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Introduction

Universal fuzzy measures

Definition and properties

For n ∈ N denote n = {1, 2, . . . , n}. By measure on n we mean any
monotone real function µn on 2n with µn(∅) = 0, µn(n) = 1.
Mesiar, Valášková (2003): Universal fuzzy measure (UFM) is a
sequence µ = (µn) of measures on n.
UFM µ is called regular if µn(A) ≤ µm(A) for all m < n and
A ⊂ m.
UFM µ is called proportional if µn(A) = µn+k(A)

µn+k(n) for all n, k ∈ N
and A ⊂ n.
Additive, sub-additive, super-additive UFM are defined in a usual
way.
Example: Let dn(A) = |A|

n for all n ∈ N and A ⊂ n. Then d = (dn)
possesses all the above listed properties.
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Introduction

Extension of UFM

Asymptotic fuzzy measures

Let µ = (µn) be a UFM and A ⊂ N. The sequence (µn(A ∩ n))
contains some information on the size of A.
Define

µ∗(A) = lim inf
n→∞

µn(A ∩ n), µ∗(A) = lim sup
n→∞

µn(A ∩ n)

and µ∗(A) = lim
n→∞

µn(A ∩ n) if the limit exists.
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Introduction

Extension of UFM

Asymptotic density

Example (continuation): Let A ⊂ N. Define

d(A) = lim inf
n→∞

|A ∩ n|
n

and d(A) = lim sup
n→∞

|A ∩ n|
n

.

We call d and d the lower and upper asymptotic densities,
respectively. If d(A) = d(A) the common value is referred as
asymptotic density and denoted by d(A).
For a set A ⊂ N and positive real numbers a < b we will denote by
A(m,n) the cardinality of the set A ∩ [a, b) in the sequel.
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Introduction

Other important densities
Pólya density

Let A ⊂ N and δ > 0. Define

p
δ
(A) = lim inf

n→∞

A(n , (1 + δ)n)

δn
,

pδ(A) = lim sup
n→∞

A(n , (1 + δ)n)

δn

and

p(A) = lim
δ→0+

p
δ
(A) and p(A) = lim

δ→0+
pδ(A).

We call p and p the lower and upper Pólya densities, respectively. If
p(A) = p(A) the common value is called Pólya density and denoted
by p(A).
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Introduction

Other important densities
Banach (uniform) density

Let A ⊂ N and k ∈ N. Define

bk(A) = lim inf
n→∞

A(n , n+ k)

k
,

bk(A) = lim sup
n→∞

A(n , n+ k)

k

and

b(A) = lim
k→∞

bk and b(A) = lim
k→∞

bk(A).

We call b and b the lower and upper Banach (uniform) densities,
respectively. If b(A) = b(A) the common value is called Banach
density and denoted by b(A).
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Introduction

Most used densities

Inequalities

All the three mentioned densities are related by the well known chain
of inequalities

0 ≤ b(A) ≤ p(A) ≤ d(A) ≤ d(A) ≤ p(A) ≤ b(A) ≤ 1

holding for every A ⊂ N.
Moreover, the equality d(A) = d(A) implies also the equality
p(A) = p(A).
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Introduction

Cardinal densities

Aim of the talk

The aim of this contribution is to investigate a large class of fuzzy
measures (or simply "densities") on N defined by use of cardinality of
sets of positive integers. We will call them cardinal densities.
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Introduction

Cardinal densities

Φ-densities

Denote by Φ the set of all non-decreasing functions defined on N
with values in R+.
For every φ ∈ Φ and A ⊂ N define the lower and upper φ-density,
respectively by

dφ(A) = lim inf
n→∞

A(n , n+ φ(n))

φ(n)

dφ(A) = lim sup
n→∞

A(n , n+ φ(n))

φ(n)
.
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Introduction

Cardinal densities

A special quantified partial order

For φ, ψ ∈ Φ define

q(φ, ψ) = inf{c > 0 | ∃n0 ∈ N ∀n ∈ N, n ≥ n0 :

φ(n+ bψ(n)c) ≤ cψ(n)}.

For φ, ψ ∈ Φ denote φ ≤∗ ψ if and only if φ(n) ≤ ψ(n) for all
sufficiently large n ∈ N. Note that q(φ, ψ) ≤ 1 implies φ ≤∗ ψ.
Also note that q(φ, ψ)q(ψ, φ) ≥ 1.
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Results

Comparison of cardinal densities

Order results

Very roughly spoken, dφ becomes greater with φ being greater, on
the other hand dφ becomes smaller with greater φ. More precisely,
we have the following lemma which is useful if q(φ, ψ) is close to 0.
Lemma. Let φ, ψ ∈ Φ. Then dψ ≥ dφ − q(φ, ψ) and
dψ ≤ dφ + q(φ, ψ).
Corollary. If q(φ, ψ) = 0 then dψ ≥ dφ and dψ ≤ dφ.
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Results

Construction of general cardinal densities

∧ and ∨-densities

Let F ⊂ Φ. For every A ⊂ N define

∧dF (A) = inf{dφ(A) | φ ∈ F},

∨dF (A) = sup{dφ(A) | φ ∈ F}

and

∧dF (A) = inf{dφ(A) | φ ∈ F},

∨dF (A) = sup{dφ(A) | φ ∈ F}.
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Results

Classification of cardinal densities
Four natural classes

We have seen that the values of both the lower and upper φ-densities
are somehow dependent on the order of growth of the function φ.
Thus we will classify the elements of the set F as follows. Let

Φ1 = {φ ∈ Φ | φ is bounded},

Φ2 = {φ ∈ Φ | φ is unbounded and φ(n) = o(n)},

Φ3 = {φ ∈ Φ | φ ≈ n,

i.e. ∃ 0 < c < C | ∀n ∈ N cn ≤ φ(n) ≤ Cn},

Φ4 = {φ ∈ Φ | n = o(φ(n))}.
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Results

Classification of cardinal densities

Classification and order of densities

It can be easily seen that for every i ∈ {1, 2, 3} and every choice of
φ ∈ Φi, ψ ∈ Φi+1 we have φ ≤∗ ψ. Moreover, also q(φ, ψ) = 0 holds
in this case.
Corollary Let 1 ≤ i < j ≤ 4 and φ ∈ Φi and ψ ∈ Φ(j). Then
dψ ≥ dφ and dψ ≤ dφ.
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Results

The following theorem shows that the well-known and frequently
used densities form natural bounds of dφ densities for φ belonging to
above defined classes.
Theorem.
(i) b = ∨dΦ1

, b = ∧dΦ1 .
(ii) b = ∧dΦ2

, b = ∨dΦ2 , p = ∨dΦ2
, p = ∧dΦ2

(ii) p = ∧dΦ3
, p = ∨dΦ3 d = ∨dΦ3

, d = ∧dΦ3

(iv) d = ∧dΦ4
, d = ∨dΦ4 ,

and for all A ⊂ N

{dφ(A) | φ ∈ Φ4} = {dφ(A) | φ ∈ Φ4} = [d(A), d(A)].
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