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Bilevel linear programming problem (BLPP)

PY — upper level problem,
PL = (PL PE, ..., PL) — lower level problems:

PY . yo(X) = Co1X1 + CoaXa + ... + CoxXxk — min

P1L : y1(X) = Ci1X1y + C12Xo + ... + CixXx — Min

P,% : yn(X) = Cm Xy + CpoXo + ... + Cpx X — Min

) 8j1X1 + 8joXo + ... + 8jx Xk < bj, j: 1,...,m,
. X/ZO,/Z‘I,...,k.

We suppose that D is non-empty bounded set.
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Membership functions of objectives
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Method for solving multi-objective

linear programming problem

We denote:

pi(x) = zi(yi(x)), i =0,n.
Using the notation above it is reasonable to rewrite the problem:

min i(Xx) — max
ie{O,...,n}Hl( ) xeD’

which can be reduced to the linear programming problem
(H.J. Zimmermann, 1978):

o — max
X,

po(X) = o

pn(X) > o
xeD

Let us denote by (x*, c*) the optimal solution:
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Parameters of the BLPP solving algorithm

Parameters §, A;, Ay are introduced to find the solution x** for

BLPP (M. Sakawa, |. Nishizaki, 2002):
Q wo(x™) >0

to(X**)

minui(x) —  max
i=1,n XeD, po(x)>6

< Au.

o — Mmax

X,0

(110(X) > 6
pi(x) = o

pn(X) = o
xeD
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Parameters of the BLPP solving algorithm

Yo(X) = —xp —> min
y1(x) = —3v3xy 4+ 3%, — min
Asyee
i Yo(x) = 3v/3xy + 3xp — min
N a3 + 3% < 1843
-l I —3‘\/§X1 + 3X2 S 0
AUU? ————————— X1 2 0,% >0
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An aggregation operator designed for solving BLPP

To study in details the parameters of BLPP solving algorithm, a
special aggregation has been constructed. The aggregation
observes objective functions on the lower level considering the
classes of equivalence generated by a function on the upper

level.

Ao, pizs ooos pn)(X) = max minpu (u), (), ..., (),
po(X)=po(u)

where

Koy H1y o5 n € [071]D7 X,UG D
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General aggregation operator

Let 111, pio, ... in € [0, 1]X be fuzzy sets and 0, 1 are indicators
of @ and X respectively.

(A. Takaci, 2003) A mapping A: |J,([0, 11%)" — [0, 1]X is called
a general aggregation operator if the following conditions hold:
(A1) A(Q,...,0)=0;
(A2) A(1,...,1)=1;
(A3) VM,HQ,--:’MM,HZa---ﬂZnE [071]X : -
{1UJI' = Nj, | = 1an} = {A(/'L'Ia"'v/ln) = A(n17"'7"7n)}-
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General aggregation operator

@ T-extension of an aggregation operator A

At e pin)(X) = sup T(1(X1), s pin(Xn))

x=A(X1,-..,Xn)

@ pointwise extension of an aggregation operator A

At s ) (X) = A(pa (X), -os (X))

Here
4, s pin € [0,11%, X, X1, .. Xp € X.
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Factoraggregation

General aggregation operator 74% is called a factoraggregation
of fuzzy sets w1, o, . . ., un by means of fuzzy set pyg if

A#O(M17M27"'7Mn)(x) = sup A(M1(U)7M2(U),---a/in(u))
po(U)=po(x)

where
110, - i € [0,11%, x,u € X.

Equivalence relation generated by 1:
X ~pg ¥ = po(X) = po(y)-
Relation ~,, factorizes X into the classes of equivalence:

X = {x € X|uo(x) = a}.
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Properties of factoraggregation

@ Associativity

Ao (11, Ao (112, 13)) = Ao (Ao (111, 12), 113)
Ais associative = A, is associative.
@ Symmetry

Ao (1, p2) = A (12, 111)

Ais symmetric — Z\MO is symmetric.

@ Idempotent elements ~
An element p is idempotent for A, if the following
condition is satisfied:

X~pg Y =X~ Y.
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Properties of factoraggregation

@ An element ais an absorbing element of operator A =
= 3(x) = ais an absorbing element of operator A,,,:

APJO(/‘LM---7#/—17é7p’i+17---7/$n):é.

@ An element e is a neutral element of operator A —
= &(x) = eis a neutral element of operator A,,:

Aug(bt -5 i1, € Bt -, fin) =
Auo(H1y -+ o5 ity it s - -+ 5 fAn)-
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Factoraggregation applied for solving BLPP

Auo(pi1; b2, -y pin)(X) = max  min(ps(u), p2(U), ..., pn(U)),
po(X)=po(U)
where
pi4, s pin € [0,1]P, x,u € D.
Properties:
@ symmetry,

@ associativity,

@ existence of idempotent elements,
e 0 is absorbing element,

@ 1is neutral element.
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An aggregation operator designed for solving BLPP

Denoting 5
AMO(:“"I 9 :U’27 ceey Hn)(X) = H(X)7

2(yo(x)) = u(x),
t = yo(x),
we consider the figures o = zy(t) and o = z(t) :
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Analysis of BLPP parameters

[a ]
@ = zo(l)

08

08r

07

osh PY: z(x)= 8xy X% > min

os| PL. z(x) = 3% — 2x, — min

oa Ps: za(x) Xy — xg — min

03 —X1 +3x < 21

02 X1+ 3xp <27

N D:ddxy +3x <45
3x; + X < 30

% £ v 5 E = 04 X > 0,xp >0
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Analysis of BLPP parameters

(o Péjz 20(x) =x1 — X2 — min
s v = z(](t) P1L 1 Zy(x) = 3%y — 2Xp — min
PQL D Za(x)=-3%; — Xz — min
naf
—X1 +3x2 < 21
o7l X1+ 3xp < 27
oe D: < 4xy +3x < 45
3x1 +x2 < 30

05 Xy = O:Xz = 0
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Properties of function z(t) obtained by the

factoraggregation

@ o = min{z(t*), zo(t*)}, where t* = yp(x*).

@ max z(t)=z(t).
telygn, t+]

@ Function z is monotone on interval [y§™, t] :

vt', 2 e[y ]t < 2 = z(t') < 2(£?).

@ Function z is convex on interval [y, t*].
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Analysis of BLPP parameters

yo(xr) = ry — T9 — min

y(z) = —0.22) — 19 — min

yo(xr) = T9 —* min

03r 5 =0.6764
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Thank you for your attention!
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