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Universal fuzzy measures

Definition and properties

m For n € N denote n ={1,2,...,n}. By measure on n we mean any
monotone real function p,, on 2" with p,,(0) = 0, pn(n) = 1.
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Introduction

Universal fuzzy measures

Definition and properties

m For n € Ndenote n={1,2,...,n}. By measure on n we mean any
monotone real function g, on 2" with p,(0) = 0, u,(n) =1.

m Mesiar, Valaskova (2003): Universal fuzzy measure (UFM) is a
sequence 1 = (u,) of measures on n.
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Introduction

Universal fuzzy measures

Definition and properties

m For n € N denote n ={1,2,...,n}. By measure on n we mean any
monotone real function g, on 2" with p,(0) = 0, u,(n) =1.

m Mesiar, Valaskova (2003): Universal fuzzy measure (UFM) is a
sequence 1 = (u,) of measures on n.

m UFM p is called regular if 1,(A) < pm(A) for all m < n and

ACm.

UFM p is called proportional if p,(A) = %’;((ﬁ)) forall n,k € N
and A C n.

Additive, sub-additive, super-additive UFM are defined in a usual
way.
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Introduction

Universal fuzzy measures

Definition and properties

For n € N denote n = {1,2,...,n}. By measure on n we mean any
monotone real function g, on 2" with p,(0) = 0, u,(n) =1.
Mesiar, Valaskova (2003): Universal fuzzy measure (UFM) is a
sequence 1 = (u,) of measures on n.

UFM p is called regular if p,(A) < pm(A) for all m < n and
ACm.

UFM p is called proportional if p,(A) = ’;"i—’;((‘:)) for all n, k € N
and A C n.

Additive, sub-additive, super-additive UFM are defined in a usual
way.

Example: Let d,(A4) = %' foralln e Nand A C n. Then d = (d,)
possesses all the above listed properties.
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Extension of UFM

Asymptotic fuzzy measures

m Let = (up) be a UFM and A C N. The sequence (u,(A Nn))
contains some information on the size of A.
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Extension of UFM

Asymptotic fuzzy measures

m Let = (un) be a UFM and A C N. The sequence (un(ANn))
contains some information on the size of A.

m Define

p*(A) = liminf p,(ANn), @ (A) = limsup p,(ANn)
n—oo

- n—00

and p*(A) = lim pp(AN n)if the limit exists.
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Extension of UFM

Asymptotic density

m Example (continuation): Let A C N. Define

d(A) = liminf [A0n| and d(A) = limsup 40 n|'

n— oo n n—oo n

We call d and d the lower and upper asymptotic densities,
respectively. If d(A) = d(A) the common value is referred as
asymptotic density and denoted by d(A).
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Introduction

Extension of UFM

Asymptotic density
m Example (continuation): Let A C N. Define

d(A) = liminf AN

n—oo

and d(A) = limsup 40 n|‘

n—o00 n

We call d and d the lower and upper asymptotic densities,
respectively. If d(A) = d(A) the common value is referred as
asymptotic density and denoted by d(A).

m For a set A C N and positive real numbers a < b we will denote by
A(m,n) the cardinality of the set AN [a,b) in the sequel.
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Other important densities

m Let A C Nand > 0. Define
A(n, (14 0)n)

ps(4) = liminf on ’
ps(A) = limsup Aln, (1+0)n) (; +9)n)
n—oo n

and
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Other important densities

m Let A Cc Nand § > 0. Define
A(n, (14 0)n)

ps(4) = liminf on ’
ps(A) = i3 Aln, (1+9)n) (;nJr o))
and
| |

p(A4) = lim p(4) and H(4) = lim s(A).

We call p and p the lower and upper Pélya densities, respectively. If
p(A) = p(A) the common value is called Pélya density and denoted

by p(A).
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Other important densities

Banach (uniform) density

m Let A C N and k € N. Define

B (A4) = lim infw,

_ A

bp(A) = limsup W
n—od

and
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Other important densities

Banach (uniform) density

m Let A C N and k& € N. Define

b.(A) = lim infw,
bi(A) = limsup W
n—oo
and
| |

b(A) = klim b, and b(A) = klim bi(A).
We call b and b the lower and upper Banach (uniform) densities,
respectively. If b(A) = b(A) the common value is called Banach
density and denoted by b(A).
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Most used densities

Inequalities

m All the three mentioned densities are related by the well known chain
of inequalities

0 < b(4) < p(A) < d(A) < d(4) < P(4) < §(A) <1

holding for every A C N.
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Most used densities

Inequalities

m All the three mentioned densities are related by the well known chain
of inequalities

0 < b(4) < p(A) < d(A) < d(A) < B(A) < b(4) <1

holding for every A C N.

m Moreover, the equality d(A) = d(A) implies also the equality
p(A) =p(A).
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Cardinal densities

Aim of the talk

m The aim of this contribution is to investigate a large class of fuzzy
measures (or simply "densities") on N defined by use of cardinality of
sets of positive integers. We will call them cardinal densities.
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Cardinal densities

m Denote by & the set of all non-decreasing functions defined on N
with values in R
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Introduction

Cardinal densities

= Denote by @ the set of all non-decreasing functions defined on N
with values in RT.

m For every ¢ € @ and A C N define the lower and upper ¢-density,
respectively by

A(n,n + ¢(n))

dy(A) = liminf =275
dg(A) = Ii:;rLsoLip W
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Cardinal densities

A special quantified partial order

m For ¢, € @ define
q(6,¢) =inf{c>0]|InpeNVReN, n>mnp :

¢(n+ [9(n)]) < cpp(n)}.
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Cardinal densities

A special quantified partial order

m For ¢, € @ define
q(6,¢) =inf{c>0]|InpeNVReN, n>mnp :

¢(n+ [9(n)]) < cpp(n)}.

m For ¢,1 € @ denote ¢ <* ¢ if and only if ¢(n) < ¢(n) for all
sufficiently large n € N. Note that ¢(¢, 1) < 1 implies ¢ <* 1.
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Cardinal densities

A special quantified partial order

m For ¢, € @ define
q(6,¢) =inf{c>0]|InpeNVReN, n>mnp :

¢(n+ [9(n)]) < cpp(n)}.

m For ¢,1 € @ denote ¢ <* ¢ if and only if ¢(n) < ¢ (n) for all
sufficiently large n € N. Note that ¢(¢, ) < 1 implies ¢ <* 1.

m Also note that ¢(¢,¥)q(v, ¢) > 1.
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Comparison of cardinal densities

Order results

m Very roughly spoken, d, becomes greater with ¢ being greater, on

the other hand c_i¢ becomes smaller with greater ¢. More precisely,
we have the following lemma which is useful if ¢(¢, ) is close to 0.
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Comparison of cardinal densities

Order results

m Very roughly spoken, d, becomes greater with ¢ being greater, on
the other hand dy; becomes smaller with greater ¢. More precisely,
we have the following lemma which is useful if ¢(¢, ) is close to 0.

m Lemma. Let ¢,¢) € @. Then d,, > d, — q(¢,?) and

dy < dg +q(¢, ).
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Comparison of cardinal densities

Order results

m Very roughly spoken, d, becomes greater with ¢ being greater, on
the other hand dy; becomes smaller with greater ¢. More precisely,
we have the following lemma which is useful if ¢(¢, ) is close to 0.

u Lemma. Let ¢,¢) € @. Then d,, > d, — q(¢,%) and
dy < dg + a(¢, ).

m Corollary. If g(¢,v) = 0 then d,, > d and dy < dy.
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Construction of general cardinal densities

A and V-densities

m Let F C @. For every A C N define
Ndr(A) = inf{dy(A) | ¢ € F},

Vdr(A) = sup{dy(A) | ¢ € 7}

and
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Construction of general cardinal densities

A and V-densities

m Let F C @. For every A C N define
Ndr(A) = inf{dy(A) | ¢ € 7},
Vdz(A) = sup{d4(4) | ¢ € 7}

and

NIF(A) = inf{dg(4) | ¢ € F),
Vir(A) = sup{ds(A) | ¢ € F).
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Classification of cardinal densities

Four natural classes

m We have seen that the values of both the lower and upper ¢-densities
are somehow dependent on the order of growth of the function ¢.
Thus we will classify the elements of the set F as follows. Let
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Classification of cardinal densities

Four natural classes

m We have seen that the values of both the lower and upper ¢-densities
are somehow dependent on the order of growth of the function ¢.
Thus we will classify the elements of the set F as follows. Let

@1 ={p €D | ¢is bounded},
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Classification of cardinal densities

Four natural classes

m We have seen that the values of both the lower and upper ¢-densities
are somehow dependent on the order of growth of the function ¢.
Thus we will classify the elements of the set F as follows. Let

&1 ={¢p € D| ¢is bounded},

Py ={¢ € D | ¢ is unbounded and ¢(n) = o(n)},
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Classification of cardinal densities

Four natural classes

m We have seen that the values of both the lower and upper ¢-densities
are somehow dependent on the order of growth of the function ¢.
Thus we will classify the elements of the set F as follows. Let

|
&1 ={¢p € D| ¢is bounded},
n
Py ={¢ € D | ¢ is unbounded and ¢(n) = o(n)},
|

@3:{¢€@|¢%n7
ie. 30<c<C|VneNen <¢(n) <Cn},
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Classification of cardinal densities

Four natural classes

m We have seen that the values of both the lower and upper ¢-densities
are somehow dependent on the order of growth of the function ¢.
Thus we will classify the elements of the set F as follows. Let

"
&1 ={¢p € D| ¢is bounded},

"

Py ={¢ € D | ¢ is unbounded and ¢(n) = o(n)},
"

P3={pecd|Pp~n,
ie. 30<ec<C |VneNen <¢(n) <Cn},

"

By = {6 €| n=o(d(n)}.
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Classification of cardinal densities

Classification and order of densities

m It can be easily seen that for every i € {1,2,3} and every choice of
¢ € Dy, P € Diy1 we have ¢ <* 1h. Moreover, also g(¢,1)) = 0 holds
in this case.
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Classification of cardinal densities

Classification and order of densities

m It can be easily seen that for every i € {1,2,3} and every choice of
¢ € Dy, P € D1 we have ¢ <* 1h. Moreover, also g(¢,1)) = 0 holds
in this case.

m Corollary Let 1 <i < j <4 and ¢ € §; and 1) € P(j). Then
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m The following theorem shows that the well-known and frequently
used densities form natural bounds of d,; densities for ¢ belonging to
above defined classes.
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m The following theorem shows that the well-known and frequently
used densities form natural bounds of d,; densities for ¢ belonging to
above defined classes.

m Theorem.

(i) b=Vdg,, b= Adg,.
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m The following theorem shows that the well-known and frequently
used densities form natural bounds of d,; densities for ¢ belonging to
above defined classes.

m Theorem.
(i) b=Vdg,, b= Ndg,
(i) b= Ndg,, b= Vdg,, p=Vdg,, D= ANdg,
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m The following theorem shows that the well-known and frequently
used densities form natural bounds of d,; densities for ¢ belonging to
above defined classes.

m Theorem.
(i) b=Vdg,, b= Ndg,.
(i) b= Adg,, b=Vds,, p=Vds, D=ANda,
(i) p=Adg,, P=Vde, d=Vdg, d=Ndg,
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m The following theorem shows that the well-known and frequently

used densities form natural bounds of d,; densities for ¢ belonging to
above defined classes.

m Theorem.
(i) b_\/dq;l, b= Adg,.
(i) b= Adg,, b=Vds,, p=Vdg,, P=ANdg,
(i) p=~Adg,, P=Vde, d=Vds,, d=Nds,
(iv) d = Ndg,, d=Vds,,

and forall AC N

{dy(A) | ¢ € Pa} = {dy(A) | ¢ € Pa} = [d(A),d(A)].
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