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ESTIMATE OF THE CELL NUMBER GROWTH
RATE USING PDE METHODS OF IMAGE
PROCESSING AND TIME SERIES ANALYSIS

Olga Drblikov4 et al *

We introduce a method of how to estimate mathematically and computationally and how to analyse statistically the
growth rate of the number of cells in development of the zebrafish embryo. Our method is based on analysis of 3D confocal
image sequences and consists of four basic steps. First, we filter images by the geodesic mean curvature flow (GMCF)
method. Then we use the flux-based level set center detection (FBLSCD) to find the approximate positions and number of
the nuclei centers. In the third step we correct FBLSCD result by image segmentation algorithm based on the subjective
surface (SUBSURF) method. Finally, we understand the nuclei numbers extracted by the image processing algorithmic
chain as a measurements and apply the statistical methods of the time series analysis to estimate trend of the cell number
growth rate. We apply the developed method to the sequences of real 3D images acquised in vivo at early stages of zebrafish

embryogenesis.
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1 INTRODUCTION

In this paper we develop a strategy of extracting the
cell number growth rate from the 3D image sequences
representing acquisition of the first hours of zebrafish
embryogenesis.

Since a noise is intrinsically linked to the image ac-
quisition, as the first step, we use nonlinear diffusion
method to filter the images. We provide this operation
by a few steps of the so-called geodesic mean curvature
flow (GMCF) model in its semi-implicit finite volume im-
plementation [5]. Then we apply the flux-based level set
center detection (FBLSCD) method [3] to extract the ap-
proximate positions of centers, and consequently the ap-
proximate number, of nuclei. FBLSCD is an evolution-
ary numerical method based on flux-based finite volume
discretization [2] of an advection-diffusion formulation of
the morphological operators which is followed by a de-
tection of the local maxima of the evolving function. The
process is stopped when the rate of decrease of the num-
ber of local maxima is bellow some chosen threshold. In
order to prevent false negative events (i.e. that nucleus
is there but its center is not detected) we choose higher
threshold and consequently we can slightly over-estimate
the true nuclei number, e.g. we can detect more centers
(false positive event) in one nucleus. In the third step, we
correct the estimates given by the FBLSCD by the sub-
jective surface (SUBSURF) image segmentation method

[9] in its semi-implicit finite volume implementation [1, 7].
Starting from true and superfluous centers in one nucleus
we end up with the same segmentation result which al-
low us to reduce relialably the nuclei number in every
3D image of the sequence.

The final step of our approach is an application of
the time series analysis methods to the extracted number
of nuclei during the embryogenesis. Understanding the
image acquisition followed by the above chain of image
processing algorithms as a measurement, we may use the
statistical approach to find a trend of the cell number
growth rate.

In the next section we discuss the mathematical mod-
els and computational algorithms used in our image pro-
cessing approach. In the last section we present and dis-
cuss statistical time series analysis results.

2 IMAGE ANALYSIS ALGORITHMS BASED
ON PDEs AND THEIR DISCRETIZATION

Any 3D nuclei image in the zebrafish embryogenesis
time sequence is given by a scalar (greylevel) intensity
function u%;: @ - R, Q C R?. Without loss of generality
we may assume that 0 < u? < 1.

Nowadays, it is possible to label the zebrafish embryo
cells and to obtain well contrasted laser scanning mi-
croscopy 3D images throughout embryonic development
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Fig. 1. Top row: 2D slice of 3D volume (left), its noisy greylevel intensity as a graph (middle) and filtered intensity by GMCF (right).
Next four images show details of image intensity before filtering (middle-left), after filtering (middle-right), and solution u of FBLSCD
after 5 (left-bottom) and 26 time steps (right-bottom) when the process is stopped and local maxima give the nuclei centers.

of alive animal. However, a noise is intrinsically linked to
the scanning technique and any image analysis algorithms
have to deal with it. First, the image processing methods
devoted, e.g., to counting the number of cells and extrac-
tion of the approximate cell centers [3], the methods for
the cell segmentation [10,3], the cell tracking and the ve-
locity field extraction [6] need to reduce spurious, noisy
structures, they simply cannot work with highly noisy im-
ages. The second reason is that all the mentioned methods
are computationally much faster when applied to prop-
erly filtered image sequences. Thus, the first step of our
image processing chain is a filtering. To that goal we use
the so-called geodesic mean curvature flow in the level set
formulation. The model equation for the GMCF filtering
reads as follows

w= Vv (s0v6, su)ze)

starting with the initial condition u(0,z) = u%/(z) and
considering the zero Neumann boundary conditions on
the boundary of image domain Q. In the model, the

mean curvature driven motion of image level sets is influ-
enced by the edge indicator function g(s) = 1/(1 + Ks?)
applied to the evolving image intensity (presmoothed by
the Gaussian kernel with a small variance o). Such dif-
fusion term causes accumulation of level sets along the
object boundaries and thus edge preserving filtering. The
equation (1) is discretized by the finite volume scheme in
space and semi-implicit approach in time and we used to
provide few time steps to get the filtered result. We de-
note it by u‘,)\,l and it is equal to solution u of (1) at the
filtering stopping time Ty. A careful quantitative study
of the filtering properties of nonlinear diffusion models is
given in [5] showing that GMCF has very good capability
to remove noise and sharpen unspurious image structures.

The second step in our approach is the flux-based level
set center detection. In FBLSCD we utilize a specific
feature of the images where the nuclei are given by (noisy)
humps of the image intensity, cf. Fig. 1. We can see that
humps representing nuclei are composed by level sets with
relatively large diameter r;, 0 € ¢; < 1 < ¢, while
diameter 5 of level sets representing spurious structures
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Fig. 2. Two detected centers in one nucleus together with their
almost identical shapes found after segmentation.

(still due to a noise) is much smaller, close to zero, 0 <
ro K c1 . In general, the level sets are closed surfaces, and,
if they are moving at a constant speed in direction of inner
normal vector field the encompassing volume is decreasing
and finally they disappear. The level sets with a small
diameter, representing a spurious structures, disappear
(shrink) in a fast way, while level sets representing real
image objects remain for much longer time during such
evolution (they are observable in long time-scales).

It is also well-known that if the evolution of surfaces
depends on the local mean curvature then a speed of
shrinking tends to infinity as diameter of level set tends
to zero, cf. e.g. [4]. We use this fact to even speed up the
shrinking in the above mentioned advective mechanism.
Then the evolutionary process of level sets can be rep-
resented by a geometrical equation V = § + uk, where
the normal velocity V is given by a constant § plus the
mean curvature k& multiplied by a positive constant .
The level set formulation is then given by the equation

Ou = 6& -Vu + p|Vu|V - (&)

¥l ul ®

applied to the initial condition “?vf . Due to the shrinking

and smoothing of solution to (2), we observe a decrease of
number of the local maxima which is fast at the beginning
of the process and which is stabilized in time. We stop the
evolutionary process when a slope of decreasing is bellow
a certain threshold. The positions and number of the local
maxima at the stopping time T, is the output of FBLSCD
algorithm, cf Fig. 1.

In order to prevent false negative events (i.e. that nu-
cleus is there but its center is not detected) we choose
higher threshold to stop FBLSCD and consequently we
slightly over-estimate the true nuclei number. E.g. we can
detect more centers in one nucleus (false positive event),
but, on the other side, it prevents a loss of nuclei with low
intensity. In spite of choosing a lower threshold, we prefer
to correct the result of the FBLSCD and remove possi-
ble superfluous centers by the subjective surface image
segmentation.

In SUBSURF method we assume that s;,l =1,...,S
are points in R>® where the approximate nuclei centers
were detected. To start the nucleus segmentation, first,

the initial segmentation function w), is constructed for

every [ = 1,...,5. It is given by value 1 in a small ball
centered in s; and by value 0 outside the ball. A radius
of the ball depends on a distance of the other closest
centers. Then, in order to extract the nucleus shape, we
evolve all the initial segmentation functions by solving
the subjective surface equation [9]

Vu

Ve + |Vu|2)’ ®)

with € a parameter, accompanied by Dirichlet bound-
ary conditions, on a subdomain of Q sufficiently cov-
ering the potential nucleus shape. Let us note that the
solutions can be done in parallel for different (families
of) nuclei. By the equation (3), the solution evolves to a
“piecewise constant steady state” which gives the result
of the segmentation process. As the criterion to recognize
the “steady state” we check whether squared L, norm
of difference in solution between subsequent time steps
is less than a threshold «. To extract the nucleus shape
we take a level surface in the middle of the shock pro-
file at the stopping time 7. Figure 2 depicts an example
when starting from two detected centers we obtain almost
identical segmented shapes which allow us to remove the
superfluous center. We show also Fig. 3 with zoom of 3D
volume where several superfluous centers were removed
by the image segmentation. Let us note that we choose
this subvolume for illustration, usually the correction of
FBLSCD result is needed only for about five percent of
nuclei in the whole volume.

Oru= /e + [VuP'V. (9| VG sy, |

2.1 Discretization of PDE models

Let T, the stopping time of the algorithms, equal ei-
ther to Ty, T, or T, . For every method we choose discrete
time step 7, then T' = N7 where N is a total number
of steps of the method. The variance o is also fixed in
advance. Let us note that we realize convolution with the
Gaussian by solving linear heat equation numerically for
a short time corresponding to o. We derive in a detail the
scheme for GMCF method. Such scheme is then simply
adjusted to SUBSURF model and, finally, adding an up-
wind term we end up with a discrete FBLSCD algorithm.

To get the schemes, at first we replace the time deriva-
tive in the equation (1) by the backward difference and
nonlinear terms are considered at the previous time step
while linear terms are taken at the current time level. In
such a way we get the semi-implicit time discretization

1 ul — ,ulnfl
[Vur—t k

Vu™
[Vur—1|

=~V (a(1vuz ) )=0 @

where we use notation u?~! = G, xu"~!, and u" rep-
resents solution at the n-th filtering step, starting by
0_,0
u’ = uy .
For the spatial discretization we employ the so-called
finite volume method. We identify the finite volume mesh
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Fig. 3. Removing of superfluous nuclei centers. The centers are visualized as small balls and nuclei by isosurfaces. Left: centers detected
by FBLSCD. Right: centers after SUBSURF segmentation.

Tr with the voxels of 3D image and denote each fi-
nite volume by Vjz, ¢ = 1,...,Ny, j = 1,...,N>,
k =1,...,N3. For each Vi, € T let Ny, denote the
neighbours index shift, i.e. the set of all (p,q,r), such
that p,q,r € {—1,0,1}, |p| +|g| + |r| = 1. Let m(Vijx)
denote volume of Vjj;, . The line connecting center of V1,
and center of its neighbour Viip jyq ktr, (0,4, 7) € Niji
is denoted by 077} and its length by A" Since our finite
volume grid is regular rectangular we use also shorter no-
tations hy for hf](.),?,p € {—1,1}, hy for h?;:’,?,q e{-1,1}
and hy for hYY, r € {—1,1} representing size of finite
volumes in 1,2, x3 direction, respectively. The planar

sides of finite volume V;;; are denoted by e}y with area

par par par
m(egy, ). Let i Oy Crosses
the side e}". We integrate (4) over every finite volume
Vijr and get

1 u” — unfl
de =
/ |Vun—1] T v

be point where the line

Vijk
Vu™
V- (9(Vur ey )z (5
[ v sV e )ae 6)
Vijk
Let ujy, be fully discrete approximate solution, repre-

senting value inside the finite volume Vjj, at the n-th
time step. We can naturally express the left hand side of
(5) as

_ -1
/ 1 u?—u" 1d:u ~ m(Vijk) Uije — Yijk
|Vun—1]

(6)

—n-—1
ijk T Qijk T
where @Z;l is an average modulus of gradient in Vjjz,
cf. [4]. For the right hand side of (5) using divergence
theorem we get

Vu»
A n—1
/v (9(Ivuz |)7|vun_1|)dx
Vijk
g(IVug~t]) ou”
p—y d .
> wur-1] gt ()

Ipl+lgl+|r|=1,par
ijk

pqr
ijk
the side ef]?,: is approximated by the finite difference of

Here, the derivative in direction of unit normal v to

neighbouring voxel values divided by the distance be-
tween voxel centers. To approximate modulus of gradi-
ents on voxel sides, we use the following definitions for
p,q,T € {_17071}7 |p| + |q| + |T| = 17

p00, n __
VP uiy, =
n n pl0 _  p,—10 _p0l _ p0,—1
(pui+p,j,k — Uik Uije — Uik Uije — Uijk 8)
hy ’ ho ’ hs ’
0¢0, n __
Vi uisy, =
140 —1,4,0 n n 0Oq1 0,g,—1
(uijk — Uk qui,j+q,k T Uik Uijr — Uk 9)
h1 ’ ho ’ hs ’
00r, n __
VT gy, =
ior _ ,,—10,r _01r _ ,0,—1,r n _an
Uijk — Wijp Uijp — Wijp Wi jktr — Yijk
, N (10)
hy ha hs3
where

1
pq0 __ n n n n
Wig, = 7 Wik + Uikp gk T U agk T UL jrgk) s (1)

1
por __ n n n n
Uysp = Z(ui]’k + Uy ik T Uk T Wi ) s (12)

1

0

e = 7 (e + Uuiigp Uik T UG g k) - (13)
The formulas (8)—(10) can be understood as an approxi-
mation of the gradient in the point mf]‘?,: , a barycenter of
eiir - Now we define

pgrin—1 __ 2 r,,n—1]2
’ —\/5 + | VPrru

ijk

[pl+]gl+]rI=1

—n—1 _ 1

£ 4 = Vraruz P

as an e-regularized absolute value of the gradient on
voxel sides, and, the regularized averaged gradient inside
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the finite volume, respectively, computed by the solution
known from the previous step n—1. Similarly we compute
the edge indicator, where the function g is applied to the
gradient of convolved solution u, on voxel sides, namely
we define
o = ()

Combining all the above considerations we end up with
approximation of the right hand side of (7) by following
term

pqrin—1 _ n _an
E: m(epqr) Gijk Yitpjtaktr ~ Yijk (14)
ijk qur;n—l thT .
Ipl+lal+r|=1 ijk ik

If we put together (6) and (14) and consider zero Neu-
mann boundary conditions, we can write following linear
system of equations for unknows wuj,, i = 1,..., Ny,
j=1,...,Ny, kK =1,...,N3, which has to be solved
at every discrete step n in order to provide one step of
GMCEF filtering:

pqr
E : ijk

Ipl+]gl+|r|<1

n __ . n—1
Uit pjtak+r = Wijr s (15)

with coefficients defined as follows

in—1A/n—1
qur _ T m(equg)gf}qg " Qijk -1
ik = T N oparn—1ppar lp| + lg| +Ir| =1,
m(Vijr) Qiji ijk
ziy ¢ 00 (16)
A?J(-),? =1+ Z — AV, Al =0, otherwise.

[pl+g|+]rI=1

Similarly, one step of SUBSURF segmentation is
given by (15) and coefficients (16) with the only differ-
ences given by the facts that we have to incorporate (in
a standard way) the zero Dirichlet boundary conditions

and that the term gf]f],:;n_l is not updated at every step
but is computed only at the beginning so it is replaced

0
by gii” = g(IVPIruly, sil) -

To introduce the finite volume discretization of (2),
we define the velocity field v = —5|§—g|,
advective part of (2), dyu + v - Vu =0, in the equivalent
divergent form Oiu + V - (vu) — uV - v = 0. Then we
integrate it in every finite volume V;;;, and approximate

and consider

the integrated fluxes [ w(v) - v;'dy on boundaries of
ik
finite volume by
pqruff,;l
pqr _ _ pgr ijk_ par
v = —0 m(egy) parin—1  Yijk (17)
ijk

and distinguish between the outflow and inflow bound-
aries by defining two sets of indices Ng’j‘,@t = {(p,q,r) €

zp]q]: > 0}7 N;ﬁc = {(p7Q7T) € Nijkavzl')jq]: S 0}
Considering a piecewise constant approximation of u in
finite volumes and discrete time intervals, applying the

Niji, v

upwind principle and Green’s formula we get the follow-
ing finite volume scheme for the advective part

>

(p,a,r)ENY!

n—1 pqr n—1
TN Wi Uk FTUT Y
(p,g,m)EN{T (p,q,7)ENjk

n—1 .pqr

m(Vijr)uiy, = m(Vijk)u;ﬁl -7 Uy Vi —

e

ik o (18)

which can be further simplified to
n n—1 T ’U::Jnk
O el [ I L
v Yijk ( m(V,Jk))
T
m(Viji) Z

(p,¢,;7)ENT,

n—1

u pqr
i+p,j+q,k+r

vk > (19)

with oy = — ) Uik
(Pa,m)ENGT,
flux. If we put together discretization of the mean cur-
vature flow part (i.e. the system (15) with g = 1), the
above upwind scheme for advective part and the zero Neu-
mann boundary conditions, we end up with the following
system, with just slightly more complicated right hand
side as in (15), which is solved as one discrete step of

FBLSCD method:

denoting the total inflow

13

T U
pqr n _ ,,n—1 v)
Aijk Uikpjtakir = Uik (1 T (Vi ))
ijk
Ipl+lal+Ir|<1
-
_ § n—1 pqr
m(Viik) Witp,j+ak+r Vijk o (20)

(p,a,;7)ENT,

with matrix coefficients defined as follows

—n—1
r (e T
Aff,: =TH Zqur;nijl par ? [pl +lal +[r] =1,
m(Vije) Qi iy
2 Eon (21)
AN — 1 4 Z —APIT . APIT =0, otherwi
ijk = ijk o ik = Yo wise.
Ipl-+lgl+[r|=1

Since the structure of linear system for all the methods is
the same and suitable for using iterative solvers, we use
the so-called successive over relaxation (SOR) method,
which is a modification of the Gauss-Seidel method to
speed up its convergence.

In all the discretizations we use spatial dimension of
the voxel equals to 0.01, then discrete time step 7 for
filtering is 0.001 and K = 5, for the segmentation 7
can be larger, we use e.g. 0.01 and we use also much
higher K = 100. In both cases convolution time step
sigma is equal 0.0001. For FBLSCD we have to fulfil CFL
condition, so we use time step 7 = 0.00125, since we
usually consider small ammout of mean curvature driven
diffusion, p = 0.001, and unit advection with § = 1.
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Fig. 5. Left: Plot of the second time series and the trend function. Right: Plot of the autocorrelation function.

3 TIME SERIES ANALYSIS

In this section we analyse time series z;, j = 1,..., M,
of the nuclei numbers obtained by the PDE image pro-
cessing methods. We use two data sets from which we
have extracted the nuclei numbers. The first one repre-
sents 3D + time aqusition of only partially covered em-
bryo, i.e. the cells are dividing but they also migrate in
and out of volume. In this data set, there are several hun-
dreds of cells observed in the volume during the covered
time period represented by 50 time points, cf. Fig. 1 for
illustration of image quality. In the second set of analysed
data , there are several thousands of cells, volume of ac-
qusition covers all the embryo and we have again 50 time
points.

In our time series analysis, we try to fit the data by
models of polynomial, exponential and logistic type (as
well as by their combinations) which is reasonable choice
for modelling the cell development. The best fit of a trend
function is determined by the lowest value of the sum
of squared residuals as well as by the lowest absolute
values of the autocorrelation function. The goal is to find
a trend function which fits data in a best way and for
which residuals are uncorrelated, i.e. for all lags k£ > 0
the estimate

M—kE M
re= (5= 2) (e —2) /3 (2 — 2

of the autocorrelation function fulfils the criterion |rg| <

2/vV/M.

For the first time series the best fit of trend was ob-
tained in the class of functions y; = a (1 + Be? + §t?)
with the particular form after estimation of coefficients

yr = 432.064(1 — 0.175156¢" 27187+ 0.000568795¢) .

(22)
As we can see in Fig. 4 left, the trend function is slightly
decreasing in the right neighbourhood of the origin and,
after attaining a single minimum, it subsequently in-
crease and well approximate the data. Computing vari-
ance 62 = 4994.31 of the original time series and vari-
ance 62 = 325.63 of the residuals we can see that 93.5%

( .100%) of data is explained by the trend function.
In the right part of Fig. 4 we plot the autocorrelation
function to see that it fulfils the above stated criterion.

For the second time series we got a logistic statistical
model as the best choice with the trend function from the
class y; = a(l + Be’”’t) and with the best fit equal to

A2 a2
g —0,
52

yr = 9347.17(1 + 1.25797¢~0-08375148) (23)

The graphs od data, trend and autocorrelation function
are depicted in Fig. 5. Here, the autocorrelation function
is at one point slightly outside the required interval which,
however, does not deteriorate the result and is caused by
a numerical error. Computing again the variance 6% =
2.18 x 10% of the original time series and variance 62 =
20788 of the residuals we can see that 99% of data is
explained by the trend function. The shape of the trend
function approaching plateau expresses the fact that the
minimal volume of cells was achieved uniformly in the
scanned volume (and consequently they cannot divide
further) at that period of embryogenesis.
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