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Data review
Two univarite time series tied with time variable

— bivariate vector of observations

Horizontal ¥ plane

b North co-ordinate T West co-ordinate

. Satellite based global positioning system (GPS)

. Daily observations performed on EUREF permaneniostiMOPI

. Sample length: 728 days

. Co-ordinate system of the raw data: geocentriended with Earth rotation
. Co-ordinate system of the modelled data: horizaogabcentric (North, East
Vertical)




Data review

Univariate analysis of probability distribution:

. Observe empirical distribution of data with histaqgr
. Estimate the best fitting continuous probabilitysigy function

- - normal distribution -
1 ey o 1
f(X)=———e 2 f(x)= ;
( ) 210 ( ) ax _(x=u)




Data review

Multivariate analysis of joined probability distribution:

. Histogram of multivariate data
. Joined probability distribution function

Is multivariatenormaldistribution the most appropriate?




Introduction to copula theory

Definition
. Copulas are functions, that link univariate marginals to their joint
distribution function

H(XY)=C[F(X),Y(G)]
where H is joint, F and G marginal ditribution fulects and C a copula

. Thus, copula captures solely the relationships among individual
variables, not their distinctiveness

W(uVv)<C(uv)<M (uyVv)
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Archimedean copulas

. Archimedean class of copulas allows us to reduce the study of a
multivariate copula to a single univariate functipn i.e.,

C,(uv) =@ [ u)+gv)]

where@ is convex, decreasing function (0,2[0,00) calledgeneratorof copula,
and @t its inverse

. As a generator uniquely determines an Archimedeanlea, different
choices of generator yield many families of copulas

one-parameter families

Family of Generator Dependence Bivariate copula Special cases
copulas o(t) parameter (_._1__,:} (u,v)

Independence —Int Uv C=II
Gumbel (—Int)? 0> 1 e—[(=nw)"+(=Inv)?) =/ Cy=II, Coo=M

Clayton t=% -1 g >0 (u=? 4+ 079 — 1}_”9 Co=Il, Cou=M

Frank 1l (e—’-”_1) o c R —é ln (1 I Gt § [ Gl “—1)) Co=TI

e—0_1 (e -0 _ l} C_o=W, Coo=M




Estimation of copula parameter

a) Nonparametric estimatio(Genest and Rivest 1993)

IS based on estimating empirical distribution functiéminobserved random
variable Z. =H( X, Y ) ,thatisK_(z)=Prob(Z <z) , and its parametric
version conditional to generator of a copula fantiat is

¢(2)
K (z)=z-
o(2)=2 @(z)

and their comparing either by graphical or numencay.

b) Semi-parametric estimatiof@enest, Ghoudi and Rivest 1995)

uses functional expression of copulas to look for itaip@ter(s). “Semi* means,
that the empirical marginal distribution functioreisiployed rather than estimated
continuous d.f. of particular form.

n
— Maximization of log-likelihood functionL( &) = Z In(cg[ F(x),G(y )] )
i=1
wherec denotes copula density (partial derivativedgf,v) with respect to
uandv)

— Least-squares fit to empirical copula




Estimation of copula parameter

a) Nonparametric estimation - procedure

1. Find Kendall’'s tau using the usual nonparamestonate

[ j S Sigri( X, X, )(Y, Y, )

i=2 j=1
2. Construct a nonparametric estimat& of

Kn(z):%ilf [ Z <210]

where

. 12” [( X, <X,)0O(Y, <Y),1,0] (pseudo-observations)
=1

3. Construct a parametrlc estimétgusing

K,(z)=2z- #(2)

¢(z)
where generatop( through its paramete&?) can be obtained by solving
r, =1+ 4j AL o

(d(t)




Estimation of copula parameter

a) Nonparametric estimation — graphical method
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Estimation of copula parameter

a) Nonparametric estimation — graphical method

puantile —-guantile plot
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Q-Q plots are used to determine whether two data sets come from populations with a common distribution. If the points of the plot,
which are formed from the quantiles of the data, are roughly on a line with a slope of 1, then the distributions are the same.




Estimation of copula parameter

b) Semi-parametric estimatiehprocedure

Simply looking for copula paramet@r that maxmes the pseudo log-likelihood
function

L(8) = In(c,[ F(x).G(y)])
=1
in which F_, G, stands for re-scaled empirical marginal distributiamcfions, i.e.,
1 n
F.(x)=—)> If [ X, £x,1,0
(0= 2 (X < %20

(and similarlyG(y) for variableY'). The copula densitg, for Archimedean class
can be acquired from

0°Cy (uv) _ —@'(Cy (uv))@(u)@(v)
oudv d(C, (uv))

To examine goodness of estimation, there is a matiibic of the well known
iInformation criterion available:AIC =-2L(6)+2k, k=1

c,(uVv)=




Estimation of copula parameter

Estimated parameters and measures of their apptepeiss:

Famiy: | __Gumbel | _Clayton [ _ Frank
Nonparametric procedure
6 i 1.3060 0.6120 2.2083
dK,, K,) i 0.445 0.542 0.492
Log-Likelihood procedure (semi-parametric)
6 i 1.3044 0.5638 2.3153
AIC : -106.2 -109.0 -90.7
dC,,C) |  3.700 4.127 3.806
Nonlinear Fit procedure (semi-parametric)
6 | 1.3031 0.5595 2.1030
d(C,, C) i 3.700 4.127 3.598
Lég?ﬁlgiz(;?i\é?f Clayton - Gumbel| Clayton - Frankl Frank -Gumbel
Nonlinear Fit procedure (semi-parametric)
a I 1.3060 0.6120 2.2083
d(Cs +(a-1)Cs,, C,) i 0.445 0.542 0.492




Copula density
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Conclusion

. To be aware of distribution of dependence in datls, toverall shape...
. To consider computational intensity.
. Improvement of fit with linear convex combinatiohampulas




Further applications

15

Lomnicky
Stit

local atmospheric effects

MRS
Ganovce - Poprad

permanent observatio

-- GPS coordinates
and time

-- temperature

-- atmosph. pressure

calculation

-- total zenit delay

-- precipitable water
vapour
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