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Introduction
Prototype of effect algebras – the set of quantum
effects – self-adjoint operatorsA, 0 ≤ A ≤ I.

Quantum effects – sharp and unsharp properties of
physical systems.

Special subclasses of effect algebras:
– quantum logics – orthomodular posets and lattices,
– MV-algebras – algebraic bases for many-valued
logic.

Lattice ordered effect algebras– a common
generalization of MV-algebras and orthomodular
lattices.
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Effect algebras
An effect algebra– a partial algebraic structure
(E;⊕, 0, 1),
⊕ – a partial binary operation;
0, 1 – constants:

(E1) a⊕ b = b⊕ a;

(E2) (a⊕ b)⊕ c = a⊕ (b⊕ c);

(E3) for everya ∈ E there is a uniquea⊥ such that
a⊕ a⊥ = 1;

(E4) if a⊕ 1 is defined, thena = 0.
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ordering, summation
• orthogonality:a ⊥ b ⇔ a⊕ b is defined;

• partial ordering:a ≤ b ⇔ ∃c ∈ E : a⊕ c = b;
• ∀a ∈ E, 0 ≤ a ≤ 1, a ⊥ b ⇔ a ≤ b⊥;

• subtraction:c = b⊖ a ⇔ a⊕ c = b;

• ⊕-sum:a1, a2, . . . , an ∈ E,
a1 ⊕ a2 ⊕ . . .⊕ an := (a1 ⊕ . . .⊕ an−1)⊕ an;

• (ai)i∈I ⊆ E, F(I) := {F ⊆ I, F − finite},⊕
i∈I ai :=

∨
F∈F(I)⊕i∈Fai, (if exists).

E is σ-orthocompleteiff ⊕i∈Iai exists providedI is
countable, and⊕i∈Fai exists∀F ∈ F(I).
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states, observables
• A stateonE: m : E → [0, 1] ⊆ R,
(1)m(1) = 1,
(2)m(a⊕ b) = m(a) +m(b);
σ-additive: m(

⊕∞
i=1 ai) =

∑∞
i=1m(ai).

• An observableonE: ξ : A → E (where(Ω,A)–
measurable space – thevalue spaceof ξ,
(1) ξ(Ω) = 1,
(2) ξ(

⋃∞
i=1Ai) =

⊕∞
i=1 ξ(Ai),

∀(Ai)
∞
i=1 ⊆ A, Ai ∩ Aj = 0, i 6= j.

•m ◦ ξ : A → [0, 1] ⊆ R – a probability measure –
thedistribution ofξ in m.
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sharp and unsharp observables
• a ∈ E: a is sharpiff a ∧ a⊥ = 0, otherwisea is
unsharp.
• An observableξ : A → E is sharpiff
ran(ξ) := {ξ(A) : A ∈ A} consists of sharp
elements, otherwiseξ is unsharp.
• An observableξ is real iff its value space
(Ω,A) ⊆ (R,B(R)).
Expectation of a real observableξ in a statem:

m(ξ) =

∫
R

tm ◦ ξ(dt).
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compatibility, blocks
• a, b ∈ E arecompatibleiff ∃a1, b1, c ∈ E:
∃a1 ⊕ b1 ⊕ c, a = a1 ⊕ c, b = b1 ⊕ c.

• E – a lattice effect algebra(LEA) iff (E;≤) is a
lattice.

• A LEA is covered by maximal sets of pairwise
compatible elements calledblocks, which are
MV-algebras.
• A LEA is an MV-algebra iff any two elements inE
are compatible.
• A LEA is σ-orthocomplete (aσ-LEA) iff it is a
σ-lattice.
Blocks in aσ-LEA areσ-MV algebras.
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observables on LEAs
• E – aσ-orthocomplete LEA,Sh(E) – the set of all
sharp elements inE is aσ-OML.
• Sσ(E) – the set of allσ-additive states onE, assume
Sσ(E) 6= ∅.
M – a block ofE, thenSσ(E) ⊆ Sσ(M).
Theorem 1. The range of every observable onE is
contained in a block ofE.
• ξ – (Z,F)-observable with range in a blockM ,
P(ξ) := {m ◦ ξ : m ∈ Sσ(E)} – a set of probability
measure on(Z,F).
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L-S theorem
Theorem 2. For everyσ-MV algebraM there exists a
tribe T of fuzzy sets on a setX and an
MV-σ-homomorphismh fromT ontoM .
• (X, T , h) – standard Loomis-Sikorski
representation ofM .
• A tribe of fuzzy setson a setX 6= ∅ is a nonempty
systemT ⊆ [0, 1]X such that
(T1) 1X ∈ T ;
(T2) f ∈ T =⇒ 1X − f ∈ T ;
(T3) (fn)∞n=1 ⊆ T =⇒ min(

∑∞
n=1 fn, 1) ∈ T .

• T is aσ-MV algebra closed under pointwise
suprema of sequences of its elements.
• Sh(T ) – sharp elements inT – aσ-algebra of sets.
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weak Markov kernel
(Z,F), (Y,G) – measurable spaces,
P – a family of probability measures on(Z,F).
• ν : Z × G → [0, 1] is aweak Markov kernel (WMK)
w.r. P if:
(i) z 7→ ν(z,G) isF-measurable;
(ii) ∀G ∈ G, 0 ≤ ν(z,G) ≤ 1 P–a.e.;
(iii) ν(z, Y ) = 1, ν(z, ∅) = 0 P –a.e.;
(iv) if (Gn)n is a sequence inG such that
Gn ∩Gm = ∅(n 6= m), then

ν(z,
⋃
n

Gn) =
∑
n

ν(z,Gn), P − a.e..
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smearing
• (Z,F), (Y,G) – measurable spaces;
• ξ – a(Z,F)-observable;
• ν : Z × G → [0, 1] – a WMK w.r. P(ξ). Then:
ψ : P(ξ) → P(Y,G),

ψ(m ◦ ξ)(G) :=

∫
Z

ν(z,G)m ◦ ξ(dz)

is called thesmearing ofξ w.r. ν.
• If there is an(Y,G)-observableη onE such that
m(η(G)) = ψ(m ◦ ξ)(G),G ∈ G,
we say thatη is defined by the smearing ofξ w.r. ν.
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basic observable
E – aσ-LEA, ξ – (Ω,A)-observable,ran(ξ) ∈M ;
(X, T , h) – standard LS forM .
∀A ∈ A, ξ(A) = h(fA), fA ∈ T is Sh(T )-measurable
and unique up toh-null sets.
• ν : X ×A → [0, 1], ν(x,A) := fA(x) – a WMK
w.r. {m ◦ h : m ∈ Sσ(M)}.
•m(ξ(A)) = m(h(fA)) =

∫
X
fA(x)P (dx),

• P := m ◦ h/Sh(T ),
• h/Sh(T ) : Sh(T ) → Sh(M) – a sharp observable
onE, so-calledbasic observable.
Theorem 3. Every observable on aσ-LEA is defined
by a smearing of a basic observable.
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spectral measures
∀a ∈ E,∃M : a ∈M , by LS,a = h(fa), fa ∈ T .
• Λa : B(R) → E, Λa(B) = h(f−1

a (B)) – a sharp real
observable.
• a 7→ Λa is one-to-one and does not depend on the
blockM containinga.
=⇒

elements ofE are in one-to-one correspondence with
a subclass of sharp real observables onE.

•m(a) =
∫
X
fa(x)m ◦ h(dx) =∫ 1

0 tm ◦ h(f−1(dt)) =
∫ 1

0 tm(Λa)(dt).
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sharp real observables
Theorem 4. A real observableξ onE is sharp iff
there is a blockM and a measurable function
f : X → [0, 1] such that
ξ(B) = h(f−1(B)), B ∈ B(R)). Moreover,
ξ = Λa, a ∈M iff f ∈ T .
•M– a block ofE, (X, T , h) – LS representation of
M ,
• ξ – (Ω,A) -observable withran(ξ) ⊆M ,
• ξ̃ : A 7→ Λξ(A), A ∈ A.

∀A ∈ A, ξ̃(A) = Λξ(A) – a real observable on the
σ-OML Sh(E) of sharp elements ofE.
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properties of ξ̃
Theorem 5. For every observableξ, the mapping
ξ̃ : A 7→ Λξ(A) has the following properties:

(GO1) ξ̃(Ω) = Λ1, whereΛ1 is the (unique) observable
onSh(E) with Λ1({1}) = 1;

(GO2) if A1, . . . , An are pairwise disjoint elements ofA,
thenξ̃(A1 ∪ · · · ∪ An) =

∑n
i=1 ξ̃(Ai), where the

latter sum is given by the functional calculus for
compatible observables;

(GO3) for anyAn, A ∈ A, n ∈ N such thatAn ր A, we
haveξ̃(An) → ξ̃(A) everywhere.
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generalized observables
Definition 6. Let (Ω,A) be a measurable space. A
mappingΞ fromA to a compatible set of real
observables onSh(E) with properties(GO1), (GO2),
(GO3) will be called an(Ω,A)-generalized
observableonE.
If Ξ = ξ̃ for an observableξ, we say thatΞ is
associatedwith ξ.
Define

Pm
Ξ (A) =

∫
R

tm ◦ Ξ(A)(dt), A ∈ A,m ∈ Sσ(E).

• A 7→ Pm
Ξ (A) is a probability measure on(Ω,A).

• Pξ̃(A) = m(ξ(A)).
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smearing of gen. obs.
(Z,F), (Y,G) – measurable spaces,
Ξ – (Z,F)-generalized observable onE,
P(Ξ) := {Pm

Ξ : m ∈ Sσ(E)},
ν : Z × G → [0, 1] – WMK w. r. P(Ξ).
• ψ : P(Ξ) → P(Y,G),

ψ(Pm
Ξ )(G) :=

∫
Z

ν(z,G)Pm
Ξ (dz)

will be called thesmearingof Ξ w.r. toν.
• If there is a(Y,G)-generalized observableΘ onE
with Pm

Θ (G) = ψ(Pm
Ξ )(G), G ∈ G, we say thatΘ is

defined by the smearing ofΞ with respect toν.
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properties of smearings
• The smearing of̃ξ coincides with the smearing ofξ.

• Every generalized observableΞ is defined by a
smearing of a basic observableh corresponding to a
blockM .

• If there is a faithfulσ-additive state onE, then the
system of generalized observables is closed under
smearings.
A statem is faithful iff m(a) = 0 =⇒ a = 0 .
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comparison LEA - E(H)
E(H) – Hilbert space effects (operatorsA : H → H,
0 ≤ A ≤ I);
• observables onE(H) – POVMs with ranges in
E(H);
• sharp observables onE(H) – PVMs with ranges in
P(H) (projections);
• onE(H), every generalized observable is associated
with an observable;
• every smearing of an observable is again an
observable.
• E(H) is not a lattice, but is covered by MV-algebras
– maximal sets of commuting effects;
• a POVMξ is a smearing of a PVMη ⇔ ran(ξ) is
commutative;
• there are POVMs with noncommutative ranges.Observables onσ-lattice effect algebras – p. 19/19
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[9] A. Jenčová, S.Pulmannová: How sharp are PV measures?, Rep. Math. Phys.59 (2007), 257-266.
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