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Introduction

Fixed finite space X = {1,..., n}, functions from X to [0, 1]
we identify with vectors x = (xy, ..., X)

integral on X is special aggregation function
U:[0,1]" — [0,1]

1) construction based on capacity (measure)
m:2X —1[0,1], U=1(m,e)
2) axiomatic approach
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Lebesgue integral

1) additive capacity = probability

ZW,, I(m,x) = Zw,x,

i€eA
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|
Lebesgue integral

1) additive capacity = probability

ZW,, I(m,x) = Zw,x,

i€eA

2) U is additive




Choquet and Sugeno integrals

|
A capacity on X m: 2X — [0, 1] which is non-decreasing, i.e., we
have m(E) < m(F) whenever E C F C X, m(()) = 0 and m(X) = 1.
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|
Choquet integral

1
Ch(m, x) :/ m({i| x; > t})dt =
0

= Zxﬂ'i ’ (m({ﬂ—/a oo 77Tn}) - m({ﬂ—i+1 yor e ,Wn}));
P

for some permutation (w1, o, ..., m,) of {1,..., n} satisfying
X7T1 Sxﬂ'g S Sxﬂ'n
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Choquet integral
1
Ch(m, x) :/ m({i| x; > t})dt =
0

= Zxﬂ'i ’ (m({ﬂ—/a oo 77Tn}) - m({ﬂ—i+1 yor e ,Wn}));
P

for some permutation (w1, o, ..., m,) of {1,..., n} satisfying
X7T1 Sxﬂ'g S Sxﬂ'n

Sugeno integral

n

su(m,x) = \/(t Am({i| xi > t}) = \/ (Xz, AM({mi, ..., 7n})).

t=0 i=1



Choquet and Sugeno integrals

|
Let x,y € [0,1]". Then x and y are said to be comonotone if, for all
i,je{1,2,...,n}, we have (x; — x;) - (yi — y;) > 0.




Choquet and Sugeno integrals

Let x,y € [0,1]". Then x and y are said to be comonotone if, for all
i,je{1,2,...,n}, we have (x; — x;) - (yi — y;) > 0.

In other words, for comonotone x,y € [0, 1]” it is impossible to have
X; > x;and y; < y;.
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(i) An (n-dimensional) aggregation function is a function
A: [0,1]" — [0, 1] which is non-decreasing in each component
and satisfies the boundary conditions A(0,...,0) =0 and
A, 1) =1.

(i) An aggregation function A: [0,1]” — [0, 1] is said to be
comonotone additive if, for all x,y € [0, 1]” which are
comonotone and satisfy x +y € [0, 1]7, we have

Ux+y) = U)+ Uy).
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(Schmeidler 1986) Let U: [0,1]” — [0, 1] be an n-ary aggregation
function. Then the following are equivalent:
(i) There is a capacity m: 2X — [0, 1] such that U(-) = Ch(m, ).

(il) U is comonotone additive.
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Proposition

(Marichal 2001) Let U: [0,1]" — [0, 1] be an n-ary aggregation
function. Then the following are equivalent:

(i) There is a capacity m: 2X — [0, 1] such that U(-) = Su(m, -).
(i) U is A-homogeneous and comonotone maxitive, i.e., for each

c € [0, 1], the constant score vectorc = (c, ..., c) and all
comonotone X,y € [0,1]" we have

U(e Ax) =c A U(x),
Uxvy) = U(x) v U(y).
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|
A semicopula is two-dimensional aggregation function
®: [0,1]? — [0, 1] with neutral element 1.
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|
A semicopula is two-dimensional aggregation function
®: [0,1]? — [0, 1] with neutral element 1.

Let ®: [0,1]? — [0, 1] be a semicopula and let m: 2X — [0,1] be a
capacity on X. A discrete universal integral (based on ®) is an
aggregation function I : [0,1]” — [0, 1] such that
(i) forallc € [0,1] and all E C X we have lg m(c-1g) = c© m(E);
(i) forallx,y € [0,1]"withm({ie X | x; > t})=m({j € X | y; > t})
for all t € [0, 1] we have lg n(X) = lo,m(Y).



Some classes of fuzzy integrals

|
Observe that if a capacity m assumes values in {0, 1} only then all
discrete universal integrals are independent of the semicopula ®, and
they correspond to lattice polynomials.




Some classes of fuzzy integrals

A (binary) copula C: [0,1]?> — [0, 1] is a semicopula which is
supermodular, i.e., for all x,y € [0, 1]?

C(xVy)+ C(xAy) > C(x)+ C(y).
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|
A (binary) copula C: [0,1]?> — [0, 1] is a semicopula which is
supermodular, i.e., for all x,y € [0, 1]?

C(xVy)+ C(xAy) > C(x)+ C(y).

Proposition

Let C: [0,1]?> — [0, 1] be a copula and m: 2X — [0, 1] a capacity, and
define K¢(m, -): [0,1]" — [0,1] by

n

Ke(m, x) = Z(C(Xm, m({r,...,7n}) — C(Xn,_y, M({7j, ..., Tn})),

i=1

putting Xy = 0, by convention. Then K¢ is a discrete universal
integral.
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mi{my.s])

milms]) e,

Figure: Copula-based universal integral K¢
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Kc(m,X) = C(X‘ﬂ'1 ) 1) - C(XTH ) m({ﬂ'2’ﬂ'3})) + C(Xﬂ'za m({7T277T3}))*
— C(Xnp, m({73})) + C(Xry, m({73}))




Kc(m,X) = C(X‘ﬂ'1 ) 1) - C(XTH ) m({ﬂ'2’ﬂ'3})) + C(Xﬂ'za m({7T277T3}))*
— C(Xnp, m({73})) + C(Xry, m({73}))

n

KC(m7 X) = Z(C(Xﬂiv m({ﬂi """ 7rfl})) - C(Xﬂiv m({ﬂi+17 ooo 77Tn})))

i=1
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n
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me -(m({mi, ..., mn}) — M({mis1, -, mn}))
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Kc(m,X) = C(X‘ﬂ'1 ) 1) - C(XTH ) m({ﬂ'27773})) + C(Xﬂ'za m({7T277T3}))*
— C(Xnp, m({73})) + C(Xry, m({73}))

n

KC(m7 X) = Z(C(Xﬂiv m({ﬂiv 000 ,Wn})) - C(Xﬂiv m({ﬂi+17 ooo 77Tn})))

i=1
for the product copula M, N(x,y) = x - y

me -(m({mi, ..., mn}) — M({mis1, -, mn}))

K coincides with the Choquet integral

Ky is just the Sugeno integral
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|
For a given capacity m: 2X — [0,1], I, m: [0,1]" — [0, 1] given by

I@,m(x) = \/Xi@ m({J eX | Xj = X/}) = \/X‘n'i © m({ﬂ'iv' oo 77Tﬂ})'

i=1 i=1

is the smallest universal integral linked to ®
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|
For a given capacity m: 2X — [0,1], I, m: [0,1]" — [0, 1] given by

I@,m(x) = \/Xi@ m({J eX | Xj = X/}) = \/X‘n'i © m({ﬂ'iv' oo 77Tﬂ})'

i=1 i=1
is the smallest universal integral linked to ®

Iv.m(-) = Ku(m, -) is the Sugeno integral
In,» is known as the Shilkret integral



Axiomatic approach

Proposition

Let C be a copula and m a capacity on X. Then Kgc(m, ) is a
comonotone modular aggregation function, i.e., for all comonotone
x,y €[0,1]"

KC(max \ y) + KC(m7x A y) = KC(m7 X) + KC(m7 y)
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Introduction

Proposition

Let C be a copula and m a capacity on X. Then Kgc(m, ) is a
comonotone modular aggregation function, i.e., for all comonotone
x,y €[0,1]"

KC(max \ y) + KC(m7x A y) = KC(m7 X) + KC(ma y)

|
Define U: [0,1]2 — [0,1] by U(x,y) = (x A %)+ ((y — 3) V0). Then U
is an idempotent modular, but there is no copula C so that

U= KC (m, 0)
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Theorem

Let U: [0,1]" — [0, 1] be an aggregation function. Then the following
are equivalent:

(i) there is a copula C and a capacity m on X such that
U() = KC(m7 ');

(ii) U is idempotent and comonotone modular, and for all E, F C X
and all (u,v) € [0,1]?> we have

U(1E)= U(1F)é U(U~1E)= U(U~1F)

u<vandU(1g) < U(1f) =
Ulu-1g) —U(u-1g) < U(v-1g) — U(v - 1g)
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Symmetry of an aggregation function U: [0, 1]" — [0, 1] means that
we have U(xq,...,Xp) = U(Xx,, - .., Xx,) for each permutation
(m1,...,7n). Symmetry of a capacity means that we have

m(E) = m({=; | i € E}) for each E C X and for each permutation
(m1,...,mn), i.e., m(E) = m(F) whenever E, F C X have the same
cardinality.
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Axiomatic approach

Symmetry of an aggregation function U: [0, 1]" — [0, 1] means that
we have U(xq,...,Xp) = U(Xx,, - .., Xx,) for each permutation
(m1,...,7n). Symmetry of a capacity means that we have

m(E) = m({=; | i € E}) for each E C X and for each permutation
(m1,...,mn), i.e., m(E) = m(F) whenever E, F C X have the same
cardinality.

Theorem

Let U: [0,1]" — [0, 1] be a symmetric aggregation function. Then the
following are equivalent:

(i) there is a copula C and a symmetric capacity m on X such that
U(-) = Ke(m,);

(ii) U is idempotent and comonotone modular.
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(i) 2011 Mesiar, Zemankova: Ordered Modular Averages (OMA
operators)

(if) 1988 Yager OWA operators, Kn(m, -) with respect to a symmetric
capacity m is characterized up to symmetry by the comonotone
additivity

(iii) Kp(m, ) with respect to a symmetric capacity mis an Ordered
Weighted Maximum (OWMax operator) - 1991 Dubois, Prade. It
is characterized by symmetry, comonotone maxitivity and
A-homogeneity.
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Let U: [0,1]" — [0, 1] be an idempotent aggregation function. Then
the following are equivalent:
(i) there is a capacity m: 2X — [0, 1] and a semicopula
®: [0,1]? — [0,1] such that U = I m;
(ii) U is comonotone maxitive and for all E, F C X with

U(1g) < U(1F) and for each each t € )0, 1] we have
U(t-1g) < U(t-1F).
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Let U: [0,1]" — [0, 1] be a symmetric aggregation function. Then the
following are equivalent:
(i) There is a symmetric capacity m: 2X — [0, 1] and a semicopula
®: [0,1]? — [0,1] such that U = I m;
(ii) U is comonotone maxitive and for all E, F C X with
U(1g) = U(1F) and for each each t € )0, 1] we have
U(t-1g) = U(t-1f).
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|
Note that we cannot omit the condition that U(1g) = U(1F) implies
U(t-1g) = U(t-1F). Define U: [0,1]?> — [0, 1] by
U(x,y) = A(x,y) V (V(x,¥))?. Then U is a symmetric, idempotent
and comonotone maxitive aggregation function. If we define
m: 2X — [0,1] by m(E) = U(1g) we see that m(E) = 1 whenever
E # . However, then for each semicopula ©: [0,1]?> — [0, 1] we get
I@ﬁm =V 7£ U




Thanks for your attention
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