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Lattice-valued bornology

@ There exist well-known concepts of functional analysis, namely,
bornological space and bounded map, which provide a conve-
nient tool to study “boundedness”.

@ The construct Born of bornological spaces and bounded maps
has already found applications in Functional Analysis.

@ In 2011, M. Abel and A. Sostak introduced the notions of L-
bornological space and L-bounded map for a complete lattice L.

@ M. Abel and A. Sostak showed that the construct L-Born of
L-bornological spaces and L-bounded maps is topological, pro-
vided that the complete lattice L is infinitely distributive.
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Lattice-valued bornology and its properties

Properties of lattice-valued bornology

This talk

@ provides the necessary and sufficient condition on the complete
lattice L for the construct L-Born to be topological;

@ shows that for “reasonable” lattices L, the construct L-Borng
of strict L-bornological spaces (in the sense of M. Abel and
A. Sostak) is a topological universe;

@ introduces the category L-Born of variable-basis lattice-valued
bornological spaces (in the sense of S. E. Rodabaugh) over
a subcategory L of the category Sup of \/-semilattices and
\/-preserving maps, and provides the necessary and sufficient
conditions on L for the category L-Born to be topological.
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Every map X fy gives rise to the forward powerset operator
PX L5 PY, which is defined by £ (S) = {f(s)|s € S}.
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Lattice-valued bornology

Bornological spaces and bounded maps

Every map X fy gives rise to the forward powerset operator
PX L5 PY, which is defined by £ (S) = {f(s)|s € S}.

Definition 1

A bornological space is a pair (X, B), where X is a set, and B (a
bornology on X) is a subfamily of PX (the elements of which are
called bounded sets), which satisfy the following axioms:

Q@ X =UB(=Uges B):
Q@ if BeBand D C B, then D € B;
@ if S C Bis finite, then |JS € B.
Given bornological spaces (X1,B1), (X2,B2), a map X; LN Xo is

bounded provided that f(B;) € B, for every By € B;. Born is
the construct of bornological spaces and bounded maps.
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Lattice-valued bornology

L-bornological spaces and L-bounded maps

Given a complete lattice L, every map X Ly provides the forward

f—>
L-powerset operator LX —— LY with (f7(B))(y) = Ve(x)=y B(x).

Definition 2 (M. Abel and A. Sostak)

An L-bornological space is a pair (X, B), where X is a set, and B
(an L-bornology on X) is a subfamily of LX (the elements of which
are called bounded L-sets), which satisfy the following axioms:

Q@ \/gep B(x) = T for every x € X;
Q@ ifBeBand D < B, then D € B;
@ if S C B is finite, then \/ S € B.
Given L-bornological spaces (X1, B1), (X2, B2), a map Xy LN X5 is

L-bounded provided that f;7(Bi) € B, for every By € B1. L-Born
is the construct of L-bornological spaces and L-bounded maps.
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Strict L-bornological spaces

Given x € X and a € L, define a map X -2 L by

%a(y) = { Y

1, otherwise.
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L-Borng is the full subconstruct of L-Born, the objects of which
(called strict L-bornological spaces) (X, B) satisfy additionally the
condition X1, € B for every x € X.
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Strict L-bornological spaces

Given x € X and a € L, define a map X -2 L by

X. =
ay 1, otherwise.

Definition 3 (M. Abel and A. Sostak)

L-Borng is the full subconstruct of L-Born, the objects of which
(called strict L-bornological spaces) (X, B) satisfy additionally the
condition X1, € B for every x € X.

Example 4

Every crisp bornological space is strict.
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Variable-basis lattice-valued forward powerset operator

@ Set is the category of sets and maps.

@ Sup is the category of \/-semilattices and \/-preserving maps.

Proposition 5

Given a subcategory L of Sup, there is a functor Set x L i> Sup,

which is defined by (X1, L1) 2% (Xo, L))~ = 20 097, 1%
with ((f,4)7(B))(%2) = V f(xq)=x, ¥ © B(x1).
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Lattice-valued bornology

Variable-basis lattice-valued bornology

Definition 6

Given a subcategory L of Sup, L-Born is the category, which is

concrete over the product category Set x L, whose

objects are triples (X, L, B), where L is an L-object, and (X, B) is
an L-bornological space; and whose

morphisms (X1, L1, B1) LN (X2, Lo, B2) (called L-bounded maps)

consist of a map X i> X2 and an L-morphism L ﬂ L, such that
(f,)7(By) € B, for every B; € B;.

v
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Definition 7

Given a complete lattice L, a subset S C L is called a /attice ideal
of L provided that

Q@ ifacland a< bforsomebec S, then a€ S;
@ if T C Sis finite, then \/ T € S.
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Topological construct of L-bornological spaces

Ideal complete distributivity at the top element

Definition 7
Given a complete lattice L, a subset S C L is called a /attice ideal
of L provided that

Q@ ifacland a< bforsomebec S, then a€ S;
@ if T C Sis finite, then \/ T € S.

Definition 8
A complete lattice L is called ideally completely distributive at T
provided that for every non-empty family {S; | i € I} of lattice ideals

of L, Nig)(V Si) = T implies \/,,c ;(Ajc) h(i)) = T, where H is
the set of choice functions on | J;, Si, which are maps / LR Uic/ Si
such that h(i) € S; for every i € /.
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Topological construct of L-bornological spaces

Examples of ideal complete distributivity

Example 9

© Every completely distributive lattice is ideally completely dis-
tributive at the top element.

@ Every complete lattice L such that \/(L\{T.}) < T, is ideally
completely distributive at T;.

© Every continuous lattice is ideally completely distributive at the
top element.

v




Properties of bornological spaces
coeo

Topological construct of L-bornological spaces

|deal complete distributivity versus distributivity

Remark 10

The lattice L, which is given by the following Hasse diagram

./ \.
N

is ideally completely distributive at T, but is not even distributive.

v
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Topological construct of L-bornological spaces

|deal complete distributivity versus distributivity

Remark 10

The lattice L, which is given by the following Hasse diagram

|
./l\.
%

is ideally completely distributive at T, but is not even distributive.

Remark 11

There exists an infinitely distributive complete lattice, which is not
ideally completely distributive at the top element.

| \
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The construct (L-Born, | —|) is topological iff L is ideally completely
distributive at T.
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Proof.
“«<=": Given an | — |-structured source S = (X 5 |(Xi, Bi)|)ier,
the required | — |-initial structure on X w.r.t. S is provided by

B={Bec LX|f(B) € B forevery i € I}.
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Topological construct of L-bornological spaces

L-Born is a topological construct

Theorem 12

The construct (L-Born, | —|) is topological iff L is ideally completely
distributive at T.

| \

Proof.
“«<=": Given an | — |-structured source S = (X 5 |(Xi, Bi)|)ier,
the required | — |-initial structure on X w.r.t. S is provided by

B={Bec LX|f(B) € B forevery i € I}.

N

@ By the above theorem, the constructs 2-Born (crisp approach)
and [0, 1]-Born (fuzzy approach) are topological.

@ Moreover, an infinitely distributive complete lattice L does not
necessarily provide a topological construct L-Born.
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Topological universe of strict L-bornological spaces

L-Born;, is a topological construct

From now on, assume that the complete lattice L is ideally com-
pletely distributive at T, and also that L is a frame, i.e., satisfies
the condition (\/S) A a=\/,cs(sAa) forevery SC L, ac L.

L-Born, is a topological construct, and therefore, is (co)complete.
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Topological universe of strict L-bornological spaces

Binary products of strict L-bornological spaces

Given maps X; 2 Land Xz 22 1, define a map X1 x Xo L]

by (Bl & Bz)(Xl,Xz) = Bl(Xl) A BQ(XQ).

Proposition 14

The product of two strict L-bornological spaces (Xi,B1) and
(X2,B2) is given by the source ((X1,B1) <= (X; x Xo,B%) =
(X2,B2)), in which Xi x X Z X; is the i-th projection map,
and B® = {B € XX | there exists a finite set J such that
B < VjGJ(Blj X B2j), and Blj € B, BQJ. € B, for every j € J}

v
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Topological universe of strict L-bornological spaces

Binary products of strict L-bornological spaces

Given maps X; 2 Land Xz 22 1, define a map X1 x Xo L]

by (Bl & Bz)(Xl,Xz) = Bl(Xl) A BQ(XQ).

Proposition 14

The product of two strict L-bornological spaces (Xi,B1) and
(X2,B2) is given by the source ((X1,B1) <= (X; x Xo,B%) =
(X2,B2)), in which Xi x X Z X; is the i-th projection map,
and B® = {B € XX | there exists a finite set J such that
B < VjGJ(Blj X B2j), and Blj € B, BQJ. € B, for every j € J}

v

The proposition is valid for the category L-Born as well.
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Topological universe of strict L-bornological spaces

Binary products of bornological spaces

Example 15

The product of two bornological spaces (Xi,B1) and (X2, B2) is
given by the source ((Xi,B1) <= (X1 x X2,B) = (X2,B5)), in
which X; x Xo = X; is the i-th projection map, and B = {B ¢
P(X1xXz) | there exists a finite set J such that B C |, ,(By; x By)),
and By, € By, By, € B, for every j € J}.
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Topological universe of strict L-bornological spaces

L-Born; is cartesian closed

Theorem 16
The construct L-Borng is cartesian closed.

@ Given a strict L-bornological space (Xi,B1), one has to show

that the functor L-Born M L-Born has a right adjoint.

e Given a strict L-bornological space (Xz,B2), one defines
H = L[-Borns((X1,B1),(X2,B2)) and also B = {S €
L\ pen(S(h) A h7(By)) € B for every By € Bi}, which
provides then a strict L-bornological space (H, B).

o Define an L-bounded map X; x H =% X, by ev(x1, h) = h(xy).
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Topological universe of strict L-bornological spaces

L-Born; is cartesian closed cont.

o The map (X1, B1) x (H,B) <% (X2, B,) provides the required
co-universal arrow for (X2, Bz), i.e., given an L-bounded map

(X1, B1)x (X3, B3) 5 (X2, B2), there exists a unique L-bounded
map (Xz, B3) 5 (H, B), making the next triangle commute

(X1, B1) X (X3, B3)

(X1, B1) X (H, B) —n (Xa. Bo).

F(x3)

@ The required map X3 i) H can be then defined by X; —= X5

with (f(X3))(x1) = f(x1,x3).
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Natural bornological space

The construct Born is cartesian closed.




Properties of bornological spaces
00000®00000

Topological universe of strict L-bornological spaces

Natural bornological space

The construct Born is cartesian closed. l
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since (in general) the set H is different from Set(Xi, X2).
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Topological universe of strict L-bornological spaces

Natural bornological space

The construct Born is cartesian closed. l

L-Borns (and thus, also Born) is not concretely cartesian closed,
since (in general) the set H is different from Set(Xi, X2).

Example 18

Given bornological spaces (X1, B1) and (X2, B2), it follows that H =
Born((X1,B1),(X2,B82)) and B = {S € PH| Upes h7(B1) € B2
for every By € Bi}, i.e., (H, B) is the natural bornological space.
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Topological universe of strict L-bornological spaces

Extremal monomorphisms in L-Borng

Remark 19

Given an L-bounded map (X1, B1) =4 (X2,B2) in L-Borng, the
following are equivalent:

@ m is an extremal monomorphism;
@ m is an embedding (an initial monomorphism);
© mis injective and By = {B € LX1 | m*(B) € Bo}.
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Topological universe of strict L-bornological spaces

L-Borng has representable extremal partial morphisms

Given maps X; Bl L, X 2 L, define a map X1 W X 5B by

Bl(X)7 x € Xy

(B1® B)(x) = {BQ(X) —
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L-Borng has representable extremal partial morphisms

Given maps X; Bl L, X 2 L, define a map X1 W X 5B by

50800 = { b S

Theorem 20
L-Borng has representable extremal partial morphisms.
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Topological universe of strict L-bornological spaces

L-Borng has representable extremal partial morphisms

Given maps X; Bl L, X 2 L, define a map X1 W X 5B by

50800 = { b S

Theorem 20
L-Borng has representable extremal partial morphisms.

@ Given a strict L-bornological space (X, B), let X* = X & {x}
and B* = {C e X" |C < B@#%, forsome B€ B, ac L}.

@ The map X S, X*, given by m(x py(x) = x, provides an L-
bounded map (X, B) —2; (X*, B*), which is an embedding.
® m(x pg) represents extremal partial morphisms into (X, B).
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L-Born; is a quasitopos

The construct Born has representable extremal partial morphisms.
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Topological universe of strict L-bornological spaces

L-Born; is a quasitopos

The construct Born has representable extremal partial morphisms.

Given a bornological space (X,B), it follows that B*
P(X*)| C C Bw{x} for some B € B}.

The construct L-Borng is a quasitopos.
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Topological universes

Definition 24
A construct is called well-fibred provided that it is fibre-small, and
for every set with at most one element, the corresponding fibre has

exactly one element.
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Topological universe of strict L-bornological spaces

Topological universes

Definition 24

A construct is called well-fibred provided that it is fibre-small, and
for every set with at most one element, the corresponding fibre has
exactly one element.

Definition 25

A well-fibred topological construct (C,| —|), for which C is a qua-
sitopos, is called a topological universe.

| \

A
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L-Born;, is a topological universe

Proposition 26
The construct L-Borng is a topological universe.
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L-Born;, is a topological universe

Proposition 26
The construct L-Borng is a topological universe.

@ One shows that there exists precisely one strict L-bornology BB
on both the empty set @ and the singleton set 1 = {co}.

@ To show the latter case, notice that since the L-bornological
space (1, B) should be strict, 557, € B, and therefore, B = L!.
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Topological universe of strict L-bornological spaces

L-Born;, is a topological universe

Proposition 26
The construct L-Borng is a topological universe.

@ One shows that there exists precisely one strict L-bornology BB
on both the empty set @ and the singleton set 1 = {co}.

@ To show the latter case, notice that since the L-bornological
space (1, B) should be strict, 557, € B, and therefore, B = L!.

The construct [0, 1]-Born is not well-fibred, since B; = [0, 1]! and
By = {0,]a€[0,1)} provide two different L-bornologies on 1.
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(finite \/)-closed complete distributivity at T,

Definition 27

A complete lattice L is called (finite \/)-closed completely dis-
tributive at T, provided that for every non-empty family {S;|i €
I} of (finite \/)-closed subsets of L, A, (VSi) = Ty implies
Vhern(Aies h(i)) =T, with H the set of choice functions on |

IEI
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Topological category of lattice-valued bornological spaces

(finite \/)-closed complete distributivity at T,

Definition 27

A complete lattice L is called (finite \/)-closed completely dis-
tributive at T, provided that for every non-empty family {S;|i €
I} of (finite \/)-closed subsets of L, A, (VSi) = Ty implies
Vhern(Aies h(i)) =T, with H the set of choice functions on |

IEI

Proposition 28

Given a complete lattice L, the following are equivalent:
@ L is (finite \/ )-closed completely distributive at T ;
© L is ideally completely distributive at T .

\
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Topological category of lattice-valued bornological spaces

A particular category of \/-semilattices

Given a \/-semilattice homomorphism L; i> Ly, there exists a A-
F
preserving map Lp v, Ly with ¢ (b) = \/{a € Ly |9(a) < b}.
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Topological category of lattice-valued bornological spaces

A particular category of \/-semilattices

Given a \/-semilattice homomorphism L; i> Ly, there exists a A-

N
preserving map Lp v, Ly with ¢ (b) = \/{a € Ly |9(a) < b}.

Definition 29
L" is the subcategory of Sup, whose objects L are (finite \/)-closed
completely distributive at T;, and whose morphisms L; i) Ly are

i
such that the map Ly q/)—> Ly has the following property:

(V)= Vses 1!}’_(5) for every S C L, such that \/ S = T,.

4
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Topological category of lattice-valued bornological spaces

L-Born is a topological category

Theorem 30

The concrete category (L-Born, | —|) is topological over the product
category Set x L iff L is a subcategory of L™,
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Topological category of lattice-valued bornological spaces

L-Born is a topological category

Theorem 30

The concrete category (L-Born, | —|) is topological over the product
category Set x L iff L is a subcategory of L™,

| \

Proof.
“«<=": Given an | — |-structured source S = ((X,L) (i),
|(Xi, Li, Bi)|)ier, the | — |-initial structure on (X,L) w.rt. S is

provided by B = {B € LX|(f;,1;)7(B) € B, for every i € I}.

N
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Topological category of lattice-valued bornological spaces

Example of topological L-Born

An example of L, which gives a topological category L-Born, is
the subcategory of Sup, whose objects satisfy the condition of the
category L", and whose morphisms are \/-semilattice isomorphisms.
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Topological category of lattice-valued bornological spaces

Example of non-topological L-Born

Example 32

o LetL; ={L, T}with L # T, let L, = [0, 1] (the unit interval),

and let L; ﬂ L, be a \/-semilattice homomorphism, which is
defined by (L) =0 and ¢(T) = 1.

@ Every category L, which contains L; i> Ly, provides a non-
topological category L-Born.

@ Both L; and L, satisfy the object condition of the category
L™, but ¢ does not satisfy the morphism condition of L", since

PH(VI0,1) =9 (1) =T # L = Vieo1) ¥ (b).
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@ This talk considered the categories L-Born and L-Born of fixed-
basis and variable-basis lattice-valued bornological spaces.
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basis and variable-basis lattice-valued bornological spaces.

@ We showed the necessary and sufficient conditions on both L
and L for the categories L-Born and L-Born to be topological.
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Final remarks

Conclusion

@ This talk considered the categories L-Born and L-Born of fixed-
basis and variable-basis lattice-valued bornological spaces.

@ We showed the necessary and sufficient conditions on both L
and L for the categories L-Born and L-Born to be topological.

@ We also showed that the category L-Borng of strict L-bornolo-
gical spaces is a topological universe for “fruitful” lattices L.
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Final remarks

Open problem

Definition 33

L-Born, is the full subcategory of L-Born, whose objects (strict
L-bornological spaces) (X, L, B) are strict L-bornological spaces.
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Final remarks

Open problem

Definition 33

L-Born, is the full subcategory of L-Born, whose objects (strict
L-bornological spaces) (X, L, B) are strict L-bornological spaces.

| A

Problem 34

Is there a fruitful variable-basis subcategory of the category L-Borny,
which is a quasitopos?

A
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Final remarks

Open problem

Definition 33

L-Born, is the full subcategory of L-Born, whose objects (strict
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Since L-Borns (in general) is not a construct, the notion of topo-
logical universe is not applicable in the variable-basis setting.
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Thank you for your attention!
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