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Introduction

Eigen fuzzy set equations

first studied by Sanchez (FSS, 1978; JMAA, 1981) — used in medical research
later they were studied in many papers and found a much wider field of application

Wagenknecht, Hartmann (FSS, 1986)
construction of fuzzy eigen solutions in a given region (interval)

Jimenez, Montes, §es’elju, Tepavcevié (CAMWA, 2011)

|

Our approach

we study both equations and inequalities
we study systems of equations (inequalities), not only single equations (inequalities)
we use more general structure of truth values (complete residuated lattice)
>> differences between systems of inequalities and systems of equations
>> differences between systems of equations and single equations
>> connections with closures and openings w.r.t. fuzzy relations (fuzzy quasi-orders)
>> algorithms for computing the greatest and the least solutions

A\
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Fuzzy sets

Structure of truth values

complete residuated lattice: L = (L,V, A, ®,—,0,1)

negation — unary operation — defined by —x = x — 0

double negation property: x = -—x, forallx € L
complete residuated lattices do not have this property in general

MV-algebras satisfy the double negation property

Fuzzy sets

|

LA = {f|f : A > L}~ the set of all fuzzy subsets of a set A over £

F(A) = (LA, V, A, 0,A) — the complete lattice of fuzzy subsets of A

complement f~ of a fuzzy subset f: f7(x) = =f(x), foreachx € L

scalar multiplication Af (= fA) of f € LA and A € L: Af(a) = A ® f(a), for each a € A.
f € LA is a linear combination of f; € LA (i € I) if there are A; € L (i € I) such that

7=\ A

i€l

A\
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Fuzzy sets (cont.)

Closure and opening systems

closure system in ¥ (A) — a subset of L containing A, closed under arbitrary meets
opening system in ¥ (A) — a subset of L containing @, closed under arbitrary joins
(P, <) - partially ordered set. A function ¢ : P — P is

closure operator on (P, <) — isotone, extensive and idempotent function

if p(x) = x, then x is a ¢p-closed element

opening operator on (P, <) — isotone, intensive and idempotent function

if ¢p(x) = x, then x is a p-open element

closure system in ¥ (A) = set of all closed elements of some closure operator on ¥ (A)
opening system in ¥ (A) = set of all open elements of some opening operator on ¥ (A)

isotone if x < y implies ¢p(x) < P(y), forall x,y € P;
extensive if x < ¢(x), for each x € P;

intensive if ¢p(x) < x, for each x € P;

idempotent if p(Pp(x)) = p(x), for each x € P.
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Fuzzy sets (cont.)

Closure and opening systems (cont.)

C € L4 - closure system in F(A), X = {fi}ier € LA
C-closure of X:

Cx = /\{gGC | fi < foreveryieI}eC
— the least element of C containing all members of X.

principal element of C generated by an element a € A:
C,,=/\{feC|f(a)=1}eC
— the C-closure of the crisp subset {a} of A
principal part of C: P(C) = {Cs |a € A}
C C LA - opening system in F(A), X = {fi}ier € LA
C-opening of X:
Cx = V{gGC | g < fi foreveryieI} € C

— the greatest element of C contained in all members of X
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Fuzzy relations

Fuzzy relations

LAXA = {f|f : Ax A — L}~ the set of all fuzzy relations on a set A over £
R(A) = (LA%4,V, A, 0,A x A) — the complete lattice of fuzzy relations on A
R7! € R(B, A) — converse (inverse, transpose)of a fuzzy relation R € R(A, B)

R0, a) Y Ra,b) (acAbeB)

|

Compositions

R o S — composition of fuzzy relations R, S € LA*4:

RoS)a,0) = \/R@,b®5B,0)  (a,ceA)
beA

f o R, R o f — compositions of a fuzzy relation R € LA*4 and a fuzzy set f € L4:
foR@=\/fORG,®, Refiw=\/Rab@fW), (acAa)
beA beA

n-th power R" of a fuzzy relation R: R® = A4, R! = R, R**! = R” o R (n € IN?).
14 y
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Fuzzy quasi-orders, fuzzy equivalences

R € LA*4 _fuzzy relation

reflexive - R(a,a) =1,foralla € A, & AL <R

symmetric — R(a,b) = R(b, a), forall a,b € A, & R1TER

transitive — R(a,b) ® R(b,c) < R(a,c), foralla,b,ce A, ¢ RoR<R
fuzzy quasi-order —reflexive and transitive (fuzzy preorder, in some sources)
fuzzy equivalence — reflexive, symmetric and transitive

Q - fuzzy quasi-order, Q A Q7! - natural fuzzy equivalence of Q

Q(A) — complete lattice of fuzzy quasi-orders on A

&E(A) — complete lattice of fuzzy equivalences on A
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Fuzzy quasi-orders, fuzzy equivalences (cont.)

Closures of fuzzy relations

R € LA*4 — fuzzy relation

R = \/,.en R” - transitive closure of R (the least transitive fuzzy relation containing R)
|Al]=n- Rf= fet R¥, R is reflexive - Rf = R*!

R" = RV Ap — reflexive closure of R

R® = RV R~ - symmetric closure of R

R7 = (R")! = (R - fuzzy quasi-order closure of R
(reflexive-transitive closure, Q(A)-closure)

R = (R"))! = (R)")! = (R®))" - fuzzy equivalence closure of R
(symmetric-reflexive-transitive closure, Q(A)-closure)

Transitive closure - efficient algorithms

|

>> Naessens, De Meyer, De Baets, IEEE Trans. Fuzzy Systems 10 (2002) 541-551.
t-norm based structures — O(13)

>> De Meyer, Naessens, De Baets, EJOR 155 (2004) 226-238.
Godel structure — O(#2)
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Fuzzy quasi-orders, fuzzy equivalences (cont.)

Aftersets, foresets, equivalence classes

R € LA*4 — fuzzy relation

R-afterset of a € Ais aR € L# defined by: (aR)(b) = R(a,b), forany b € A,
R-foreset of ais Ra € LA defined by: (Ra)(b) = R(b, a), for any b € A.

R is symmetric iff aR = Ra, for each a € A;

if E is a fuzzy equivalence, we write E, instead of aE = Ea;

E, - equivalence class of a w.r.t. E

if |A| is finite — aftersets = row vectors, foresets = column vectors
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Fuzzy relations (cont.)

Residuals of fuzzy sets by fuzzy relations

R € LA*A _ fuzzy relation, f € L” - fuzzy subset
left residual f/R € LA of f by R:

f/R@ = \ R@a,b) - f&) = \@R® - fO©), (@ ea)
beA beA

right residual R\f € L of f by R:
R\N@ = \ R®, 0 > fb) = \R®) > f©), (@ €A

beA beA

concepts conjugated with compositions:

feRsg & f<g/R, Rofsg & f<SR\g

if R is symmetric, then f/R = R\f, for each f € L4
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Fuzzy quasi-orders, fuzzy equivalences (cont.)

Theorem (Bodenhofer (2003), Bodenhofer, De Cock, Kerre (2003))

Let R be an arbitrary fuzzy relation on a set A. Then

(a) Functions

frfeR,  fef[R,  feRof  fb R\ @™

are isotone functions of the lattice ¥ (A) into itself.

(b) IfRis reflexive, then functions f = f o Rand f + R o f are extensive, and functions
f V- f/Rand f = R\f are intensive.

(c) IfRis afuzzy quasi-order, then all functions in (1) are idempotent.
In other words, If R is a fuzzy quasi-order, then
f o foRandf - R o fare closure operators on F (A);
f o f/Rand f » R\f are opening operators on ¥ (A).
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Systems with left compositions and residuals

Notation

L; (i € I) - system of fuzzy relation inequalities or equations
(X | i € I) — the set of all solutions to this system
if I ={1,...,n}, we write (£1,..., Z,)

(Z) — the set of all solutions to a single fuzzy relation inequality or equation X

Theorem

| A\

Let {R;}ier be a family of fuzzy relations on a set A, let R = \/;jef Ri and Q = RY, and let f
denote an unknown fuzzy subset of A. Then
(foRi<flie=(foR<fH=(foQ<NH=(foQ=f)
={(f<fIRilieD={<fIR)=(<f/Q=(=f/Q)

Moreover, these sets consist of all fuzzy subsets of A that can be represented as linear
combinations of Q-aftersets.
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Systems with right compositions and residuals, double systems

Theorem

Let {R;}ier be a family of fuzzy relations on a set A, let R = \/ jef Ri and Q = RY, and let f
denote an unknown fuzzy subset of A. Then

(R,'OfoliGI)z(ROfo):(QOfﬁf):(QOf:f)
= F<RAflieD = <R\P =(F < Q) =(f = Q\P)

Moreover, these sets consist of all fuzzy subsets of A that can be represented as linear
combinations of Q-foresets.

A\

Theorem

Let {R;}ier be a family of fuzzy relations on a set A, let R = \/ ;¢ Ri and E = R, and let f
denote an unknown fuzzy subset of A. Then

(foRisfRiofSflieD)=(foR<Sf,Rof Sf)=(foEXf)
=(foE=f)=(f <f/R,f SR\fliel)
={f SfIRf S R\f) ={f S f/E) = {f = f/E)

Moreover, these sets consist of all fuzzy subsets of A that can be represented as linear
combinations of E-classes.

A\
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Closedness w.r.t. a fuzzy relation

R-closed fuzzy subsets

Re L™, felA

f is left R-closed: fo R < f (iff f(a) ® R(a,b) < f(b), forall a,b € A)

other names: R-closed, R-congruent
Bodenhofer (2003), Bodenhofer, De Cock, Kerre (2003)

f is right R-closed: Rof < f (iff R(a,b) ® f(b) < f(a), for all a,b € A)

double R-closed = left R-closed & right R-closed

R is symmetric: f is left R-closed iff f is right R-closed — we say just f is R-closed

E is a fuzzy equivalence: E-closed fuzzy subsets = fuzzy subsets extensional w.r.t E
Klawonn (2000)
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Conjugation of systems

Let {R;}ier be a family of fuzzy relations on a set A, and let f be an unknown fuzzy subset of A.
Then:

(i) fge(foRi<fli€l)theng” €e(Riof <f|i€l)
(i) if ge(Riof Sfli€l) theng” e(foR;<fli€l)
(iii) f g€(fOoR; Sf,Riof Sfli€l)theng” €(foR; <f, Riof <fliel).

In addition, if the underlying complete residuated lattice L has the double negation property,
then the opposite implications also hold.
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Closure-opening systems

eorem

Let {R;}ier be a family of fuzzy relations on a set A, let R = \/;¢1 Ri, Q = R9 and E = R®, and
let f denote an unknown fuzzy subset of A. Then:

(@) foRisfliel)(Riof SflieDand(foR;<f, Riof<fliel)
are both closure and opening systems in F (A).

(ii) The principal part of (f o R; < f | i € I) consists of all Q-aftersets.
(iii) The principal part of (R; o f < f | i € I) consists of all Q-foresets.

(iv) The principal part of {f o R; < f,R; o f < f | i € I) consists of all E-classes.
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Closure and opening operators

Closure and opening operators

g glc, g g 9P gdc — closure operators on ¥ (A) corresponding to closure systems

(foRisfli€l), (Riocf<sfli€l) and (foR;<f, Riof<fliel), (2

g gl”, g gl g gd” — the corresponding opening operators
g%, g, g% — the least solutions to systems in (2) containing g

g", g™, g% — the greatest solutions to systems in (2) contained in g

| \

Theorem (Main Theorem)

Let {R;}ier be a family of fuzzy relations on a set A, let R = \/;¢1 Ri, Q = R9 and E = R®, and
let g be an arbitrary fuzzy subset of A. Then:

§€=g0Q g°=Qog g¥=goE g°=g/Q g°=0Q\g g*=g/E

A\
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Efficient algorithms

Efficient algorithms (transitive closure)

>> compute R = V¢ Ri and R” (or (R")%);

>> compute the transitive closure of R" (or (R")*);

>> compute the composition of a given fuzzy set g and (R")? (or (R"))).

computationally the most demanding part — computation of the transitive closure

work independently of the properties of the underlying structure of truth values

|

Another method (Ignjatovi¢, Ciri¢, De Baets)

general method for solving inequalities defined by residuated and residual functions
foR; <f (i € I) - defined by residuated functions f - f o R; and f  f, and residual
functions f = f/R;
(fori<fliel=(\/(fFoR)<f) = <fIRilieDy=(f < \(/R))
i€l i€l
computation of the greatest post-fixed point or the least pre-fixed point of an isotone
function on the lattice of fuzzy sets

iterative procedure (the number of iterations may be infinite, for some structures)
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Comparison with the systems of inequalities

Theorem

Let {R;}ier be a family of fuzzy relations on a set A, let R = \/ 1 Ri, and let f denote an
unknown fuzzy subset of A. Then:

(foRi=flie)S({foR=f), (Riof=fli€l)cS(Rof=f), @)

and the inclusions may be proper.

A\

Theorem

Let R be a fuzzy relation on a set A, and let f denote an unknown fuzzy subset of A. Then:

(foR=fy=(foR ' =f), (Rof=f)=(R'of=Ff). @

|

Remark

(foR;=fli€l)and (R;of = f | i € I) form opening systems, but not necessarily
closure systems

A\
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Systems of equations

Computation of the greatest solutions

Algorithm 1 (Ignjatovi¢, Ciri¢, De Baets)

general method for solving equations defined by residuated and residual functions
f oR; =f (i € I) - defined by residuated functions f - f o R; and f - f

(foRi=fliely=(f < \(foR: Af/R))

i€l

computation of the greatest post-fixed point of an isotone function on ¥ (A)

iterative procedure (the number of iterations may be infinite, for some structures)

Algorithm 2 (Jiménez, Montes, éeéelj a, Tepavcevi¢, 2011)

compute the greatest solution to f o R = f, f < g (R and g are given)
>> compute the greatest solution hto foR< f,f < g (h = g/R7)
>> build a sequence {h,}nen of fuzzy sets by: hy = h, hys1 = h, ©R =h o R"
> if hy, = hy4q, for some n € N, then h,, is the solution we were looking for

under what conditions the sequence {h,},enN is finite?
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