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Introduction

Prototype of effect algebras — the set of quantum
effects — self-adjoint operatort, 0 < A < 1.

Quantum effects — sharp and unsharp properties of
physical systems.

Special subclasses of effect algebras:

— gquantum logics — orthomodular posets and lattices,
— MV-algebras — algebraic bases for many-valued
logic.

Lattice ordered effect algebrasa common
generalization of MV-algebras and orthomodular
lattices.
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Effect algebras

An effect algebra- a partial algebraic structure
(£;@,0,1),

¢ — a partial binary operation;

0, 1 — constants:

(E1) a®b =0 a;
(E2) (a®b)®dc=a® (b c);

(E3) for everya € E there is a unique* such that
a®at=1;
(E4) if a & 1 Is defined, them = 0.
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ordering, summation

e orthogonality:a 1. b < a @ bis defined,;

e partial orderinga < b < dce E:a® c = b;
eVaceF. 0<a<l,albea<b

e Subtractionc=09a < a® c = b;

e O-SsUM:aq,as,...,a, € F,
a1 Das®...Pa,:=(a1D...Ban_1) D an;

o (a;)icr C E, F(I) := {F C I, F —finite},
@ié[ A; ‘= \/FE.F(I) Dicra;, (|f eXiStS).

E'Is o-orthocompleteff &, a; exists provided is
countable, an@;cra; existsvF € F(I).
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states, observables

e Astateon E: m: £ — [0,1] C R,
()ym(1) =1,

(2) m(a ® b) = m(a) + m(b);
o-additive m(@.-, a;) = > .-, m(a;).

e An observablon £: £ : A — E (where(€), A)—
measurable space — tlialue spacef &,

(1) &) =1,

(2) f(U;:); Ai) — @;ﬁl f(Ai)’

V(A)Z C A AN A =0, 4 .

emof: A—|0,1] C R - aprobability measure —
thedistribution of¢ In m.
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sharp and unsharp observables

e a € I aissharpiff a A at = 0, otherwisez is
unsharp

e An observableg : A — E'Is sharpiff

ran(§) == {£(A) : A € A} consists of sharp
elements, otherwisgis unsharp

e An observable isreal Iff its value space
(2, A) C (R, B(R)).

Expectation of a real observalgen a staten:

m(g) = /R tm o £(dt).
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compatiblility, blocks

e a,b € F arecompatiblaff da;,b;,c € E:
a1 b1 Dc,a=a; Pc,b=>b; P c.

o I/ — alattice effect algebrdLEA) iff (£;<)isa
lattice.

e A LEA Is covered by maximal sets of pairwise
compatible elements callddocks which are
MV-algebras.

e A LEA is an MV-algebra iff any two elements if&
are compatible.

e A LEA Is g-orthocomplete (a-LEA) iff it is a
o-lattice.

Blocks in ac-LEA arec-MV algebras.
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observables on LEASs

e [/ — ac-orthocomplete LEAS;,(E) — the set of all
sharp elements 1A' is ac-OML.
e S,(F) —the set of alb-additive states o/, assume

S,(E) # 0.
M — a block ofE, thenS,(E) C S,(M).

Theorem 1. The range of every observable énis
contained in a block of.

o £ — (7, F)-observable with range in a blod¥,
P& :={mo&:meS,(F)}—asetof probability
measure oz, F).
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L-S theorem

Theorem 2. For everyo-MV algebral there exists a
tribe 7 of fuzzy sets on a sé&f and an
MV-o-homomorphismi from 7 onto M.

e (X,7T,h)—standard Loomis-Sikorski
representation of\/.

e A tribe of fuzzy seten a setX +# () is a nonempty
system7 C [0, 1]* such that

(Tl) 1y € 7T;

(T2) feT = 1x—feT,;

(T (), €T = min(d_ ., fu, 1) €T.

e 7 Is ao-MV algebra closed under pointwise
suprema of sequences of its elements.

e S;,(7T) —sharp elements ifi — ac-algebra of sets.
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weak Markov kernel

(Z,F),(Y,G) —measurable spaces,

P — a family of probability measures 4w, 7).

o :/ xG—|0,1] is aweak Markov kernel (WMK)
w.r. P if:

(i) z — v(z,G) is F-measurable;

(i) VG € G,0<v(z,G) <1P-ae,;

(i) v(z,Y)=1,v(z0)=0P -a.e,;

(iv) if (G,), is a sequence i@ such that

G, NG, = 0(n # m), then

UG =) v(2,G,), P—ae.

n
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smearing

e (/. F), (Y,G)—measurable spaces;

e { —a(Z, F)-observable;

ev:7Z xG—1[01]—aWMKw.r.P(£). Then:
¥ PE) = P, 9),

(m o €)(G) = / v(z,G)m o £(d2)

A

IS called thesmearing of w.r. v.
o If there is an(Y, G)-observable) on £ such that

m(n(G)) = ¢v(mo&)(G), G €6,
we say that is defined by the smearing iw.r. v.
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basic observable

F —ao-LEA, £ — (€0, A)-observableyan (&) € M;
(X,T,h)—standard LS foi/.

VAe A, E(A) = h(fa), fa € T is Sy(T)-measurable
and unique up ta-null sets.

ov: X X A—0,1],v(x,A) := fa(x) —aWMK
w.r.{moh:m e S,(M)}.

e m({(A)) = m(h(fa)) = Jx falz)P(dz),

o P:=moh/S,(T),

¢ h/S,(T): S(T) — Sp(M) —asharp observable
on I/, so-calledbasic observable

Theorem 3. Every observable ona-LEA is defined
by a smearing of a basic observable.
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spectral measures

Va € E,AM :a € M,byLS,a =h(f,),f. €T.

e A\, : B(R) — E,A,(B) = h(f '(B))—asharpreal
observable.

e o — A, IS One-to-one and does not depend on the
block M containinga.

—

elements ofy’ are in one-to-one correspondence with
a subclass of sharp real observablegbn

o m(a) = [y fo(x)mo h(dx) =
Jitmo h(f71(dt)) = [, tm(A,)(dt).
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sharp real observables

Theorem 4. A real observable on E is sharp iff
there Is a blockl\/ and a measurable function

f: X —10,1] such that

£(B)=h(fYB)),B € B(R)). Moreover,
E=AN,,ac Miff feT.

e M/—a block of £, (X, T, h)— LS representation of
M,

- (2, A) -observable withran (&) C M,

Qf AHAg(A AEA

VA € A, E(A) = — a real observable on the
c-OML Sy, (FE) of sharp elements of.
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properties of ¢

'[heorem 5. For every observablé, the mapping
§ : A= Aga) has the following properties:

(GO1) £(Q) = Ay, whereA, is the (unique) observable
onSh(F) with A;({1}) = 1;

(GO2) if Ay, ..., A, are pairwise disjoint elements of,
then{(A U - U A,) = >0 £(A4;), where the

latter sum Is given by the functional calculus for
compatible observables;

(GO3) for anyA,, Ae AneN such that4,, " A, we
havet(A,) — £(A) everywhere.
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generalized observables

Definition 6. Let (€2, .A) be a measurable space. A
mapping= from A to a compatible set of real
observables oy}, ( F) with propertieg(GO1), (GO2),
(GO3) will be called an€2, A)-generalized
observableon E.

If = = ¢ for an observableg, we say thaE is
associatedvith &.

Define

PI'(A) = /Rtm o=Z(A)(dt),A e A,m e S,(F).

e A— PI'(A)is a probability measure a2, A).
o P:(A) = m(£(A)).
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smearing of gen. obs.

(Z,F), (Y,G) —measurable spaces,
= — (Z, F)-generalized observable dn
P(Z):={PF :me S,(F)}

v:Z xG—1[0,1]—-WMKw. r. P(Z).
o). P(E)—=P(Y,G),

H(PY(G) = / (2, G) P2 (dz)

A

will be called thesmearingof = w.r. tov.

e If thereis a(Y, G)-generalized observabt¢ on £
with P§(G) = v (P2)(G), G € G, we say that is
defined by the smearing afwith respect tov.
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properties of smearings

e The smearing of coincides with the smearing ¢f

e Every generalized observaldas defined by a
smearing of a basic observaldle€orresponding to a
block M.

e |f there Is a faithfulr-additive state ort/, then the
system of generalized observables is closed under
smearings.

A statem is faithful iff m(a) =0 = a =0.
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comparison LEA - E(H)

E(H) — Hilbert space effects (operataofs: H — H,
0<ALI);

e Observables 06 (H) — POVMs with ranges in

E(H);

e sharp observables @i H) — PVMs with ranges in
P(H) (projections);

e ONE(H), every generalized observable is associated
with an observable;

e every smearing of an observable Is again an
observable.

e £(H) is not a lattice, but is covered by MV-algebras
— maximal sets of commuting effects;

e a POVM¢ is a smearing of a PVM < ran(§) is
commutative;

e there are POVMs with noncommutative.ranqes.. ...
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