Construction methods for bivariate copulas

Radko Mesiar, Magda Komornikova
Faculty of Civil Engineering, Slovak University of Technology, Bratislava, Slovakia

FSTA 2014, January 28, 2014

Mesiar & Komornikova () FSTA 2014, January 28, 2014 1/36



@ Introduction

2) Modification of bivariate copulas

3) Modifications of the product copula IT

4) Modifications of copula M

5) Modifications of radially symmetric copulas

6) Concluding remarks



Introduction

Farlie-Gumbel-Morgenstern copulas
CYM(z,y) =z -y+Arz-y-(1-2)-(1-y), (1)

where X € [-1,1]
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Introduction

Farlie-Gumbel-Morgenstern copulas
OXM(@y)=z-y+Arz-y-(1-2)-(1-y), (1)
where X € [-1,1]
For a given copula C : [0,1]? — [0, 1], we will look for constraints on the noise
H :[0,1]?> — R so that the function C : [0,1]% — [0, 1] given by
Cy(u,v) = max (0, C(u,v) + H(u,v)) (2)

is also a copula. Obviously FGM copulas given by (1) are linked to C' =TI and
H,(u,v) = axux*(l—u)*xvx(1—wv) (observe that in this case, no truncation is
necessary).
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As another example, consider the comonotonicity copula M, M (u,v) = min(u,v), and a
parametric noise family H, : [0,1]> — [0,1], « € [0,1] given by
H, (u,v) = a(max(u,v) — 1). Then

My, (u,v) = max (0, (1 — &) * M (u,v) + a* (u+v — 1))

defines a singular copula with support on 3 segments connecting the point (H—La’ 1_%&)
with vertices (0,1),(1,1) and (1,0) (if « =0, My, = M; if a =1, My, = W is the
countermonotonicity copula given by W (u,v) = max (0,u + v — 1)).
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Figure: Formulae for the copula My, (u,v)
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A general formula for constructing bivariate copulas

If C'is a singular copula, the function H # 0 cannot be absolutely continuous.
Similarly, if C' is an absolutely continuous copula, H cannot be singular.
Therefore, as a special case of the modification (2), one can deal with
modification related to functions f, g : [0,1] — [0, 1] and constant A € R

Cx 1.9(u;v) = max (0, C(u,v) + A x C(f(u), f(v))).- 3)
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Obviously, FGM family given in (1) can be seen as a special case of construction
(3), considering C =11, A € [~1,1] and f = g given by f(z) = x — 2. Note
that as a necessary condition to ensure that e = 1 is a neutral element of C} ¢ g,
one should consider f(1) = g(1) = 0. On the other hand, if A <0, then C) ¢4 is
always grounded. However, if A > 0, then one should consider f(0) = g(0) = 0.
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Proposition 1

Let f,g:[0,1] — [0, 1] be Lipschitz functions with Lipschitz Constants ¢ and d,
respectively, and let f(0) = g(0) = f(1) = g(1) = 0. Then the function
Iyt : [0,1]2 — [0, 1] given by

Iy f.g(u,v) = max (0,u* v+ X * f(u) * g(v))

is a copula whenever |\ * ¢ d| < 1.
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Proposition 2

Let N : [0,1] — [0,1] be an involutive decreasing bijection (i.e., a strong
negation) such that it is 1-Lipschitz on the interval [k, 1], where k is the fixed
point of N, N (k) = k. Then the function M_; y n : [0,1]* — [0, 1] given by

M_1 n n(u,v) = max (0, min(u, v) — min(N(u), N(v)))

is a copula.
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Proposition 3

Let C :[0,1]?> — [0,1] be a copula and H : [0,1]?> — [0, 1] be a function so that
C+ H >0 and Cy is copula, i.e., Cy = C + H is a copula. Then also
Oy« = C + A% H is a copula for each A € [0,1].
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Proposition 4

Qnder the constraints of Proposition 3, the function ég is a copula, where
C :[0,1]2 — [0,1] is the survival copula related to C,

Clu,v)=u+v—14+C(1 —u,1—0),
and H : [0,1]% — [0, 1] is given by

H(u,v) =H(1 —u,1—v).
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Theorem 1

Let C': [0,1]*> — [0,1] be a copula and define H{ : [0,1]> — [0, 1], X € [0,1] by
H (u,v) = A * (u— C(u,v)) * (v — C(u,v)).
Then Cpye : [0,1]* — [0,1] given by

Che (u,v) = C(u,v) + A x (u — C(u,v)) * (v — C(u,v)) (4)

is a copula for each A € [0, 1] and any copula C.
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Remark 1

There is an interesting relation between the modification method (4) and
M-based ordinal sums. Indeed, consider C'= M — ({ag, by, Cx) |k € KC). Then

CHS =M — <<ak,bk,CH/\c(,zk_ak)> |]€ € /C) .

So, for example, if C =M — ((0,%,W),(3,1,W)), then

Cho =M — ({0, 3, %) {0, 3, I5%)), because of Cff = 1EW.
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Modifications of the product copula II

Observe that each polynomial p is Lipschitz on [0,1], and considering the
constraints p(0) = p(1) =0, clearly p : [0,1] — R is given by

p(x) =z * (1 — ) % g(x), where g is some polynomial (possibly a constant, as a
polynomial of degree 0). Hence for any polynomials g, h there is non—zero
constant \ so that for H) : [0,1]?> — R given by

Hy(u,v) =Axux*x(1—u)*v+*(1—v)*qg(u)*h(v)

it holds ITy, =II+ Hy, and Iy, is a copula. Obviously, the set of all such
constants A is a closed interval [«, ] such that o < 0 < §.

Mesiar & Komornikova () FSTA 2014, January 28, 2014 15 / 36



Theorem 2

Let N : [0,1] — [0, 1] be a convex strong negation. Then the function
HN [ ) ]2 - [07 ] given by

Iy (u,v) = max (0, uxv— N(u)* N(v)) (5)

is a negative quadrant dependent copula.
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Corollary 1

Let N : [0,1] — [0, 1] be a convex strong negation, and let A €]0, 1]. Define
f)\ : [07 1} - [O, 1] by

, T
(z) =A% N (mm (1, X)) .
Then Iy, : [0,1]2 — [0, 1] given by

Iy, (u,v) = max (O,u*v— A2« N (min (1, %)) « N (min (1%)))

is a negative quadrant dependent copula.
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Example 1

Consider the standard negation given by N(x) = 1 — x. Observe that for any
u,v €]0,1[, N'(u) = N'(v) = —1, and thus 1 > A% x N'(u) * N'(v) = A2 for any
A €]0,1]. Then
1) II,, : [0,1]2 — [0, 1] given by
Iy, (u,v) = max (0,uxv — A?* (1 —u) * (1 —v)) =
=max (0,(1 = A?)xu*v+ A% (u+v—1))
is a Sugeno—Weber copula for any A €]0, 1];
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Example 1a
2) Iy, : [0,1]2 — [0, 1] given by
a2y 2
1, (u,v) = max(0, A xu+ Axv—A) if (u,v) € [0,\]?,
I U * v else

is a copula for each A €]0,1]. Observe that II;, has a singular part with mass \?
uniformly distributed over the segment connecting points (0, A) and (), 0), and its
absolutely continuous part has density 1 on the domain [0, 1]%\ [0, A]>. Observe
that each copula Iy, can be seen as a II-ordinal sum, Iy, =II — ({0, A, W)).
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Theorem 3

Let f:[0,1] — [0,1] be a non—increasing function such that f(1) =0, f(k) =k
for some k €]0, 1], and f is 1-Lipschitz on the interval [k, 1]. Then the function
M_y 5,5 : [0,1]% — [0, 1] given by

M-y 7,7(,v) = max (0, min(u, v) — min(f(u), £(v)))

is a copula.
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Example 2

For A € [0,1], let g : [0,1] — [0, 1] be given by gx(z) = max(X — x,0). Then
M_1 .4, g5 is a singular copula given by

M_1 4, g, (u,v) = max (0, min(u, v) — min (max(A — w,0), max(A — v,0))).
Observe that M_; 4, 4, is the M-based ordinal sum,

Mflagz\’gx =M - (<07)‘7W>) .

U+v-i v
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Theorem 4

Let f:[0,1] — [0, 1] be a unimodal 1-Lipschitz function such that
f(0) = f(1) = 0. Then f(z) < for all = € [0,1] and the function
M_y 55 :[0,1]* — [0,1] given by

M_17,(u, v) = min(u, v) — min(f(u), £(v))

is a singular copula.
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Example 3

For any Archimedean copula C generated by an additive generator
h:10,1] — [0,00] (h is convex, strictly decreasing and h(1) = 0),

C(u,v) = b~ (min(h(0), h(u) + h(v))),
its opposite diagonal section
f:00,1] = [0,1], f(z) = h~* (min(h(0), h(z) + h(1 — 2))),

satisfies the constraints of Theorem 4 with modal argument m = % and
o) =1-—=x.
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Example 3a

Consider, e.g., the product copula II. Then f(z) =I(z,1 —2) = 2 * (1 — z), and
for each A € [0, 1],

1=Nu+Axu? fu<o<1—u,
(1-XNv+rxv? ifo<u<l-—o,

v+ Ak (u—u) ifl—u<v<u,

u+A* (v2—v)  otherwise,

My g, (u,v) =

determines a singular copula.

u—v+v?

u? v—u+u?

v2

Figure: Formulae for the copula M ¢ ¢
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Example 3b

Consider the opposite diagonal section of an ordinal sum copula
C=M - (<O7 %,W> ,<1 1,W>) given by

2
_ N min(z, % —x) if z € [0, %],
fl@)=Clz,1—2) = { min(z — 3,1 — ) otherwise.
Then f is 1-Lipschitz, f(0) = f(1) =0, but f is not unimodal (two modal
arguments are m; = 1 and m3 = 3).

Then the section M_y s ¢(z,3) =2z —1ifz €[5, 1], i.e., M_y s is not
1-Lipschitz and thus not a copula.
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Remark 2

Observe that each function f : [0, 1] — [0, 1] satisfying the constraints of Theorem
4 which is symmetric wrt. point 0.5, i.e., f(z) = f(1 —z) for all z € [0, 1], can be
seen as an opposite diagonal section of some symmetric copula. Then also
M_y s ¢ is a symmetric copula (with support on the main and opposite diagonals)
and its opposite diagonal section g : [0,1] — [0, 1] is given by

g(x) =M_y f¢(x,1 —2) =min(z — f(z),1 —z — f(1 —z)).
Thus also M_; 4 4 is a symmetric copula and

Mo1g4(2,1—2) = f(2)

for all z € [0,1].
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Remark 2 - continued

Thus the repeated application of Theorem 4 can be seen as a method of
constructing a symmetric copula with a given opposite diagonal section. So, for
example, consider f(xz) = x % (1 — x), the opposite diagonal section of the product
copula IT. Then g(z) = min(z?, (1 — z)?), and

u — u? ifu<v<1—u,
v — 02 ifo<u<l-—uw,
v—(1-u)? ifl-u<v<u,

u—(1—v)? otherwise,

M—17979(u7 U) =
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Theorem 5

Let C :[0,1]?> — [0,1] be a copula. Then the following are equivalent:
i) C is radially symmetric (C and its survival copula C coincide), i.e.,
Clu,v) = Clu,v) =u+v—14+C(1—u,1—0v)
i) C_1,n. N, is a copula;
i) C_1n,N, = W.
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Corollary 2

Let C be a radially symmetric copula and let A € [0,1]. Then the function
C_xn..n, :[0,1]2 — [0,1] given by

C_xn, N, (u,v) = max (0,C(u,v) = A C(1 —u,1—v))

is a copula.
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Example 4

Consider the ordinal sum copula C'= M — ({0, 1, W), (1,1,W)). Then C = C,
and C_» n, n,, A € [0,1], is a singular copula depicted in Figure.

u+v-1
uti(v—1)
S+ + 230
2
1 —+
2 uy- R
2
v+i(u—1)
0
21
2
: :
A 1
2 2

Figure: Description of copula C_ n,, N,
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Concluding remarks

We have introduced several methods for modifications of binary copulas, resulting
to new construction methods for copulas. As an important topic for the further
investigation we open the problem of modification of copulas of higher
dimensions. Some extensions of results recalled or introduced in this paper are
obvious. For example, considering the approach linked to FGM family it is not
difficult to check that for each 1-Lipschitz functions f; : [0, 1] — [0, 1] such that
fi(0) = f:(1) =0, ¢ =1,--- ,n, the function D, : [0,1]™ — [0, 1] given by

Di(u, -+ yun) = [Jus + A fi(w)
i=1 i=1

is an n—ary copula for each A € [—1,1].
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Concluding remarks

On the other side, we cannot directly generalize Theorem 4. Considering the
function D : [0,1]™ — [0, 1] given by

D(uq, -+ ,up) = max (0, min(uy, -, up) —min(l —ug, -, 1 —uy)),

it is not difficult to check that for each 2-dimensional marginal function D; ; with
fixed up = 1 whenever k ¢ {4, j} it holds

D; ;(ui,uj) = max (0, min(u;, u;) — 0) = min(u;, uj).
Supposing D is a copula, then D; ; = M for each 4,5 € {1,--- ,n}, i # j, if and

only if D(uy,- -+ ,up) = min(uy, - ,u,) for all (u, -+ ,u,) € [0,1]™, what is a
contradiction whenever n > 2.
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Thanks for your attention

esiar & Komornikova () FSTA 2014, January 28, 2014 36 / 36



	Introduction
	Modification of bivariate copulas
	Modifications of the product copula 
	Modifications of copula M
	Modifications of radially symmetric copulas
	Concluding remarks

