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Boolean algebras

When two formulas are equivalent? E.g.
Question 1:

- this can be decided by brute force in truth tables

better arrangement:

A0 1
0 |01
1 [1]1

alblaV(adAb)|aVd
00 0 0
011 1 1
10 1 1
1|1 1 1

7

aV(a' Ab)=aVb

2/32



http://cmp.felk.cvut.cz

Boolean algebras 2
3/32



http://cmp.felk.cvut.cz

Boolean algebras 2

3/32

- or transformation to (unique) normal forms



http://cmp.felk.cvut.cz

Boolean algebras 2

3/32

- or transformation to (unique) normal forms

- testing tautologies, not only by brute force, but



http://cmp.felk.cvut.cz

Boolean algebras 2

3/32

- or transformation to (unique) normal forms
- testing tautologies, not only by brute force, but

- by resolution principle



http://cmp.felk.cvut.cz

Boolean algebras 2

3/32

- or transformation to (unique) normal forms
- testing tautologies, not only by brute force, but
- by resolution principle

- simplification of formulas using distributivity



http://cmp.felk.cvut.cz

Boolean algebras 2

3/32

- or transformation to (unique) normal forms

- testing tautologies, not only by brute force, but
- by resolution principle

- simplification of formulas using distributivity

- Karnaugh maps



http://cmp.felk.cvut.cz

Boolean algebras 2

3/32

- or transformation to (unique) normal forms
- testing tautologies, not only by brute force, but
- by resolution principle
- simplification of formulas using distributivity
- Karnaugh maps

- Svoboda maps



http://cmp.felk.cvut.cz

Boolean algebras 2

3/32

- or transformation to (unique) normal forms
- testing tautologies, not only by brute force, but
- by resolution principle
- simplification of formulas using distributivity
- Karnaugh maps
- Svoboda maps

- Quine-McCluskey method, etc.
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Quine-McCluskey method in Boolean algebras

Repeated use of the law (p Aa)V (pAd') =g

Example:

(anc)V(aANV ANV (@aANBANSAND)V (aANbANE AN

" — e
:(a/\c)\/&a/\b’/\c’)\/(a/\b/\c’l
— e
=(aNc)V(aNd)

-~

— a
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Quine-McCluskey method in many-valued logic
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[Petrik 04] Quine-McCluskey method for Godel logic with all truth constants
and crisp equality operation (=Kronecker delta)
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examples 6/32
aV (a’ Ab) # aV bin Godel logic with involutive negation
AP0 21 AP0 21
0 [0]2]1 0 [0]1]1
N I O I O [ I I
2 2 | 2|2 2 2 | 2
1 [1]1]1 1 [1]1]1
a® (a’ ©b) =aVbin tukasiewicz logic (MV-algebra)
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1 1 1 1 1 1
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examples
aV (a’ Ab)
AP0 21 AP0 21
0 [0]L]1 0 [0]i]1
1 [I7IT LI
2 2 | 2|2 2 2 | 2
1 [1]1]1 1 [1]1]1
a® (a’ ©b) =aVbin tukasiewicz logic (MV-algebra)
AP0 21 AP0 21
0 [0]2]1 0 [0]1]1
1 1 1 1 1 1
3 | 2|31 2 | 2031
1 [1]1]1 1 [1]1]1
a® (o ®b) #a®bin tukasiewicz logic (MV-algebra)
N0 51 AP0 L
0 [0]1]1 0 [0]1]1
1 1 1 1 1
2 | 2|31 2 |2 ||
1 [1]1]1 1 [1]1]1

Testing equations in many-valued logics -

# a V b in Godel logic with involutive negation

6/32
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7/32
In Boolean algebras:

only a “small” search space: 2" cases
n = the number of different variables

In Godel logic: (n + 2)™ cases

In Godel logic with involutive negation: (2n + 2)™ cases
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Semantical testing of tautologies in tukasiewicz @ s
logic (in MV-algebras) 8/32

It suffices to consider evaluations in
the standard MV-algebra |0, 1] [Chang 58]
{0,L,2,...,1}, Vm € N [Chang 58]

still infinite;
we need a bound for m
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M ... the number of all occurrences of variables in the formula
n ... the number of different variables in the formula

[Mundici 87]: m < bo(M) = 2(2M)° = 94M°

M number of truth values—1
16

65536

68719476736

18446744073 709551616

1267 650600 228229401 496 703205376

cr A W N

Complexity S0 (7 4 1)"

M\n 1 2 3
1 152

2 | 2147581952 93831434 829 824

3| 2.361-10%! 1.081-10%% 5.575- 102
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2nd bound
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“The importance of being a good teacher."

[Aguzzoli, Ciabattoni, B. Gerla]: m = by (M) = 2M~1

M | number of truth values—1
1 1
2 2
3 4
4 8
5 16
6 32
7 04

Complexity: (b1(M)+1)"
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M\n ] 1 2 3 4 5
1 | 2
2 | 3 9
3 | 5 25 125
4 | 9 81 729 6561
5 |17 289 4913 83521 1419 857
6 |33 1089 35937 1185921 39135393
7 |65 4225 274625 17850625 1160290625

11/32
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[Aguzzoli, Ciabattoni, B. Gerla]: m < b(M,n) = <%)n

M\n|1l 2 3 4 5
1 |1

2 |2 1

3 |3 2 1

4 |4 4 2 1
5 |5 6 4 2 1
6 |6 9 8 5 2
7 |7 12 12 9 5
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[Aguzzoli, Ciabattoni, B. Gerla]: m < b(M,n) = <%)n

M\n|1l 2 3 4 5
1 |1

2 |2 1

3 |3 2 1

4 |4 4 2 1
5 |5 6 4 2 1
6 |6 9 8 5 2
7 |7 12 12 9 5

Complexity Z%fl,n) (m 4 1)n
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M\n] 1 2 3 4 5
1 | 2

2 | 5 4

3 | 9 13 8

4 |14 54 35 16

5 |20 139 224 97 32
6 |27 384 2024 2274 275
7 |35 818 8280 25332 12200
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This approach is preferable. As a by-product, we find the minimal
denominator for which the formula is not a tautology.
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20 139 224 97 32
27 384 2024 2274 275
35 818 8280 25332 12200

M\n | 1

1 2 12/32
2 5 4

3 9 13 3

4 14 54 35 16

5

6

I

This approach is preferable. As a by-product, we find the minimal
denominator for which the formula is not a tautology.

Implemented by [Briazkova 05].
For 2 variables, this bound is tough [MN].
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Semantical testing in many-valued logics 2

- Testing of satisfiability in fukasiewicz logic? Still a problem.

- Testing of tautologies in basic logic?
[Hajek; Hanikova; Montagna, Pinna, and Tiezzi 03]

Alternative approaches to testing of tautologies:
- Linear programming, mixed integer programming

The task can be directly translated to a system of linear equalities and
inequalities.

- Hypersequent calculus by [Ciabattoni, Fermiiller, and Metcalfe 05] allows
to test tautologies in Godel and product logics as well.
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- Looking for counterexamples, a random search need not be a bad
alternative [Brizkova 05].

May give a negative answer.

- Syntactical prover [Lehmke 05]
http://Isl-www.cs.uni-dortmund.de/~lehmke /SimpleProver
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Testing equations in orthomodular lattices
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Mostly based on free algebras.
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aV(a’"ANb)=aVb

\" 0
0 [0
1|1

—t | [t
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aV(a’"ANb)=aVb

/! f@\ ®
\" 0 1 > % o + o
0 |0]1 @

1 |11 \ Y. ®
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Training site for free algebras: Boolean algebras
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aV(a’"ANb)=aVb
4 N
/! (%) ®
o0 ® @ e+
0 (01 @
1 |11 \ Y. ®

Everything is seen in a “good” Venn diagram = free Boolean algebra
with n free generators = 2"

All 24 = 16 binary Boolean operations represented by subsets of a 4-element

set:

a=a se b, b=a o b
a’:aogob, b/:aogob
aNb=a o0 b, aVb=a eeb

(@aAb)V(a'ANbV)=a oo b, (aNV)V(a'ANb)=a e b
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Training site for free algebras: Boolean algebras
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Binary Boolean operations can be combined:

aV(a'Ab) = (a @ b) oo ((acfe b) o (a e b)) =
= (a % b) V ((a ofe b) A(a o b)) =
- (a 020 b) \/ (a ogo b) —

= aeeb=aVbd


http://cmp.felk.cvut.cz

Training site for free algebras: Boolean algebras

a\”
0
1

OO O

0
1
0
1

oo =

— | |

23 represented by subsets of an 8-element set:

19/32
Example with 3 variables — distributivity: aV (bAc¢) = (aVb) A (aV ¢)
O O
® + O ® + ©
o o
b:a,(ofo7 O:')cba C:CL(OgO, o:o)cb
CL/\C:CZ(OSO, .2O)Cb7 b/\c:a(oio) Og')cb
aVec=a(eo, ee).b, bVc=ua(oe, e).b
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Testing equations in orthomodular lattices

Free OML with 2 free generators = F(a,b) = 2% x MO2

Greechie diagram:
a’ A e

a%%c’

ba A\ D
ta A
ba' A b
Sa’ AN
c=(@NAb)V(aNb)V(d AND)V(dAD)

1st factor = 2% (Boolean algebra)

2nd factor = MO?2

20/32
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Computation in MO2
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1 a b’
o o
O O
a b

aNb=aANb =d ANb=d ANb =0
aVb=aVvb =adVvb=d vbd =1
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Computation in MO?2

22/32

MO?2 is also represented by some subsets of a 4-element set:

aAb:a:ja aVvb=al-1b
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F(a,b) is represented by some subsets of an 8-element set:

24 X MQO2
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24 « MO2
- )
~ 3 ~
f @ B
2 (DO o
\_ @ J
N ® Y,
N J
0=a o b, a=alp b, b=a % b
1 = a |ol b, a' = a ol b, b = a o0 b

aAb:a}%b, aVb=ualeelb
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Testing equations in orthomodular lattices

7

aV(a' Ab)=aVb

av (@' Ab) = (alse b))V ((a Fb) A (a 5 b))

= (a2 b) V(a e D)

O
p— a/.a. b’

aVb = aleelb#aV(a AD)
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Testing equations in orthomodular lattices

We may admit further variables which commute with all others.

@

26/32

c commutes with a,b = F(a,b,c) = F(a,b) x F(a,b) is represented by

some subsets of a 16-element set:
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c commutes with a,b = aA(bVec)=(aAb)V(aAc).
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c commutes with a,b = aAN(bVec)=(aAb)V(aAc).
Proof:
anbVve) = (a2, o )ed) A((a( e, so)eb) Via( e, [59])eb))
= (a(lse s s )eb) Aa( g, [o5e] )et)
— a(. )eb
(anb)Viance) = ((a(l, [ )cb) Ala( o], o)cb))
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Testing equations in orthomodular lattices
28/32

Automatic prover: http://www.mat.savba.sk/~hycko/oml

Example: Associativity equations with 2 variables:

(axa)xb = ax*(axb)
(a*a) = ax*(a *xb)
(a*b)*b = ax* (bx*b)
(axb)xb = ax (b *xb)
(a*b)*a = ax*x(bxa)
(axb)xa = ax(bxa)

All can be tested for one binary OML operation * by a single command, e.g.

B3(54,B3(54,a,a),b)=B3(54,a,B3(54,a,b)) AND
B3(54,B3(54,a,a’),b)=B3(54,a,B3(54,a',b)) AND
B3(54,B3(54,a,b),b)=B3(54,a,B3(54,b,b)) AND
(B3(54,B3(54,a,b’),b)=B3(54,a,B3(54,b’,b))) AND
(B3(54,B3(54,a,b),a)=B3(54,a,B3(54,b,a))) AND
(B3(54,B3(54,a,b),a’)=B3(54,a,B3(54,b,a")))
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B3(92,B3(92,a,a),b)=B3(92,a,B3(92,a,b)) AND
B3(92,B3(92,a,a'),b)=B3(92,a,B3(92,a’,b)) AND
B3(92,B3(92,a,b),b)=B3(92,a,B3(92,b,b)) AND
(B3(92,B3(92,a,b'),b)=B3(92,a,B3(92,b",b))) AND
(B3(92,B3(92,a,b),a)=B3(92,a,B3(92,b,a))) AND
(B3(92,B3(92,a,b),a’)=B3(92,a,B3(92,b,a")))
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B3(92,B3(92,a,a),b)=B3(92,a,B3(92,a,b)) AND
B3(92,B3(92,a,a'),b)=B3(92,a,B3(92,a’,b)) AND
B3(92,B3(92,a,b),b)=B3(92,a,B3(92,b,b)) AND
(B3(92,B3(92,a,b'),b)=B3(92,a,B3(92,b",b))) AND
(B3(92,B3(92,a,b),a)=B3(92,a,B3(92,b,a))) AND
(B3(92,B3(92,a,b),a’)=B3(92,a,B3(92,b,a")))

Another prover by [Megill and Pavicic].
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Weaker assumption:
Every variable may not commute with at most one other variable.

=

the free lattice (not the free OML!) generated by these variables is
distributive.
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Weaker assumption:
Every variable may not commute with at most one other variable.

=

the free lattice (not the free OML!) generated by these variables is
distributive.

It does not allow to combine a variable and its orthocomplement.

For n = 3,

Greechie focusing technique is applicable to 18 expressions,
our approach to 962 = 9216 expressions.
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@
Topics for future research
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