzzy subset of ® whose membership function

¢(-) 1s defined by
0(8) = sup{§(x): Ber(x)}] VOe®

X € suﬂoor{; [S(.)]

i



The following holds:
) ¢(8)=1 Voe U <(x)

—-— e ape e e o = cseg G =D =y el

=l

/

U K(x)
x: {(x)=1

(2) For classical samPles X=X,y X, ) :

LP() = 11!((&)(.>
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Weibull (v, B),  F()=1-¢®




STATISTICAL TESTS

T=4(X,X) Test Stabistic
X,y oy Xy Fuzzy Sample
= A0, x) 2 ()

Calculation of v[(-) based on the
combined fuzz\y sample X" 2 S(x“..., X, )

(>

and the extension Principle:

£ = 1 (x9



FIRST SOLUTION
P - value GPPFOQCh

x = 1= k(xl,-,

o For Precise da{a Xi9 9 %n

P Val.ue lClrSES'l’ Error PVOLOL l {‘y fOf Wthh
a h\ypo{hesus s reJec’ced for 1

* For fuzzy data X ey Xy 9 t* 2

P value :
/\W)
-4
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FUZZY P-VALUES

{3* fuzzy value of the test statistic T
Cs(’c*) = [tl(ﬁ), Jc,_(ﬁ)] V §e(0,1]

o ](Uzzy P -value

For one-sided tests

Ap") = [P (T t(5), B (T < t,(5)]
§(p) = sup {81, (py: 6 [0,1]} VpeR
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BAYESIAN INFERENCE

X~ 1(:19), 6O, 8 Stochastic Qu.
() a-Priori distribution on ©

Xy 0y Xy SamFle fnformajc;on

UPdaHng of the a-,orforn' distribution

'rr(elxi,---,x) m(6)- f,(G gy n;de Voe®

a-posteriori S“
distribution ©

t(9 R n TTf("le)



FOR FUZZY DATA ?

Fuzzy valued functions f:M — E(R)
Foo=y 2 E() VxeM

L]

§- level func{fons fs(-) and fs(')

definecl lo\y Cs[f*(x)] = [B(x) : ﬁ(x)] VxeM
Y §e(0,1]

For M=R  §-level curves (real funcjcl'ons)
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FUZZY PROBABILI

Y DENSITY

Genem[ized densijries Jf*(-) on R:
]C*(-) fuzz\y func{:ion with §-level func‘cioms

fs(-) and 'E(-)

injceamble with

Sﬂ(x)clx < oo Vgé(oji]

R

awd Holass;cal Clemsity ":(-) Oh IR Wl'Hl

fux) < f(x) < E(x)

VxeR

Tlne fuzz\y Probabi[l‘ty P*(B) D‘f Re B

s a fuzzy interval
{ vV



FUZZY PROBABILITY
Fuzzy densi’ty TT*(-)

o - level curves _T_ra(-) and ()
2 = {ff density with (6) < f0) < 5,6) V@)

For Ac © the fuzzy probabll{y P*(A)
clefmed by the generahng sets

e, (P) = [B),BW] Ve
where ES(A) and E(A) are 3|'vew by




E(A) = Sup Sf(())cl()

fé.bs A

V §e(0,1]
P(A) = inf \f(6)dD

fe.bs A

C‘nor.f vl() Of P*(A)

AVOT 3?[10101] S'I[EL(A),.P;(A)]

The fo”owing holds : P*(@) = [0,0] =0
P*(®)= [1, 1] "y 1
well wotivated by fuzzy freq[ue"des

(x) V xe R



For fuzzy probability distributions P* -
If A and B are disjoint the following must hold

Wi & g 518) } Ve (0,1]
P (AuB) > Py(A)+P,(B)

this 15 also jus{;ffed by the awalog for
fuzz\)l frequenc;es (base&y on fuzzy data)

Remark: Classical probabf[i{\y distributions are

special cases



LIKELIHOOD FOR FUZZY DATA

*x

x  combined fuzzy samPle with vcf. S(-)

C(0,5") fuzzy value of the likelihood (8;1)
with c.f. "'[e(') defl'necl by
) sup{§(x): L®;x) =y} if Uiy} # 98 .
W’"{o f Uly)-¢ "yeR

Remark ¢ For Prec;se-da{a x the indicator function
of U0.x) 1s obtamed



GENERALIZED BAYES' THEOREM
8-{evel curves Of 'H’Ie fuzzy G-POS{ETI'OH' C‘CHS&‘)’

E(Q x*)
AUFYE )
12 V4 [0 (ex> (106,x] o
®
v.(0)0 (0. x
r, (8]x") - “‘” )

S [w 9x)+ (0)¢ Gx ]de
Vie®



Figure [Fuzzy a-posteriori density
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EXAMPLE X~ Ex, he®=(0,00)
f(x\e) = ——CXP{——} 000)(

Fuzzy a—Priori distribution
() fuzzy gamma density

TTS(.) il } §-level curves

m (-) lower



75 (0) , 5 (9)
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o5 (0)

Ty (6)

1555
/72

. __




& (x)

1.2

— X



COMBINED FUZZY SAMPLE

.2(..* = (xilxz/xs; x4>*

vector char. func’tion S(, )
S("u"z,"s»"l.) = min{gi(xi))Sz(xz),Ss(xs))§4(x4)}

-

(AQFY

lrg('l-’-‘-*)

bj Sen. Bd\yesl Hﬂeorem



s (0| x*) , mg (0 | x*)
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HPD - Regions
T(-|D) a-posteriori Density

|-« Confidence level

©. =6 obeying:
1) STI’(G,D)C[G = |-
®,

2) 7(8]D) max. on @,



GENERALIZED HPD‘Regfons
T (-|D*) Fuzzy a-Pocheriori Densi{‘y
D) = {q: g density with 7;(8) < g(6) < ;(6) VO<®}
SHPDM(S) HPD"Region based on g
A, = SLG%:HPDl_“(g) ¥ §€(0,1]
~ (Ags §¢(0,]) nested famil\y of subsets of ®

Construction Lemma for Membership Functions:

§(8) = suP{S'lAs(G) 8e0,1]} V0e®
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PREDICTIVE DENSITIES

X~ 1(:[8), 0e® Stochastic Model
T(-) a-prior density
(Xy -, %) =D data

= w(-|D) a-pos{eriori density

p(-lD) Prec“cjcive densijcy

p(x|D) = Sf(xle)-w(elD)dG VxeM,
®



FUZZY PREDICTIVE DENSITY
p'(+| D)
p’(x|D*) = Sf(x\e)m*(ew*)ale VxeM,

a@ {3() densnty on ©: T(O) 3() 0) Vee@}

a, := mf {Gg)f(xle)s((?) d9 : 3(-) = '38 }
v§e(01]

bs = suF{ éf(xle)g(Q)JG: 3(-) & ,253 }



The nested family ([a,b.], 5¢(0,1])
determins a charac’cer?zing func’cion \Vx(-) loy

'\yx(y) = sup{&l[as;bs](y): 86[051]} V)’e R

P*(xlD*) & () VxeMX

For variable x this is a fuzzy probability density
called fuzzy predictive density with

5-level functions ps(-|D*) and _ps(-lD*).



p*(x]x")

15



GENERAL FUZZY PROBABILITIES
(AL ciel) Event S\ys’&em
P*: (A“ LGI) N EE[(R) Obey;ng (1) to (4)

(1) P*(AL) IS @ fuzzy nterval with char F 5,;(-)
such as {xeR: §(x)>0} c [0;1]

(2) For all finite tamilies of Pairwise exclusive

events Au m,A,, the followmg holds VSG(Osl]:

| et Cs[P*(A-L)] = [“i.,ss lo.:,s] Vi=1(1)n
and CS[P*(X/iAi)F[c“ds], then
¢, = é aj,s and cl}S 4 ..Z:'-{ bi.,s



(3) For any comP[e{:e system of events Aso s A

£ follows .
K
P(V AL has cF 1,0
(4) The Probaloili{y of the meossilole event
has cF 1[{0}(')

Remark: Condition (2) is the aPProloria’ce general-
isation of finite aclc[i’civijc\y, called
lower suPeraddi{ivi{y_ and
upper subaddi’civi’cy_




CONCLUSIONS
« Fuzziness can be described q[uan{ijcajcivet‘y

o Statistics based on fuzzy }nformojt;on 5

POSS;blei TWO differen{ UYICCY‘{GI.HHES
o KO[MOSOV‘OVIS PY‘O[)CI[?I“J()/ COVICQP{ hGS {0 be

Senero“zed

. Hybﬁd aPProach: Fuzz\y and Stochastics



SOFTWARE

* Some Programs

C+ R

< Under Developmen’c:
 SAFD, Ecsc o Mieres
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