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The Basic Notions

Definition

The structure (D, <,6,0,1) is called a D-poset if the relation <

1s a partial ordering on D, 0 is the smallest and 1 is the largest
element on D and

Q@ b6 a is defined iff a < b,
Q@ ifabthenbSa<band bo (bSa) = a,
Q@ a<b<c=cob<coa(coa)e(cod) =boa.
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The Basic Notions

Definition

Let (D,<,6,0,1) be a D-poset. It is called the Kopka D-poset,
if there is a binary operation * : D x D — D, which is
commutative, associative and has the following properties:

@ axl=a,Yac D;
Q@ a<b=axc<bxcVa,bceD;
Q@ ao(axb) <160b,Ya,be D.
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The Basic Notions

D-poset is called o-complete if every subset of countable
elements has the supremum and the infimum.

Definition

Kopka D-poset (D, 6, x,0,1) is called continuous if the following
holds:
an a=bxa, ~bxa,Va,,a,be D.
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The Basic Notions

A state on a D-poset D is any mapping m : D — [0, 1] satisfying
the following properties:

Q@ m(1) =1, m(0)=0;

Q a, ~a= m(ay)  m(a),Yay,a € D;

Q a, \ a= m(a,) \y m(a),Yan,a € D.
The state m is called additive, if

a,be€ D,a < b= m(b)=m(a)+m(bo a).
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The Basic Notions

A state on a D-poset D is any mapping m : D — [0, 1] satisfying
the following properties:

Q@ m(1) =1, m(0)=0;

Q a, ~a= m(ay)  m(a),Yay,a € D;

Q a, \ a= m(a,) \y m(a),Yan,a € D.
The state m is called additive, if

a,be€ D,a < b= m(b)=m(a)+m(bo a).

v
Remark

If D is a D-lattice, then the state m is additive if

m(aV b) = m(a)+ m(b)

whenever a ANb=0, a,b e D.
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States

Definition

If D is a o-complete D-lattice, then m is called o-additive, if

m (\/ a,-) =>» m(a;)
i=1

i=1

whenever a; N a; =0 (i #7), a; € D (1 =1,2,...).
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Definition

If D is a o-complete D-lattice, then m is called o-additive, if

m (\/ a,-) =>» m(a;)
i=1

i=1

whenever a; N a; =0 (i #7), a; € D (1 =1,2,...).

Let D be a o-complete D-lattice, m : D — [0,1] be a state. If the
state m is additive, then it is o-additive.

v
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The Basic Notions

Let J = {(—00, t); t € R}. An observable on D is any mapping
z: J — D satisfying the following conditions:

Q0 A, N\ 0= z(A,) \, 0,
Q A, /A= x(Ay) /S x(A).
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The Basic Notions

Let J = {(—00, t); t € R}. An observable on D is any mapping
x: J — D satisfying the following conditions:

Q0 A, N\ 0= z(A,) \, 0,
Q A, "A=z(A,) S x(A).

v
Definition

Let x : J — D be an observable on a o-complete D-poset D and
a,beR. Then

z([a, b)) = z((—00,b)) © 2((—00, a)).

V.

J =T U{la,b);a,be R, a< b} J
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Observables

Definition

Let z : J* — D be an observable in a D-poset D, «, 3,t be real
numbers, a > 0. Then

(@ +B)((=,0) = ((~00.=5))

and

(Oél‘ + 5)([_t7 t))
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A Construction of the Distribution Function

Theorem

Let z : J — D be an observable, m : D — [0,1] be a state.
Define a mapping F : R — [0,1] by the formula

F(t) = m(x((—00,1))).

Then F is a distribution function.

Maria Kukova FSTA 2012



A Construction of the Distribution Function

Theorem
Let z : J — D be an observable, m : D — [0,1] be a state.
Define a mapping F : R — [0,1] by the formula

F(t) = m(x((—00,1))).

Then F is a distribution function.

There exists exactly one probability measure A\p : B(R) — [0, 1]

such that
Ar([a, b)) = F(b) — F(a)

for any a,b € R, a < b.
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Observables

Definition

An observable x : J — D is integrable, if there exists

m@:émnm

where F' is the distribution function of x. It is square integrable,
if there exists the dispersion

(ﬂ@ZARM@—E@?
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Independence in a classic probability space (€2, S, P)

Independent random variables

Product of measures

There exists exactly one probability measure
Ap, X AR, - B(R?) = [0, 1]
such that
Ar, X ARy (A X B) = Ap, (A) - Ap,(B)

for any A, B € B(R).

V.
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Independence in a classic probability space (€2, S, P)

Probability distribution of the sum & + 7

P({w;€(w) +n(w) < t}),teR.
T: Q= R% T(w)=(&w),nw)),

g: R2 >R, g(u,v) =u+ .

§(w) +n(w) <t
&
we T (g (=00, 1))

P({w,€(w) +n(w) < t}) = P(T™' (g~ (=00, 1)))-
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Independence in a classic probability space (€2, S, P)

g (=00,8)) = Ay = {(u,v) ERZu+ v < t} ]
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Independence in a classic probability space (€2, S, P)

Theorem

Let £,m: Q — R be independent random variables,
Ay ={(u,v) ER¥Zu+v<thteR, T =(£n):Q— R2 Then

P(T_l(At)) = >‘F1 X )‘Fz(At)

for any t € R.
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Independence on D-posets

Definition
Let D be a D-poset, x1,...,x, : J* — D be observables,
AY ={(ur,...,up) ER"us + ...+ u, < t}, M, = {A};t € R}
The observables are called to be independent, if there exists a
mapping hy, : My — D with the following properties:

Q t Tt = ha(A}) /7 ha(AY),

Q ¢, oo= hy(A}) N1,

Q N\, —o0= hy(A}) (O,

Q m(hn(A})) =Ap, X ... X Ap, (A}),t € R.
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Independence on Kopka D-posets

Theorem

Let D be a o-complete continuous Kopka D-poset, m : D — [0,1]
be an additive state, z,y : J* — D be observables and let

m(z(A) * y(B)) = m(z(4)) - m(y(B))

VA, B e J*. Then z,y are independent in the sense of the
previous Definition.
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Independence on Kopka D-posets

Riecan, Lasova, 2010
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Sum of observables

Define yy, : J* — D by the equality y,((—o0, t)) = h,(A}).
Then y, is an observable.

Let xp,..., 2, : J" — D be independent observables. Then the
observable y, : J* — D defined in previous Theorem is called

the sum of observables x1,...,Tn, Yp = Y 1y Ti, i.€.
n
le = hy(A}),t € R.
=1
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Convergence

Definition

Let (2,)52; be a sequence of observables on a o-complete
D-poset D with a state m. We say that this sequence converges
in measure m to 0 if for each 0 < e € R

lim m (z,((—€,€))) =1

n—oo

and that it converges to zero m-almost everywhere if

k+i 11
e e B </\ w7 z>>) -

n=k

Maria Kukova FSTA 2012



Kolmogorov’s construction

Probability space (RY, o(C), P)

C={AcRY;A=nYB),BcBR"),nc N}

n
P (AxR) =P, 1(A),AcBR" ), ne N
Tn((ui)721) = (u1, uz, . . ., Un).
By the Kolmogorov consistence theorem there exists a

probability measure P : o(C) — [0, 1] such that

P(r;(B)) = Po(B) = Ap, X ... x Ap,(B)

n

for any B € B(R"),n € N.
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"Translation formulas"

Random variable &, : RN — R

En((ui)521) = un

P&+...+&<t)=m ((i ;) ((—o0, t)))

Pla<&i+...+& <b=m <(§n: z;)([a, b)))
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The limit theorems

Theorem (Central limit theorem)

Let D be a o-complete D-poset, (x,)52; be an independent
sequence of equally distributed square integrable observables,
E(z,) = a, 0%(z,) =02, (n=1,2,...). Then for any t € R

1 n
. =Y 1T —a 1 /t _22
1 == - ((—oo, t =P(t) = — dz.
i (I o) =00 = o [

v

Maria Kukova FSTA 2012



The limit theorems

Theorem (Weak law of large numbers)

Let D be a D-poset with an additive state m : D — [0, 1], let
(2,)5% 1 be an independent sequence of integrable observables
having the same probability distribution,
E(z,) =a, (n=1,2,...). Then the sequence

i=1 Ti

—a
n

converges in measure m to 0.

Maria Kukova FSTA 2012



The limit theorems

Theorem (Strong law of large numbers)

Let D be a o-complete D-poset, (x,)5%, be a sequence of
independent, square integrable observables, such that

Zzo:l 02 (En)

) < 00. Then the sequence of observables

n—E(@)+m—E@@m)+...+z,— E(zn)
n

(n=1,2,3,...)

converges m-almost everywhere to 0.
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Idea of the proof

_ O —ElE)+ ..+ — E@)

n bl
n

_ E?:l T; — (E(CE@) AF o oo AR E($n))

P (jj;ngl <[_;, i))) <m <k/+\Z Yn <[_§’ b))

n=~k

Yn

(Riecan — Neubrunn, 1997)
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