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CONVERGENCE ANALYSIS OF FINITE VOLUME SCHEME FOR
NONLINEAR TENSOR ANISOTROPIC DIFFUSION IN IMAGE
PROCESSING*

OLGA DRBLIKOVA' AND KAROL MIKULAT

Abstract. In this article we design the semiimplicit finite volume scheme for coherence enhanc-
ing diffusion in image processing and prove its convergence to the weak solution of the problem. The
finite volume methods are natural tools for image processing applications since they use piecewise
constant representation of approximate solutions similarly to the structure of digital images. They
have been successfully applied in image processing, e.g., for solving the Perona—Malik equation or
curvature-driven level set equations, where the nonlinearities are represented by a scalar function
dependent on a solution gradient. Design of suitable finite volume schemes for tensor diffusion is
a nontrivial task here we present the first such scheme with a convergence proof for the practical
nonlinear model used in coherence-enhancing image smoothing. We provide basic information about
this type of nonlinear diffusion including a construction of its diffusion tensor, and we derive a semi-
implicit finite volume scheme for this nonlinear model with the help of covolume mesh. This method
is well known as the diamond-cell method owing to the choice of covolume as a diamond-shaped
polygon. Further, we prove a convergence of a discrete solution given by our scheme to the weak
solution of the problem. The proof is based on Kolmogorov’s compactness theorem and a bound-
ing of a gradient in the tangential direction by using a gradient in the normal direction. Finally
computational results illustrated in figures are discussed.
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1. Introduction. Nonlinear diffusion models are widely used nowadays in many
practical tasks of image processing. In this paper we deal with the numerical solution

of the model of tensor nonlinear anisotropic diffusion introduced by Weickert (see
[23, 24, 22]) in the following form:

(1.1) g—?fv-(DVu):() inQr=1xQ,
(1.2) u(z,0) = up(x) in Q,
1.3 (DVu) - n=0 on I x 09,

where D is a matrix depending on the eigenvalues and eigenvectors of the so-called
(regularized) structure tensor, ug € L?(2), and n is the outer normal unit vector to
0. Such a model is useful in any situation, where strong smoothing is desirable in
a preferred direction and a low smoothing is expected in the perpendicular direction,
e.g., for images with interrupted coherence of structures. To that goal the matrix

(1.4) Jo(Vug) = Vu; ® Vg = Vu,gVu,gT,
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38 OLGA DRBLIKOVA AND KAROL MIKULA

where
(1.5) ug(z,t) = (G xu(-,t))(z) (t~ > 0)

is used. The matrix Jy is symmetric and positive semidefinite, and its eigenvectors are
parallel and orthogonal to Vu;, respectively. We can average Jy by applying another
convolution with Gaussian G, and define

(1.6) Jo(Vug) = G, * (Vu; @ Vug) (p>0).
In computer vision the matrix J, = (‘; lj) is known as a structure tensor, interest

operator, or second moment matrix (see [9]). It is again symmetric and positive
semidefinite, and its eigenvalues are given by

1
(1.7) p2 =5 (a +et/(a—c)?+ 4b2) , 1 > po.

Since the eigenvalues integrate the variation of the gray values within a neighborhood
of size O(p), they describe the average contrast in the eigendirections v and w.

With the help of the eigenvalues of J, we can obtain useful information on the
coherence. The expression (u; — p2)? is large for anisotropic structures and tends to
zero for isotropic structures; constant areas are characterized by uy = po = 0, straight
edges by p1 > ps = 0, and corners by py > po > 0.

The corresponding orthogonal set of eigenvectors (v, w) to eigenvalues (p1, o) is
given by

v = (v1,v2), w = (w1, w2),
v] = 2b, vy =c—a++/(a—c)?+4b2,
(1.8) w L, w; = —va, Wy = V7.

The orientation of the eigenvector w which corresponds to the smaller eigenvalue po
is called coherence orientation. This orientation has the lowest fluctuations.

One can use the above-mentioned structure tensor information in a construction
of specific nonlinear diffusion filter [23, 24, 22]. The idea of the tensor nonlinear
diffusion filtering is as follows. We get a processed version u(z,t) of an original image
uo(x) with a scale parameter ¢t > 0 as the solution of mathematical model (1.1)—(1.3),
where matrix D depends on solution u, satisfies smoothness, symmetry, and uniform
positive definiteness properties, and steers a filtering process such that diffusion is
strong along the coherence direction w and increases with the coherence (u1 — pa)?.
To that goal D must possess the same eigenvectors v and w as the structure tensor
Jo(Vu;), and we choose the eigenvalues of D as

ki=a, a€(0,1), akl,

L9 B o if 1 = 2,
(1.9) R2 =9 o4 (1 —a)exp (ﬁ), C >0 otherwise.

The matrix D then has the following form:
(1.10) D= ABA™,

where A = (”;2 _1)11’2) and B = (! Fg). The exponential function is used in (1.9)

because it ensures that the smoothness of the structure tensor carries over to the
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FINITE VOLUME SCHEME FOR TENSOR DIFFUSION 39

diffusion tensor and that ko does not exceed 1. The positive parameter a guarantees
that the process never stops. Even if (p; — p2)? tends to zero so the structure becomes
isotropic, there still remains some small linear diffusion with diffusivity & > 0. Such
« is a regularization parameter, which keeps the diffusion tensor uniformly positive
definite. C has the role of a threshold parameter. If (u; — p2)? > C, then ko ~ 1,
and, in contrast, if (u1 — p2)? < C, then ky ~ a. Due to the convolutions in
(1.5) and (1.6), the elements of matrix D are C* functions. Such a model is a
nontrivial extension of the regularized Perona—Malik equation [17, 1, 15], and, as
well as further PDEs employing tensor diffusion, it is used in many practical image
processing applications; see, e.g., [23, 24, 22, 6, 13, 19, 18]. In section 5 of this paper we
also illustrate its usefulness by smoothing and segmenting the cell membrane images
obtained by a confocal microscope. We show that after application of the nonlinear
tensor anisotropic diffusion using our numerical scheme the coherent structures are
attenuated. If such improved edge information is used in the so-called subjective
surface segmentation method [20, 16, 2], the cell boundaries are correctly segmented.

There are only a few purely finite volume methods designed and studied from
the numerical analysis point of view for solving tensor diffusion problems; see, e.g.,
[3, 4, 5, 26] devoted to discretization of the elliptic operators. On the other hand,
finite volume schemes for nonlinear parabolic problems as arising in image analysis
are natural since they use piecewise constant representation of approximate solutions
similarly to the structure of digital images. Finite and complementary volume schemes
have been used successively in image processing for solving the Perona—Malik equation
and its generalizations (see, e.g., [15, 11, 12, 10, 7, 21]) and for solving the generalized
curvature-driven level set equations (see, e.g., [8, 16, 2]) where the nonlinearities are
represented by a scalar function dependent on a solution gradient. Here we present the
first finite volume scheme with a convergence proof for the highly nonlinear anisotropic
tensor diffusion model arising in coherence-enhancing image smoothing.

The next section is devoted to derivation of our numerical scheme, in section 3
we study the existence and uniqueness of discrete solutions, section 4 contains our
convergence proof, and finally, in section 5, we discuss numerical experiments.

2. Finite volume scheme for nonlinear tensor anisotropic diffusion. The
aim of this section is to derive our computational method. Let the image be repre-
sented by n; X ng pixels (finite volumes) such that it looks like a mesh with n; rows
and ng columns. Let Q = (0,n1h)x (0,n2h), h is a pixel size, and let the image u(z) be
given by a bounded mapping u : 2 — R. The filtering process is considered in a time
interval I =1[0,7]. Let 0 =ty <t; < --- <tn,,.. =T denote the time discretization,
with ¢,, = t,_1+k, where k is the length of a discrete time step. In our scheme we will
look for u"™, an approximation of solution at time t¢,, for every n = 1,..., Npgz. As
usual in finite volume methods, we integrate (1.1) over finite volume K, then provide
a semiimplicit time discretization, and use a divergence theorem to get

n o _ n—1
(2.1) W{%m([ﬂ — Y (DY) ngeds =0,
c€EKNEin: V9

where ul,, K € T3, represents the mean value of u™ on K. 7}, is an admissible finite
volume mesh (see [4]), and further quantities and notations are described as follows:
m(K) is the measure of the finite volume K with boundary 0K, and ox, = KNL =
K|L is an edge of the finite volume K, where L € 7}, is an adjacent finite volume
to K such that m(K N L) # 0. Due to simplifying notation, we use o instead of
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Fic. 2.1. A detail of a finite volume mesh—a finite volume K, its boundaries o;, 1 = 1,2,3,4,
and the fluxes outward to a finite volume K.

ok at several places if no confusion can appear. Ex is a set of edges such that
0K = U,ce, 0 and € = Uger, Ex. The set of boundary edges is denoted by Eeyt,
that is, Eepe = ENOQ, and let Eiy = E \ e T is the set of pairs of adjacent finite
volumes, defined by T = {(K,L) € 7,2, K # L, m(K|L) # 0}, and ng,, is the
normal unit vector to o outward to K. See Figure 2.1.

Let us define our discrete numerical solution by

Nmaa

(2.2) unp(z,t) = Y > ugx{z e Kyx{tn1 <t <tn},

n=0 KeT,

where the function x(A) is defined as

1 if A is true,
(2.3) X{A}_{ 0 elsewhere.

The extension of the function (2.2) outside Q) is given first by its periodic mirror
reflection in €;, where ¢ is the width of the smoothing kernel:

(2.4) Q; = QU By(x), x €09,

B;i(x) is a ball centered at x with radius #, and then we extend this periodic mirror
reflection by 0 outside Q; and denote it by @y, 4.
In our scheme we will start computation by defining initial values

1
(2.5) uf = 7/ uo(x)de, K €Ty
K m(K) Jk
and letting uj; , (7) = > g ukx{r € K} denote a finite volume approximation at
n_.n—1
the nth time step. In order to get the scheme we write (2.1) in the form W‘% -

ﬁ Zaesxm&:m ¢Z(uz7k)m(o) = 0, where m(o) is the measure of edge o and ¢g(u27k)
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Fia. 2.2. A detail of a mesh. The covolumes associated to edges o0 = ok, (left) and 0 = opi
(right).

denotes an approximation of the exact averaged flux ﬁ fU(D”_1Vu") - Nk ,ds for
any K and o € Ek.

We construct ¢y (uj ;) with the help of a covolume mesh (see, e.g., [3]). The
covolume Y, associated to o is constructed around each edge by joining end points
of this edge and midpoints of finite volumes which are common to this edge; see
Figure 2.2. We denote the end points of an edge & C Oy, by N1(&) and Ny(5) and
let n, s be the normal unit vector to & outward to x,. In order to approximate
diffusion flux, using the divergence theorem, we first derive an approximation of the

averaged gradient on x,, namely, m fX(r Vu'dxr = m faX(r un,  sds, and then

we approximate it by pZ(u) = m Y ocox, %(“TJ{h(&) + U, (5))m(0)ny, 5. Let the
values at xg and zw be taken as up and uyp, and let the values ug and uy at the
vertices xny and xg be computed as the arithmetic mean of ug, where K are finite
volumes which are common to this vertex.

Since our mesh is uniform and squared, we can use the following relations: m(y,) =

%2 and m(d) = %h, and after a short calculation we are ready to write
u — un u — u
(2. P = B

where tx , is a unit vector parallel to ¢ such that (zy —2g) -tk , > 0. Although such
uRy, Uy, U, and ug correspond to a particular edge o, and so we should denote them
by uy , uyy , uf , and ug , respectively, in (2.6), we will use the above simplified
notations. By replacing the exact gradient Vu™ by the numerical gradient p?(u) in
the approximation of ¢g(uj, ), we get the numerical flux in the form

(2.7) G5 (upy 1) = (Dopy(u)) - Nk o,

where D, = Dg_l = (%" 'g") is an approximation of the mean value of matrix D
n—1

along o evaluated at the previous time step. To that goal we take uj, ;" for construct-
ing the structure and diffusion tensor and evaluate them at xxj, where zgy is a
point of o, = K|L intersecting the segment xxx;. From an implementation point
of view, the structure and then diffusion tensor evaluation can be done in two ways.
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42 OLGA DRBLIKOVA AND KAROL MIKULA

FEither we can replace gradients of u appearing in structure tensor by their numerical
approximation p?(u) and then smooth them by weighted average (convolution), or we
can evaluate VG;*uZ;l using weights given by VG; applied to discrete piecewise con-

stant values of uZ;l as convolution realization. In the latter way we do not introduce
additional approxﬁmation into the scheme, and in the part devoted to convergence
analysis we use the latter approach, although both are realizable computationally.

It is important to note that in (2.7) we always consider the matrix D, written in
the basis (ng s, tx,o); cf. [3]. Although it may look artificial, it will simplify further
considerations. In practice it means that (cf. Figure 2.1) if the matrix D is given in
standard basis on edge o by (2‘; f:), then D, = ()“’ gz), ie, Ao = Aoy Bo = Bo,

Be
Uy = v, for the two edges 0 = 03 and 03. On the other hand, D, = (i"ﬁ *g”), ie.,
Ao = Vo, Bo = =Py, Vs = A\ for other two edges ¢ = o1 and ¢4. By using such a

matrix representation, the definition (2.7) can be written in this compact form

n n _ 5\0- Ba‘ M 1 _7 u%_u'{}v 7u7]<]_ug
(2.8)  oglupy) = l<5" Pg) <“”Z_”S>] . (O) = A 3 + Bs P

since in the basis (ng ,,tx ) the formula (2.6) can be written for each edge as

. ug— Uy,
(2.9) Py (u) = u}(,}iug
h

and ng , is equal to ((1)) in the basis (nx ,,tx ) for each edge o. Because of the

convolutions in (1.5) and (1.6), the elements of matrix D, are C'* functions.
Finally, let us summarize our semiimplicit finite volume scheme:

UTIL( — u?(_l 1 n(,n
(210) k - m(K) Z ¢)U (uh,k)m(a) = 07
0€EKNEint
where
(2.11) 6a(uf, ) = Ag LW 4 5, N5

3. Existence and uniqueness of the solution to the discrete scheme. In
order to fulfill the main goal of this section, to prove the existence and uniqueness of
ul, K € Tp,, we estimate the expressions uRy;, — u by means of u', — ujj, for all edges
o. To that goal we use mainly the results of [3] in our situation. Let us note that,
due to simplification of notation, we do not use upper index n in what follows, and
at some places we relate ug and uy to particular edge o using ug_, uw,, etc. In
the following we denote by C; constants which may depend on the properties of the
diffusion tensor.

DEFINITION 3.1. Let P, be the set of all edges § perpendicular to o (see Figure 3.1
for two illustrative situations when o = owg and 0 = cgpw ), which have a common
vertex with o and fulfill the following conditions: g, — xw, > 0 if xn, — s, > 0
and xp, — rw, < 0 if zy, —xg, < 0. Let us note that xw, = xy, = 3, for
0 =0wpg, T, = x%vé = x‘}% for o = owg, Tw, = szé = x%vé for o = opw, and
TE, = x};é = x%vé foro=ogw.

Using definitions given in the previous section we can write

[(ugy = wiy) + (uly = wiy) + (ufy — wiy) + (ulp — uip)]

> =

(31) uUuN —us =
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FiG. 3.1. Left: An edge ow g and edges 61, 62, 83, 64 € Py, . Right: An edge opw and edges

61, 02, 63, 64 € Popgyy, -

where uk, = ug,, and Uy = uw,, correspond to edge 61 and similarly u?, u%v,
u%, udy, up, and ufy, correspond to edges &2, 63 and 84. Applying the inequality

(a+b)? < 2a? + 2b% we have

1
(3.2) (un, —us,)” < Y 7 (ues — uw; )2
SEP;NEint
Multiplying (3.2) by (%)2;—3 and summing for all o € £;,,; (by o we mean owg) we

obtain

33 > (fz)z (“No;“SGYAUS > <f">2

g

0€Eint 0€&int

2
Z 1 Ups; — Uwg 5\
4 h 7

6€Pan€'int

Then we swap the two sums on the right-hand side of (3.3) to get

oo 2 (8) () e 2

o€€int
where
1 (B,
(3.5) Vs = Z 1 (5\0)
cEPsNE;int

S\UJ‘

Let us consider the matrix ( i

Vs (
6€Eint

25\0

As

UEps — UWg

2 —
A
h > 8

fj Ui)’ which is the matrix D written in the basis

(tx,o, —Mk,s) on edge 0. Due to the smoothness of D we get

(3.6) Ao = Ugr = Us(1+O(h)) = As1 (1 +O(R)), &€ Py,
(37) BU = _Boi = _66(1 + O(h)) = 7§L(1 + O(h))7 S PO'7
(3.8) Vo = Mgt = As(L+ O(R)) = 51 (1 + O(R)), b€ P,.
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By applying (3.6)-(3.8) in (3.5) and using —~; < 1+ (C +2C?h)h for h sufficiently
small (h < 35), we have

1/ Bse\> st B\ Ase
Mae};mgmﬂ(m> 2 rom) = (£) 2 a+om).

By using the positive definiteness of the diffusion tensor written in a standard basis
as (22 fj), we obtain for its determinant

(3.9) Asvs — B2 > 0.

Now we have two possibilities for vs. Let 6 be an arbitrary edge in the mesh parallel
2
to o3 (see Figure 2.1). Then 5 < (_V—f&)zi—’;(l +0(h) = L1+ 0(h) <1 for h

AsVs

sufficiently small due to (3.9). Similarly, if § is any edge oriented perpendicularly to
2
o3, we have v5 < (%)2%(1 +0(h)) = L1+ O(h)) < 1 for h sufficiently small.

AsVs
Thus, due to the fact that A, > C >0 anédéug > C >0, we obtain 0 < s < 1 for h
sufficiently small. Since this condition is fulfilled for each edge ¢, we can rewrite (3.4)

as

(3.10) 3 <%>2<“Nh_us)2%§v 3 (uE;uW)Q?\a,

0€Eint 0€Eint

where 0 < v <1, v =maXsesVo-

Let us now introduce the space of piecewise constant functions associated to our
mesh and discrete H' norm for this space. This discrete norm will be used to obtain
some estimates on the approximate solution given by the finite volume scheme.

DEFINITION 3.2. Let Q be an open bounded polygonal subset of R?. Let T be
an admissible finite volume mesh (see [4]). We define Po(7y) as the set of functions
from Q to R which are constant over each finite volume K of the mesh Ty,.

DEFINITION 3.3. Let Q be an open bounded polygonal subset of R%. For u €
Po(Tn) we define

2

2
ur —uUg

(311) b= [ 2 )
(K,L)EY KL

where di 1, is the Buclidean distance between i and xr,.
Remark that (3.11) can be rewritten for our uniform mesh into the following form:

(3.12) juf 4l = (2 > () m(x(f)) ,

0€E;int

where 0 = owg. Let us define a discrete operator L by

Li(upl ) = ufem(K) =k Y d(uj )m(o).

c€EKNEint

Then solution uj, ; € Po(7) of our scheme at time ¢, is given by

(3.13) Li(ujy ) = far(upy),

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



FINITE VOLUME SCHEME FOR TENSOR DIFFUSION 45

where fp, 5 (uj, 2 = u?( 'm(K), K € Ty, and v " is the value of the piecewise

constant function u), k in K. This equality is a linear system of N equations with N
unknowns ul, K € T, N = card(Ty).

Multiplying Ly (un k) by ul, summing over K, and splitting into parts A and B
leads to

(3.14) > La(up)uf = A+ B,
KeTy,

with

(3.15) A= (ui)*m(K) = [[uft 4ll720)
KeTy,

and

B=k Y up Y e mlo).

KeTy, oc€EKNEint

The above expression can be written in the following form:

B=k Y ufy Y —elufmlo)

WGTh c€EWNEint
U — uw

(3.16) == Z 05 (up ) ————2m(xo) = Q(ujx)

ae&m
owing to property ¢g(uj, ;) = UWE(qu) = — ¢y, (Up1). Since ¢g(uj ) = 0 for
o € Eopt, we can extend the sum in (3.16) and write

k
Qlup k) = 5 > (Dop}) - po2mlxs) = K(Duph, pr)r2(0)
ce€

where py = *E5%%ny , for 0 = owpg is the normal component of the gradient

and Dy, py, pj, are piecewise constant functions with values extended from o to xo-.
Further, we use the following inequality:

(3.17) (Dnph,n)r2) = (Drph, 07)c2) — [(Dadh, pr — 1) L2l

It is clear that (Dup},p})r2) = Yovee Ao (“E;“W)Qm(xg), due to the fact that
ug —uw = 0 for 0 € &4 thanks to reflexion of uy, i in € (see the previous section).
Applying Young’s inequality in the second term on the right-hand side of (3.17) leads
to

_ UR —UW UN — U
> B ()
h h

oe€&

318 < 3 = K”E_“W)Q + (f:)z (uNh_uSY] Aom(Xo ),

og€€int

|(Drph, ph — P1) L2 (0)| =

since ¢y (uj, ) = 0 for o € &z By using inequalities (3.10) we get

2
1—|— —u
(Duphopn — Pyl < 0 3 ( £ W) m(xe)
o€€int
1+~ -
(3.19) = T(thh,Ph)L2(Q)~
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Using (3.12), it in turn implies

14+ N - 11—~k
320 Qi) > (150 KB e > A Sl

where Apin = infyege Ay > C > 0. By applying (3.15), (3.16), and (3.20) in (3.14), we
get for h sufficiently small and any u} , € Po(7,) that

> Latui ke = a (lujlf g, + g il
KeTy,
with @ = min (Amin (1 — )%, 1).
THEOREM 3.4. For h sufficiently small, there exists a unique solution uj ;. given
by the scheme (2.10)—(2.11) at any discrete time step ty,.
Proof. Assume that ug, K € Ty, satisfy the linear system (3.13), and let the

right-hand side of (3.13) be equal to 0. Then

2 2 s -1
(3:21) o (il +ui el Fae) € D2 Latuhduie = D2 funlunzuk = 0.
KET, KeT,
Due to relation (3.21) and the strict positivity of o we know that u}, = 0 for all
K € 7;,. It means that the kernel of the linear transformation represented by the
matrix of the system (3.13) contains only 0 vector, which implies that the matrix is

regular. Thus it also implies that there exists a unique solution for any right-hand
side. ]

4. Convergence of the scheme to the weak solution.
DEFINITION 4.1. The weak solution of the problem (1.1)—(1.3) is a function
w € L?(0,T; HY(Q)) which satisfies the identity

T T
(4.1) / ua—(p(a:,t)dxdt —|—/u0(x)<p(x, 0)dx —/ / (DVu) - Vpdadt =0 Yy € U,
oJao Ot Q 0Jo

where ¥ = {p € C*1(Q x [0,T]),(DVp) -7 =0 on 9 x (0,T),¢(.,T) = 0}.

Remark 1. The existence and uniqueness of the weak solution and extremum
principle for the model (1.1)—(1.3) are given in [24]. The proofs are based on theory
built in [1].

In the proof of convergence we will use a strategy based on the application of
Kolmogorov’s compactness criterion in L? which gives the relative compactness of the
approximate solutions given by the scheme refining the space and time discretization
step. By using relative compactness we can choose a convergent subsequence which in
the limit gives the weak solution. In order to use Kolmogorov’s compactness criterion
we shall prove the following four lemmas.

LEMMA 4.2 (uniform boundedness). There ezists a positive constant C' such that

(4.2) lun kll 2o < C-

LEMMA 4.3 (time translate estimate). For any s € (0,T) there exists a positive
constant C such that

(4.3) / (unp (2, + 8) — up i (2, 1)) dedt < Cs.
Qx(0,T—s)

LEMMA 4.4 (space translate estimate I). There exists a positive constant C' such
that

(4.4) / (un g (&4 €.1) — wn i (2,0))% dedt < C¢] (€] + 2h)
Qe x(0,T)

for any vector € € RY, where Q¢ = {x € Q,[z,z + €] € Q}.
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LEMMA 4.5 (space translate estimate IT). There exists a positive constant C' such
that

(4.5) / (uni (x+ &) —upp, (x,))? dadt < CI¢]
Qx(0,T)

for any vector € € R?.

To prove (4.2)—(4.5) we will use the following a priori estimates.

LEMMA 4.6. The scheme (2.10)—(2.11) leads to the following estimates. For h
sufficiently small, there exists a positive constant C' which does not depend on h,k
such that

n 2
(4.6) pmax > (uf) m(K) < C,
- KeTy,
Ninax 2
(u' —u?)
4.7 K L o) <C,
an Se 3 Ll )
= (K,L)eY
(4.8) Z Z Uy — U 2m(K)<C
n=1 KeT,

Proof. We multiply (2.10) by u/, sum it over K €Tpandovern=1,...,m <
Nimaz, and use the property (a — b)a = £a? — b 4+ £(a — b)? to obtain

1 1 &
B Z (uie)?m( 52 (ui — uf D2m(K)
KeTy, n=1KeT;,
- 1
(4.9) =R up > er(upm(o) = 3 > (uh)*m(K).
n=1 KeT, oc€ExNEint KeTy,

Then by using (3.16) and (3.20) we have

3 2 (R mE) 45> 3 (uk =)
n=1KeT,

KeTy,

l\J\H

(4.10)

n=1 KeTy,

with positive constant & = Apin 52 4 . Since ug € L?(f2), the right-hand side is bounded
by a positive constant C. By using the first term of (4.10) we get a priori estimate
(4.6), and from the second term of (4.10) we get a priori estimate (4.8). From the
strict positiveness of & in the third term of (4.10) and from definition (3.11), we obtain
a priori estimate (4.7). 0
Proof of Lemma 4.2. Tt follows from the first L2(2)—a priori estimate (4.6). d
Proof of Lemma 4.3. First, for fixed s € (0,7"), we define function

2
ft) = / (upk (x,t+8) —upg (x,t)" de.
Q
By using the fact that uy i, is a piecewise constant function, we get

(4.11) O =3 (up — )’ m(K),

KeT,
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with ny = [£] and nyys = [H2

+>1, where [-] means the upper integer part of a positive
real number. We rearrange (4.1

1) to obtain

(4.12) f(t) = Z (uftts — ) Z (ufy —ul )y m(K).

KeTy, t<(n+1)k<t+s
By using the scheme (2.10)—(2.11) in (4.12) (replacing K by W) we get

(413) f)= >k Z( W) Yo /\g(u%—u?v)-i-ﬂo(u%—ug)),

t<(n+1)k<t+s WET, oc€EWNEint

and due to conservativity of numerical fluxes (antisymmetry of term A, (uf — ul},) +
Bo(ufy — u¥)) we have

= X5 Y - )
t<(n+1)k<t+s Uegmt

(4.14) (Ao (ul — ufy) + Bo(ufy — ul)) .

Using Young’s inequality leads to the relation

O S D e e M Ts

t§(n+1)k<t+s o€Eint

(4.15) + > % > ((u% —uiy) + %(u?v —ug)) :

t<(n+1)k<t+s 0oE€Eint

where the right-hand side can be further estimated and we get

(4.16) f() < () + fa(t) + f5(t) + fa(D),
k
(4.17) fi(t) = Z 3 Z Ao (U —u)?,
t<(n+1)k<t+s oE€Eint
k nt+c nt+
(4.18) fa(t) = > 5 > A - )2,
t<(n+1l)k<t+s 0o€Eint
k -
(4.19) fs(t) = > 5 > Ao (ufh —uly)?,
t<(n+1l)k<t+s oE€Eint
k 2
(4.20) falt) = by ( =) (- a2

t<(n+1l)k<t+s 0o€Eint
Next we integrate (4.16) in time interval (0,7" — s), and by replacing > . = by

> (x,pyex (the edge o € € is an intersection of K and its adjacent finite volume L)
we get an estimate of the first integral term

T—s T—s
(421) / fl(t)dt:/ )\ uLt —’U/I(t)z X{tg(n+1)k<t+s}dt'
0 0

(K,L)eY neN
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We substitute the integral over (0,7 — s) by the sum of time step intervals and use
the property X{t<(nt1)k<t+s} = X{(n+1)k—s<t<(n+1)k} tO Obtain

Nmax—

(ne+1)k
f1 t)dt < Z Z ur}é)Q/ ZX{(n+1)k—s<t§(n+1)k}dt~

ny=0 (K L)eY ok neN©
(4.22)

Since f7 net1)k Y oneNo X{(n+1)k—s<t<(nt+1)k}dt = s, and m(o) = dk, 1 for our uniform
mesh, the relation (4.22) leads to

T—s Nmax
(4.23) / Hdt < s Z Z o (Ut —unt)?.
0 K,L

nf_o (K,L) GT

The next step is to prove the following relation:
(4.24) 0<Cy <A <Cy<oo forall oek.
-G 1)

Let K be any fixed finite volume. Since at any time step the matrix D, 5 v

is uniformly (strictly) positive definite, A, > C3 > 0 and 7, > C; > 0 for all o. The
structure tensor evaluated numerically at point x g is given by

e A B
(4.25) Ty (Vi) (wxen) = Gy ( P ) :
where
e/ g— 2 0G; s ’
(4.26) A= B Uk (kL)) , C= Ty*uh’k (kL)) ,
0G; . 0G; .
(4.27) B= (axt * ), kl) (rxr) (8; ) k1> (rxr).

By using Young’s inequality, a priori estimate (4.6), and the definition of extension
Uy ;. (see (2.4)), we subsequently get for i = 1,2 (1 =z, 72 = y)

a ~n
(6wt ] < [

2

3xi

0
9 Grens - 5>az,k<£>] e

1 0 1 N
(125) <5 [ |pGilene =) dee g [ iR < c;
e / 2 (©)2dE < Cr 4 G S (ul)? m(K) < Co.
2 KeT,

By inspecting relations (1.6)—(1.10) we may observe that if the elements of matrix
J, are finite, then also the elements of matrix D, are finite, which gives (4.24).
By applying (4.24) and (4.7) in (4.23), we get fo f1(t)dt < Cs. By using similar
approach as in [15] and relation (3.10), all further mtegrals can be estimated in the
same way, which ends the proof. 0

Proof of Lemma 4.4. Let us define £k 1, = %.n;{)g for all (K,L) € T and let for
all x € Q¢

1 if [z,z +&] intersects 0 = ok, K and L; and €k, >0
0 otherwise.

E(x,K,L){
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For any t € (0,T) there exists n € N which satisfies (n — 1)k < t < nk. Then for
almost all x € ()¢ we can see that

un g (T4 68) = ung (3,1) = W) — Uk = . B, K L) (u} —uf),
(K,L)eY

where K (z) denotes the volume K € 7, where z € K. By using these notations we
get the proof in similar lines as in [15]—proof of Lemma 3.2. 0

Proof of Lemma 4.5. In this proof, for simplicity, let us consider that Q; = €;
i.e., we extend up outside 2 by 0. The results which are obtained below can be
straightforwardly adjusted to the situation with reflexion to €;; the derivation is just
technically more complicated, and for details we refer to [10]. Let us define the set

Eext = {w, such that there exists K € 7;,, w C 0K N 9N}

and let ug 1= ug, where K € 7, w C 0K N0OQ. Since now for x € 2 — ¢ the point
x + £ can be outside €2, we see that

Up, K (x + f,t) — Up k (l‘,t)

(4.29) = Z E(z,K,L)(u} —ulf) — Z X ([z,z+ & Nw)u

(K,L)eY wEEext

By using the Cauchy—Schwarz and Young inequalities we obtain

(unp (2 + & 1) — up i (2,1))°
(uf — ug)®
(K,%):eT R (K%):e‘r Er,ndi L
(4:30) +2 3 x(lme+enw) (ul),

wWEE et

/ (un g, (& + &, t) — up g (z,1))° dadt
Qx(0,7)

Nmax

(4.31) < (2h+[€]) €] C +2 Z k/ > x(zz+ € Nw) (u)’ dudt,

weent

which can be written as

/ (unp (@ + &, 1) — up e (z,1))* dedt
Qx(0,T)

Nmax

(4.32) < (2h+ [€]) €] C + 2] Z > (u

n=0 wEEcyt

For the last term in (4.32) we use the trace inequality given in [4].

LEMMA 4.7. Let Q be an open bounded polygonal connected subset of R*. Let
7 (un.k) be defined by 7 (up,k) = e a.e. for the (d — 1) —Lebesgue measure on w €
Eext- Then there exists positive C' depending only on € such that

7 (uZ,k)HLZ(aﬂ) =C (’“Z7k‘1,7h + H“Z,kHLZ(Q)) :
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By using the trace operator 7 (up ) = tx Wwe can write

/ (i (2 + €, t) — upp (x,t))” dedt
Qx(0,7)

Nmax

(4.33) < h+ gD 11 C+21¢l Do K[ (uh i) 32 o0

n=0

and applying the trace inequality implies that

/ (uni (x4 &,t) — up g (2,1))" ddt
Qx(0,T)

Nmax

(434)  <Eh+ ) EICHAC KD k(Jupili g + bl e )-

Then using a priori estimates (4.6) and (4.7) ends the proof. 0

Lemmas 4.2, 4.5, and 4.3 guarantee that sequence uy j is relatively compact in
L?(Qr), which implies following convergence result.

LEMMA 4.8. There exists u € L?(Qr) such that up — uin L*(Qr) as h,k — 0
in the sense of subsequences.

For the sake of simplicity, we denote the subsequence converging to u again by
Up,k, and we are going to prove that its limit u is the weak solution of (1.1)-(1.3) in
the sense of Definition 4.1.

To that goal, let ¢ € ¥ be given, and multiply the scheme (2.10) by ¢ (zx,t,).

Then we sum it over all K € 7, and for n =1,..., Npax to get
Nmax uK unK 1)
Z k Z v (zx,th—1) m(K)
n=1 KT
(4.35) Z kDY e@ritar) Y e, (up)m(o).
n=1 KeT, c€EKNEint

In order to have a structure similar to the weak solution identity (4.1), we rearrange
(4.35) by using a discrete integration by parts and gathering the sums over K € 7,
and o € Eg N Eine, and we get

o n P xKa ) @($K7tn—1)
Sy k )+ 3 e e 0)m (K)
n=1 KcT; KeTy,

Nmax

(4.36) Z kY onup )m(o) (@ (@, tn) — ¢ (Tx,ta1)) = 0.

n=1 o€&nt

In the same way as in [15] we can prove that

(4.37) Zkz @ (@K, tn) lf(xK’t"*l) / / (,t) dzdt,

n=1 KeTy,

(4.38) Z e (2, 0)m (K) — [ g (x) p (,0)dr
KeTy, @
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as h,k — 0 for all ¢ € U. The main point in proving convergence of the scheme is to
get that

% Z k Z ¢Z(u7f’lb,k)m(o') (QD (xL,tnfl) - Qﬁ(l’K,tnfl))

n=1 oc€&n¢

(4.39) — /OT /Q —V - (DV) udxdt

as h,k — 0 for all p € ¥. By using then the space translate estimate (4.4) we know
(see, e.g., [4] or [14]) that the limit function u is in the space L%((0,T), H'), so we
can use Green’s theorem, and by applying the boundary conditions we have

/ / - (DVy) udxdt = / /DV@ - Vudzdt.

Proving (4.39) thus leads to overall convergence of the scheme to the weak solution
in the sense of (4.1). To deal with (4.39) we rewrite it and then split into the sum of
five terms

T 5
(4.40) +/ / V- (DVg(x,t)) u(z, t)dedt =Y T,
0 Ja i=1
where
1 Nmax
T = 5 k [(Dopa( ))'nWU(QO 1_9071/1[/_1)

Nin:
1 & n
To=5 > k (ul — ufy )m (o) [(Dopos ("))
n=1 (W,E)eY
nw,e — (DoeVo(zwe, tn-1)) - an”]’
1 Nmax
Ty = 3 (uly — uiy) <m(0‘)k(DUVQO($WE7tn1))
n=1 (W,E)eY

t’”/
Wo —/ /(Dngo(s,t)) . nw_,gdsdt) ,
tn71 g

1 a t’n/
LD DD DI S / / o = D)Vip(s, 1)) - nuy,odsdt,

n=1 (W,E)eY

T
7= [ [ - (09ela0) (wlot) ~ wnalo ) dodt,
0 Q

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



FINITE VOLUME SCHEME FOR TENSOR DIFFUSION 53

n

where ol = p(zw,th_1), 5 ' = @(@p, ta_1), and p"

% iax Z / / DV(s,t)) - nw,dsdt

n=1 (W,E)eY
Nmax

! = p(z,t,_1). Since

-y 3 uw/ > [(DVls.t)) - mupdsa
n=1 WETh tn— loetlw
=— uW/ / V - (DVp(z,t))dzdt
n= 1 weT;,

/ / - (DV(z,t))upk(x, t)dzdt,

one can see correspondence of terms in Ty and Ty. First, let us deal with 77 and
rewrite it using (2.7)-(2.8) into the form

Nmax

Zk Y (Polulh —uly) + Bo(ufy — ud)](ef " — oy )
n=1 (W,E)eT

— (uh —ui) e (0 — ol )+ Ba (o — )
which can be easily simplified to

Nmax

(4.41) Ty = Zk > 1Bo(ufy — ) (0F " — o) = Bo(ulp — ufpy) (ot — 9% )]
n=1 (W,E)eT

By applying (3.1) for u and similarly for ¢ we get

Nmax

g
L3I Dl ol L IEAREET——
n=1 (W,E)eY i=1
Oo 1+ O(h
— (e, —uw, )(@E,, — ew;,)(1+O(h))

where we omit time indexes due to simplification; for graphical explanation of no-
tations see Figures 3.1 and 4.1. For each term with positive sign in _(4.42) one can
find a corresponding term in the group of terms with negative signs (3, corresponds
to some (s). We denote these couples by T,s. For example, for 0 = owpg and 6 as
plotted in Figure 4.1 (left) we can write the couple as follows:

60'WE

(4.42)

TO'WE6 - (SDE“WE - QOTI;I[Z,:;VE )(UTEL](s - uTVLV(s)
55 n n
- I(wzagw G Y, — ufy, ) (1+O(W)
_ Pows (Pt = ew up,v—ufy,) — o —(ew, =g, ) up, —u,)(1+0(h)
4 Eowrp WUWE Es W 4 WG'WE EUWE Es W

because Bopp = Bopw @EUWE
(right). Using the previous expression for every o = ow g yields

n—1 n—1 n—1 :
= and = ; see Figure 4.1
<‘0W6EW ) @WUWE ‘PE(,EW ; g

s = 22+ (-4 00) | (" - 0, - ut)
(.43 = Do, — et ok, — i)
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[ ?
TEgs TEs
° ° ° ° °
® ®
(S xNUWE (S xS’jEW
® ? ° ® ® ¢
A B A B
° ow ° ° ®  opw °
@ [ [
:I:SUWE xNUEW
. * *
° °

Fic. 4.1. Left: The edge 0 = owpg and one § € P,. Right: The same edge 6 and one
corresponding o = ogw € Ps. The thickest lines represent one particular couple Tys in (4.42),
which vanishes up to the O(h) term. A= zw =zg =zw,, B=2xg =zw, .

TWE TEW CWE TEW

Then T; can be estimated as follows:

Nmax

Sor ST ST (et e, —uly,)

n=1 0€&int 6€PsNEint

|T1| < Cih

)

with positive constant C; due to the fact that 3, for each edge of mesh is finite (see
(4.24)). By the Cauchy—Schwarz inequality we have

1
Nmax 2
wg@h(zkz 5 wggww)

n=1 0€&nt 6€P;NEint

(4.44) (ik >y (ugé—u%ﬁ)2> :

n=1 0€E&int 6€EP-NEint

It comes from the regularity of ¢ that there exists a positive constant C3 such that
(@%:1 - <p7‘}V;1)2 < C3h?. Thanks to geometrical arguments, we know that

(4.45) > dwem(o) < C4lQ,

o€Eint

which straightforwardly gives for our uniform square mesh > h? < C4|9|. The

above-mentioned facts lead to

Nmax
(Z EY > (ot —w%‘ﬁl)2> < C5T|Q,

n=1 0€&nt 6€PsNEint

c€E;int

which together with a priori estimate (4.7) gives that |T| < Cgh, which implies

(4.46) |Ti| — 0as h,k — 0.
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Term T5 can be written as Tp = 5 Z "k wiper (W — uy)m(o)Tow g, where

n—1

Towe = Ao P ;QOW +BUSON ;SOS _;\U(¢TI}I7§)I_B (‘P;Vbl)

n—1 —
and (E:ZXVE;I) = Ve(zwg, ta—1) in the basis (nw,,, tw,,). Since p € C*1 (Q x [0, T]),
Y
there egsb:c positive constants C7 and Cg such that
n—1 __  n—1

P ¥ n
% (‘pWE1>

n—1

n J—
< Cyh, “ph‘ps — (¢, | < Csh.

From there and the property that elements of D, are finite (see (4.28)) we have
|Tow k| < Coh, with a positive constant Cy, which implies

Nimax

(4.47) To| < Croh | >k > (ulp — ufy)m(o)|.

n=1 (W,E)eY

Then we multiply the right-hand side of (4.47) by \/sz and apply the Cauchy—

Schwarz inequality to obtain

1 1
N 2 2
max n n m(o_) max
Tl < Cuoh | Dk D (=) = Yok Y. ml@)dwe
n=1 (W,E)eY n=1 (W,E)eY

A priori estimate (4.7) together with (4.45) gives [T3| < C1o(C11C4|QT) 2 h and finally

(4.48) ITy] — 0 as h, k — 0.
We consider the third term in the form T3 = 5 Z " wimer (WE — uy) Tswe,
where

tn
Tows = m(o)Vk(Dy Vo (@w s, tn1)) - iy — / / (Do Vi(s,1)) - iy o dsdt.

Due to the smoothness of % the mean value theorem, and the finiteness of D,, we
have T3] < Cia(h + k)| 22,20 k 2w, pyer (ufy — ugy)m(o)], and similarly as above
by using (4.7) and (4.45) we get

(4.49) |T5] — 0 as h,k — 0.

Let us define the fourth term as Ty = 5 E "2 wimer (Wg — uy)Ts, where T, is
represented by the relation T, ft 06— Nz + (Bs — B)pydsdt and A(z,t)

and f3(x,t) are the elements of matrix D(az:7 t) in the basis (nw,¢, tw,,). Owing to the
continuity of function Vi, one can show that there exist positive constants Cy3 and
C14 such that |¢g| < Ci3 and |p,| < Ci4. By using these facts it will be sufficient to
prove that

(4.50) Ao — A = [Mawg, tho1) — Mz, t)| < Cish, x €0, tE[th_1,tn],
(4.51) B, = Bl = |B(rwp,tn-1) — Bz, t)| < Cigh, w €0, tE[th1,tn],
(4.52) lve —v| = [v(ewE, th—1) — v(z,t)| < Cizh, x €0, tE [tn_1,tn]

x

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



56 OLGA DRBLIKOVA AND KAROL MIKULA

for each edge o € €. Tt comes from (1.10) that

N K1V + Ko, V3 K107 + KoU3
| o | - 'U2 + ’U2 - ,1)2 + ,1)2 ?
1o 25 1 2

where the terms with index ¢ correspond to A, and the remaining terms to A. Here
ko depends on p; and po (see (1.9)), and py and po together with vy and vs (see
(1.7) and (1.8)) depend on the elements of the structure tensor J,(Vu;) = (¢ )
which is constructed by (1.5)—(1.6). Similarly, A, depends on the elements of tensor
Jo(Vun ;) (xxr) = (Z: i’j), evaluated numerically at point xxr,, using values of @y, j
and weights given by convolutions. Using (4.25)—(4.27) leads to

len 2 0G; 2
ag:GP*(th ) , CU:GP*(@yt ) ,
0G; 0G;
be = G, % |:( th *Uh,k> ( 8yt *Uh,k)] .

Elements of the matrix J,(Vu;) are given as follows:

B aG; 1\’ 9G; ler B aG; \*
a_GP*<8x *u) , b=G, [(81: *u)(ay *u)}, c=G, <8y *u) .

To prove (4.50), we use inequality p*> — ¢ < |p + ¢||p — ¢|, and then we get a, — a <
G, * (| e 9G; 4 (un,x+u)| acit * (upk —u)]). Applying (4.28), the boundedness of solution
u, and Lemma 4.8 yields that a, — a as h,k — 0. One can obtain convergences

Co — c 1n the same way, just changing = to y. For b, and b we add and subtract

G, * [( G *u)(%c;s %)]- Then we have

0G; 0G; 0G; 0G;
bo—b=G,* {(8; * uh7k> (8:; * (up,, — u)) + ( axt * u) ( 8yt * (wp,k — u))] ,

and using (4.28) and Lemma 4.8 yields the result. Due to dependence of vy, va,
f1, p2, and kg on a, b, and ¢, one can conclude that also vi, — v; as h,k — 0
and wva,_, p1,, Mo,, and kg, correspondingly. Then we use above-mentioned facts

to get Ay — X\ as h,k — 0. Since |8, — 8] = |U1”v2"("€1 K2g) _ Um(“_'”” and

2 2.2
Ui, Jr”2 vitvs

Vg —v| = |W“"vv1 ::l% - sz;izl% |, one can prove the inequalities (4.51) and (4.52)
1o 25

in the same way. Then by using the same technique as in estimates of To and T3 we get

(4.53) |T4| — 0 as h,k — 0.

The last term is given by T; = fo Jo V- (DVo(z,t)) (u(z,t) — upk(z,t))dzdt. We
use the property that D € C°(R?*2 R2X2) (see [24, p. 115]) to state that V -
(DV(x,t)) € L*>(Qr). Then by using the strong convergence of uy  to u one can
see that

(4.54) |T5| — 0 as h,k — 0.

Now we can state following convergence result.

THEOREM 4.9. The sequence up i, converges strongly in L*(Qr) to the unique
weak solution u of (1.1)—~(1.3) as h,k — 0.

Proof. The result comes from (4.46), (4.48), (4.49), (4.53), (4.54), and the fact
that the limit u of uy, x is in space L2(0,T; H'(£2)). Due to the uniqueness of the weak
solution, which can be found in [24], not only the subsequence but also the sequence
up, i, itself converges to u. |
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F1c. 5.1. The cell segmentation and edge detection for the original image and the image filtered
by 4 diffusion steps. Top row: The original image (100 x 100 pizels detail) with the isolines of
the final state of the segmentation function (left), the graph of the final state of the segmentation
Sfunction (middle), and the edge detection for the original image (right). Bottom row: The filtered
image with the isolines of the final state of the segmentation function (left), the graph of the final
state of the segmentation function (middle), and the edge detection for the filtered image (right).

5. Numerical experiments. In this section we present results of several com-
putational examples using real two-dimensional images coming from multiphoton laser
scanning microscopy. They represent the membranes and nuclei of cells in the early
stages of zebrafish embryogenesis. Especially the images of membranes are well suited
for processing by this type of diffusion which is documented by comparing the edge
detection and cell segmentation results before and after filtering in Figures 5.1-5.4.
In the experiments we use the spatial step h = 0.01, time step k£ = 0.0001, C = 1,
a = 0.001, £ = 0.00001, p = 0.002. The arising linear systems are solved using Gauss—
Seidel iterations. Satisfactory results were obtained after a few filtering steps, so the
denoising method is really fast. In the presented experiments we do not observe any
stability problems which are a usual drawback of explicit schemes; cf. [25].

The nonlinear tensor anisotropic diffusion smoothes out the noise and improves
significantly the connectivity of the coherent structures. Although the filtered im-
age seems to be more blurred compared to the original one—cf. Figure 5.1 (left top
and bottom)—the enhancement of the structure connectivity and improvement of the
quality of edge detection—cf. Figure (5.1 right top and bottom)—enable us to get
much more precise results of segmentation algorithms based on image intensity gra-
dient information such as the subjective surface method [20, 16, 2]. In the subjective
surface method, the initial segmentation function in the form of a peak centered in
the approximate centroid of the segmented object is created. Then the initial function
is evolved by nonlinear PDE, it forms a shock profile during the evolution, and the
segmented object is detected as an isoline of the final (numerically steady) state of
the segmentation function; for details we refer to [20, 16]. Since many spurious noisy
structures can be seen in the original image, which is expressed in a highly noisy edge
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F1c. 5.2. The results of subjective surface cell segmentation when using unfiltered and filtered
images, respectively.

F1G. 5.3. The image of the cell membranes (200 x 200 pizels, left), its edge detection (middle),
and the edge detection for the image filtered by 2 diffusion steps where the strong improvement of
structure coherence can be seen (right).

Fic. 5.4. The image of the cell membranes and nuclei (240 x 240 pizels, left), its edge detection
(middle), and the edge detection for the image filtered by 5 diffusion steps (right).

detection result, the segmentation algorithm can hardly find the correct cell bound-
ary using the noisy data. It is difficult to the chose the proper isoline when several
shocks are formed in the irregular steady state which is created due to a noise in the
image—cf. Figure 5.1 (left and middle top). On the other hand, using a few steps
of the nonlinear tensor anisotropic diffusion, all level lines are accumulated along the
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TABLE 5.1
Error in the La(I, L2(§?)) norm and the EOC comparing numerical and exact solutions.

n h k Error EOC
10 0.2 0.04 1.809572 - 104

20 0.1 0.01 0.3835138 - 104 2.2383
40 0.05 0.0025 0.09159927 - 10~* | 2.06587
80 0.025 0.000625 0.02238713 - 104 2.03267
160 | 0.0125 | 0.00015625 | 0.00495121-10—% | 2.17682

cell boundary (just one shock is created in the final state of segmentation function)—
cf. Figure 5.1 (left and middle bottom), and the cell can be segmented precisely. Now
it is easy to choose the isoline for the cell boundary representation, we take the average
of minimal and maximal values of the final segmentation function, and in Figure 5.2
we show the segmentation results for several cells visualizing it for both unfiltered and
filtered images. We use the same parameters of the subjective surface segmentation
method in both cases, and one can see much more precise segmentation results after
filtering.

In Figures 5.3-5.4 we show two other real images: originals (left) and edge detec-
tion results for originals (middle) and after a few steps of filtering (right). Again, one
can clearly see coherence enhancement and edge detection improvement.

In the last experiment we test the experimental order of convergence (EOC) of
our method. In the theoretical part we prove its convergence, and the rigorous error
estimates will be an objective of a further study; cf. [7]. Here we consider function
u(x,y,t) = tcos(mx) cos(my) which fulfills the boundary conditions in the domain
Q = [-1,1]? and in time interval I = [0,1]. Putting this function into the model
equation (1.1), without convolutions, because we do not need to smooth either the
function or the structure tensor, we get the nonzero right-hand side, and we modify
the scheme accordingly. We take C' =1 and a = 0.001 so the diffusion matrix D has
eigenvalues between o and 1 and the process is strongly anisotropic. Then we take
subsequently refined grids with M = n? finite volumes, n = 10, 20, 40, 80, 160, and the
time step k = h?, and we measure errors in the Lo(I, L2(£2)) norm, which is natural
for testing the schemes for solving parabolic problems. In Table 5.1 we report the
errors for different grid sizes, and we observe that the EOC of our numerical scheme
is equal to 2.
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