CONVERGENCE ANALYSIS OF FINITE VOLUME SCHEME FOR
NONLINEAR TENSOR ANISOTROPIC DIFFUSION IN IMAGE
PROCESSING
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Abstract. In this article we design the semi-implicit finite volume scheme for coherence enhanc-
ing diffusion in image processing and prove its convergence to the weak solution of the problem. The
finite volume methods are natural tools for image processing applications since they use piecewise
constant representation of approximate solutions similarly to the structure of digital images. They
have been successfully applied in image processing, e.g., for solving the Perona-Malik equation or
curvature driven level set equations, where the nonlinearities are represented by a scalar function
dependent on solution gradient. Design of suitable finite volume schemes for tensor diffusion is a
nontrivial task, here we present first such scheme with convergence proof for the practical nonlinear
model used in coherence enhancing image smoothing. We provide basic information about this type
of nonlinear diffusion including a construction of its diffusion tensor, and we derive a semi-implicit
finite volume scheme for this nonlinear model with the help of co-volume mesh. This method is
well-known as diamond-cell method owing to the choice of co-volume as a diamond-shaped polygon.
Further, we prove a convergence of a discrete solution given by our scheme to the weak solution of the
problem. The proof is based on Kolmogorov’s compactness theorem and a bounding of a gradient in
tangential direction by using a gradient in normal direction. Finally computational results illustrated
in figures are discussed.

Key words. image processing, nonlinear tensor diffusion, numerical solution, semi-implicit
scheme, diamond-cell finite volume method, convergence.

1. Introduction. Nonlinear diffusion models are widely used nowadays in many
practical tasks of image processing. In this paper we deal with the numerical solution
of the model of tensor nonlinear anisotropic diffusion introduced by Weickert (see [23],
[24] and [22]) in the following form

ou

(1.1) E—V-(DVU)zO, inQr=1xQQ,
(1.2) u(z,0) =uo(x), inQ,
(1.3) (DVu) -n=0, on I x 09,

where D is a matrix depending on the eigenvalues and eigenvectors of the so-called
(regularized) structure tensor, ug € L?(f2) and n is the outer normal unit vector to
0. Such model is useful in any situation, where strong smoothing is desirable in a
preferred direction and a low smoothing is expected in the perpendicular direction,
e.g. for images with interrupted coherence of structures. To that goal the matrix

(1.4) Jo(Vug) = Vuz @ Vu; = Vu;Vu;T,
where
(1.5) uz(x,t) = (Gy x u(-,t))(z), (t > 0).

is used. The matrix Jy is symmetric and positive semidefinite and its eigenvectors are
parallel and orthogonal to Vu;, respectively. We can average Jo by applying another
convolution with Gaussian G, and define

(1.6) Jpo(Vu;) = G, * (Vu; ® Vuy), (p>0).
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b\ .
Z c ) is known as a structure tensor or
interest operator or second moment matrix (see [9]). It is again symmetric and positive
semidefinite and its eigenvalues are given by

1
(1.7) N1,2:§(Q+Ci \/(a—c)2—|—4b2), 1 > pe.

Since the eigenvalues integrate the variation of the grey values within a neighbourhood
of size O(p), they describe the average contrast in the eigendirections v and w.

With the help of the eigenvalues of J, we can obtain useful information on the
coherence. The expression (y; — u2)? is large for anisotropic structures and tends to
zero for isotropic structures, constant areas are characterized by 1 = us = 0, straight
edges by p1 > pe = 0 and corners by p1 > us > 0.

The corresponding orthogonal set of eigenvectors (v, w) to eigenvalues (1, pz2) is
given by

In computer vision the matrix J, = (

v = (v1,v2), w = (wy,ws),
(1.8) vy = 20, va =c—a++/(a—c)?+ 4b2,
w 1 v, w1 = —Va, Wo = V7.

The orientation of the eigenvector w, which corresponds to the smaller eigenvalue po
is called coherence orientation. This orientation has the lowest fluctuations.

One can use the above mentioned structure tensor information into a construction
of specific nonlinear diffusion filter [23, 24, 22]. The idea of the tensor nonlinear
diffusion filtering is as follows. We get a processed version u(z, t) of an original image
uo(z) with a scale parameter ¢ > 0 as the solution of mathematical model (1.1)-(1.3),
where matrix D depends on solution u, satisfies smoothness, symmetry and uniform
positive definiteness properties, and steers a filtering process such that diffusion is
strong along the coherence direction w and increases with the coherence (u; — pa)?.
To that goal D must possess the same eigenvectors v and w as the structure tensor
Jp(Vu;) and we choose the eigenvalues of D as

(1.9) ki=a, a€(0,1), akl,

B «, if H1 = 2,
2 = a+(1—a)exp(ﬁ),€>0 else.

The matrix D then has following form

(1.10) D =ABA™,
where A = < v e > and B=( ™ 0 ) . The exponential function is used in
va U1 0 ko

(1.9) because it ensures that the smoothness of the structure tensor carries over to the
diffusion tensor and that ko does not exceed 1. The positive parameter « guarantees
that the process never stops. Even if (u; —u2)? tends to zero so the structure becomes
isotropic, there still remains some small linear diffusion with diffusivity & > 0. Such
« is a regularization parameter, which keeps the diffusion tensor uniformly positive
definite. C has a role of a threshold parameter. If (u; — u2)? > C then ks ~ 1, and,
in opposite if (41 —p2)? < C then ka ~ a. Due to the convolutions in (1.5) and (1.6),
the elements of matrix D are C*° functions. Such model is a nontrivial extension of
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Fia. 2.1. A detail of finite volume mesh - a finite volume K, its boundaries o;, i = 1,2,3,4
and the fluzes outward to a finite volume K.

the regularized Perona-Malik equation [17, 1, 15] and, as well as further PDEs em-
ploying tensor diffusion, it is used in many practical image processing applications,
see e.g. [23, 24, 22, 6, 13, 19, 18]. In section 5 of this paper we also illustrate its useful-
ness by smoothing and segmenting the cell membrane images obtained by a confocal
microscope. We show that after application of the nonlinear tensor anisotropic dif-
fusion using our numerical scheme the coherent structures are attenuated. If such
improved edge information is used in the so-called subjective surface segmentation
method [20, 16, 2] the cell boundaries are correctly segmented.

There are only few purely finite volume methods designed and studied from nu-
merical analysis point of view for solving tensor diffusion problems, see e.g. [3, 4]
devoted to discretization of the elliptic operators. On the other hand, finite volume
schemes for nonlinear parabolic problems as arising in image analysis are natural
since they use piecewise constant representation of approximate solutions similarly
to the structure of digital images. Finite and complementary volume schemes have
been used successively in image processing for solving the Perona-Malik equation and
its generalizations (see e.g. [15, 11, 12, 10, 7, 21]) and for solving the generalized
curvature driven level set equations (see e.g. [8, 16, 2]) where the nonlinearities are
represented by a scalar function dependent on solution gradient. Here we present the
first finite volume scheme with convergence proof for the highly nonlinear anisotropic
tensor diffusion model arising in coherence enhancing image smoothing.

The next section is devoted to derivation of our numerical scheme, in section
3 we study existence and uniqueness of discrete solutions, section 4 contains our
convergence proof and finally, in section 5, we discuss numerical experiments.

2. Finite volume scheme for nonlinear tensor anisotropic diffusion. The
aim of this section is to derive our computational method. Let the image be repre-
sented by m1 X ng pixels (finite volumes) such that it looks like a mesh with n; rows
and ny columns. Let Q = (0,n1h) x (0, ngh), h is a pixel size and let the image u(z) be
given by a bounded mapping u : Q2 — R. The filtering process is considered in a time
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interval I =[0,7]. Let 0 = ¢y <1 < --- <'tn,,,. = I denote the time discretization
with ¢, = t,_1 + k, where k is a length of discrete time step. In our scheme we will
look for u™ an approximation of solution at time t,, for every n = 1,..., Nppaz- As
usual in finite volume methods, we integrate equation (1.1) over finite volume K, then
provide a semi-implicit time discretization and use a divergence theorem to get

T

(2.1) -

m(K) — Z (D" 'Vu™) - ng ,ds =0,

c€EKNEint ¥ 7

where u%,, K € 7, represents the mean value of v” on K. 7}, is an admissible finite
volume mesh (see [4]) and further quantities and notations are described as follows:
m(K) is the measure of the finite volume K with boundary 0K, oxr, = KNL = K|L
is an edge of the finite volume K, where L € 7}, is an adjacent finite volume to K such
that m(K N L) # 0. Due to simplifying notation, we use o instead of ok at several
places if no confusion can appear. £k is set of edges such that 0K = J, g 0 and
E = UKeTh Ex. The set of boundary edges is denoted by E.¢, that is Eepp = £ N ON
and let Epp = €\ Eeat- T is the set of pairs of adjacent finite volumes, defined by
T={(K,L) € T?, K # L, m(K|L) # 0} and ng , is the normal unit vector to
o outward to K.
Let us define our discrete numerical solution by

Nomax

(2.2) upk(x,t) = Z Z uiex{zr € K}x{tn-1 <t <tp},

n=0 KeT;
where the function x(A) is defined as

1, if A is true,
(2:3) X{A}_{ 0, elsewhere.

The extension of the function (2.2) outside Q is given first by its periodic mirror
reflection in €z, where ¢ is the width of the smoothing kernel,

(2.4) Q; = QU Bi(z), =z €09,

Bj(z) is a ball centered at z with radius #, and then we extend this periodic mirror
reflection by 0 outside Q; and denote it by i, .
In our scheme we will start computation by defining initial values

1
(2.5) ul = —/ uo(x)dz, K €Ty,
m(K) Jk
and let u} ,(z) = Y ukx{z € K} denote a finite volume approximation at the
’ KEeT,

n n—1
n-th time step. In order to get the scheme we write (2.1) in the form %—
m(lK) EZ{;g b5 (up, )m(o) = 0, where m(c) is the measure of edge o and ¢g(uj ;)

oEEKNEint

denotes an approximation of the exact averaged flux ﬁ [ (D" 1Vu™) - ng ,ds for
any K and o € &k.

We construct ¢ (uj, ) with the help of a co-volume mesh (see e.g. [3]). The
co-volume Y, associated to ¢ is constructed around each edge by joining endpoints of
this edge and midpoints of finite volumes which are common to this edge, see Fig.2.2.
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Fi1G. 2.2. A detail of a mesh. The co-volumes associated to edges o = ok, (left) and 0 = op i
(right).

We denote the endpoints of an edge & C Jx, by N1(G) and N2(d) and let n,_ 5 be

the normal unit vector to & outward to x,. In order to approximate diffusion flux,

using divergence theorem, we first derive an approximation of the averaged gradient

on o, namely m [ Vudz = m [ u"n,, »ds and then we approximate it
Xo Xo

m(xo) 5eax

be taken as ug and uy, and let the values ug and uy at the vertices xy and xg
be computed as the arithmetic mean of ug, where K are finite volumes which are
common to this vertex.

Since our mesh is uniform and squared, we can use the following relations:

m(x,) = h’—;, m(o) = gh and after a short calculation we are ready to write

by p?(u) = —* > i (u?\'h(r‘f) + u?(,z([_,)) m(d)n,, 5. Let the values at zg and zw

n n n n
(2.6) piu) = B W SN Sy
h ' h ’

where tx , is a unit vector parallel to ¢ such that (zy — zg) - tx,, > 0. Although
such ul, ujy,, u% and u$ correspond to particular edge o, and so we should denote
them by uf , ujy, , up and ug in (2.6), we will use the above simplified notations.
Replacing the exact gradient Vu™ by the numerical gradient p?(u) in approximation
of ¢ (uj, ;) we get the numerical flux in the form

(2.7) ¢ (uh i) = (Dopy () - Nk o,
Ao Bo
Bo Vo
along o evaluated at the previous time step. To that goal we take u’;’;l for constructing
the structure and diffusion tensor and evaluate them at xxr, where xk, is a point of

ok, = K|L intersecting the segment xxx . From implementation point of view, the
structure and then diffusion tensor evaluation can be done in two ways. Either we can

where D, = D"~ ! = < ) is an approximation of the mean value of matrix D



replace gradients of u appearing in structure tensor by their numerical approximation
p?(u) and then smooth them by weighted average (convolution), or we can evaluate
VGy * uZ;l using weights given by VG; applied to discrete piecewise constant values
of uzgl as convolution realization. In the latter way we do not introduce additional
approximation into the scheme, and, in the part devoted to convergence analysis we
use the latter approach, although both are realizable computationally.

It is important to note that in (2.7) we always consider the matrix D, written
in the basis (nk e, tx), cf. [3]. Although it may look artificial, it will simplify
further considerations. In practice it means that, cf. Fig. 2.1, if the matrix D is

given in standard basis on edge o by < 2‘7 f” ) then D, = < 2‘7 f” ) , i.e.

Ao = Ao, Bo = By, Uy = v, for the two edges ¢ = oo and 3. On the other hand,

D, = < Vg) _)\ﬂ" ) Jie. A\g = Vs, By = =B, Uy = Ao for other two edges o = o
Mo o

and o4. Using such matrix representation the definition (2.7) can be written in this

compact form

ni, n 5\0 Ba U;f;—“:}v 1 \ u% _ uerV 3 UK/ _ ug
2. — i nh n . = >\0' o 5
( 8) ¢a(uh,k) [( ﬁa 78 > ( “N}:“S >‘| < 0 > h * ﬁ h

since in the basis (nk ,tk ) the formula (2.6) can be written for each edge as

. ug;u”ﬂ:
(29) pa(u) = u}i,—lug

h

and ng , is equal to in the basis (ng »,tx,») for each edge 0. Because of the

1

0

convolutions in (1.5) and (1.6), the elements of matrix D, are C* functions.
Finally, let us summarize our semi-implicit finite volume scheme:

n—1
ul —u 1 neon
(2.10) e - ) > dnup)m(o) =0,
c€EKNEint
where
(2.11) da(uf ) = Ag L 4 5, N5

3. Existence and uniqueness of the solution to discrete scheme. In order
to fulfill main goal of this section, to prove existence and uniqueness of ul, K € 7y,
we estimate the expressions u}; —u% by means of u —ujj, for all edges . To that goal
we use mainly results of [3] in our situation. Let us note that, due to simplification
of notation, we do not use upper index n in the sequel and at some places we relate
ug and uy to particular edge o using ug,, uw,, etc. In the sequel we denote by C;
constants which may depend on the properties of diffusion tensor.

DEFINITION 3.1. Let P, be the set of all edges & perpendicular to o (see Fig. 3.1
for two illustrative situations when o = owg and o = ogw ), which have common
vertex with o and fulfill the following conditions: g, — xzw, > 0 if xn, —xs, > 0
and zg; — xw, < 0 if xy, —xg, < 0. Let us note that zw, = x‘l,Vs = x?jﬂa, for
0 =0wE, TE, = x%/v,; = a:‘};g, for o = owg, Tw, = x%g = x%vs, for o = opw and
TR, = x};s = 37:13/1/57 foro=o0gw.
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FiG. 3.1. Left: an edge ow g and edges 01, 02, 63, 64 € Poy, . Right: an edge opw and edges
01, 62, 03, 64 € Popyy, -

Using definitions given in the previous section we can write

1
4
where u}l, = ups, and ujy = uw,, correspond to edge J; and similarly u, udy,
ud, udy, uf and ujy, correspond to edges d2, 83 and J4. Applying the inequality
(a+b)? < 2a% + 2b* we have

1
(3.2) (un, —us,)* < Z Z(uEs —uw;)”
SE€EPNEint

1 3 2 2 4

(31)  un-—us= [U}; — uyy) + (ufp — udy) + (v — uiy) + (up — u)]

N
Multiplying (3.2) by (’g—”) 2% and summing for all o € &,y (by 0 we mean owg) we

obtain

8 2 UN. — US 2 8 2 1 fug, —uw 2

o N, . N o Es 5 N

3) > (2 —e o <> (2 P ,

(3.3) <)\a) ( h ))\G ( 0) 4( h )AG
0€Eint 0€Eint 0€EP;NEint

Then we swap the two sums on the right hand side of (3.3) to get

8 > luy. —u . ug, — U 2
(3.4) > (A_{T) (%) <> (%) As

o€€int 0€Eint
where
— 2 —
1/8 A
0€EPsNEint i g
. . Ao Bou o . . . .
Let us consider the matrix 3 - , which is the matrix D written in the basis
(TJ‘ (TJ‘

(tx,o, —NK,s) on edge 0. Due to smoothness of D we get

(3.6) Mo = Tpr = 75(1+ O(h)) = As(1+O(h)), € P,,
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(3.7) Bo = —Bor = =B5(1 4+ O(h)) = Bs. (1 + O(h)), b€ P,
(3.8) Dy = Aot = As(L - O(h)) = 752 (1 + O(h)), b€ P,.

Applying (3.6)-(3.8) in (3.5) and using ——7 < 1+ (C + 2C?h)h for h sufficiently
small (h < 5&) we have

1 ﬁ_)A_l o 4@)&1 o
%<<7€P§ﬁ:&;m4(5“5L » (1+0h) st s (L+0(h)).

Using the positive definiteness of the diffusion tensor written in a standard basis as

As P we obtain for its determinant
Bs Vs

(3.9) AsVUs — ﬁg > 0.

Now, we have two possibilities for vs5. Let § be an arbitrary edge in the mesh parallel
2

to o3 (see Fig. 2.1). Then s < (_V—f‘?) L1+ 0(h) = M(l +0(h)) < 1 for h

AsVs

sufficiently small due to (3.9). Similarly, if § is any edge oriented perpendicularly to
2
o3 we have 75 < (5—5) ﬁ—g(l +O(h)) = ﬁ(l + O(h)) < 1 for h sufficiently small.

s Asvs
Thus, due to the fact that \, > C > 0 and v, > C > 0, we obtain 0 < v5 < 1 for h
sufficiently small. Since this condition is fulfilled for each edge ¢ we can rewrite (3.4)

as

_ 2 2 2
Bo UN —US \ 3 U —uw \ <
3.10 — — ] A < — ) A5
s X (F) (U)o X (M5
0€Eint 0€Eint
where 0 <y <1, v =max",.
e
Let us now introduce the space of piecewise constant functions associated to our

mesh and discrete H' norm for this space. This discrete norm will be used to obtain
some estimates on the approximate solution given by the finite volume scheme.

DEFINITION 3.2. Let Q be an open bounded polygonal subset of R%. Let T;, be
an admissible finite volume mesh (see [4]). We define Po(7y) as the set of functions
from Q to R which are constant over each finite volume K of the mesh Tp,.

DEFINITION 3.3. Let € be an open bounded polygonal subset of R?. For u €
Po(Tr) we define

2

_ 2
(3.11) Whn = 3 )
T (K,L)eY dK’L

where di 1, is the Buclidean distance between xx and xy,.
Remark that (3.11) can be rewritten for our uniform mesh into the following form

(3.12) w7 4.7, = (2 > (W) m(xa)> ,

Uegint
where 0 = owg. Let us define a discrete operator £ by

Lo(upp ) = ufem(K) =k Y d5(uf )m(o).

)
c€EKNEint



Then solution up j € Po(7h) of our scheme at time ¢, is given by

(3.13) Ly (Uh k) = I, k(uhk )s

where fp, k(uzzl) =u%'m(K), K € Tp,, and ) ! is value of the piecewise constant
function u} h, k in K. This equality is a linear system of IV equations with N unknowns
ut, K € T, N = card(Ty,).

Multiplying L (up, i) by v, summing over K and splitting into a part A and B
leads to

(3.14) > Lu(up)uf = A+ B,
KeTy,
with
(3.15) A= (ug)*m(K) = ||uf |72 (0
KeTy,
and

B=k Y up Y - e omo).

KeT, 0€EKNEint

The above expression can be written in the following form

B=k Y ufy Y —eiupmo)

WETh o€EWNEint
Up — uw
(3.16) Z 05 (uf k) ——=—2m(xo) = Q(uf, 1)
Gefmt
owing to property ég(up, ) = b5, (up i) = =@y, (up ). Since ¢g(uj, ) = 0 for

0 € eyt we can extend the sum in (3.16) and write

k
Qup ) = 3 Z(DUPZ) “Po2m(Xo) = k(Dnp}, Pr)L2(9)-
oe€
where p} = #E5%%ny , for 0 = owpg is the normal component of the gradient

and Dy, pp, p; are piecewise constant functions with values extended from o to x,.
Further, we use the following inequality

(3.17) (Dnph,pr)r2) = (Drph, p7)e2 ) — [(Dadhs pr — Ph) L2l

It is clear that (Dppj,p})r2() = Z Ao (“E "W) m(xs), due to fact that

ugp —uw = 0 for 0 € Eupt thanks to reflexion of up, 1 in Q; (see page 4). Applying
Young’s inequality in the second term on the right hand side of (3.17) leads to

Z BO’ iE ;UW il ; usm(Xo)
oeé

318) < Y - [(L”W) +(%>2(L}ZUS)T Ao (Xo);

Uegrnt

\(Dnp}y o — P}y) 12(0)| =
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since ¢g(uj, ) = 0 for o € Eczt. Using inequalities (3.10) we get

1 —|— U — U 2
(Duphopn — i) 2] < ——> S A ( £ W) m(xe) =
Uegrnt
]'+ * *
(3.19) = —W(thhvph)LZ(Qy

2
Using (3.12), it in turn implies

]- + Y * * Y
3200 Qi) = (150 ) KB ey 2 A Rl af
where Apin = Helft; Ao > C > 0. Applying (3.15), (3.16) and (3.20) in (3.14) we get for
h sufficiently small and any uj; , € Po(7) that

Sl uie > o (Jup o 7, + 1uf o lE2()
KeTy,
with o = min (Apin (1 — fy)%, 1).
THEOREM 3.4. For h sufficiently small, there exists unique solution up, . given

by the scheme (2.10)-(2.11) at any discrete time step ty,.

Proof. Assume that ugx, K € T}, satisfy the linear system (3.13) and let the right
hand side of (3.13) be equal to 0. Then

(3:21) o (Jup iz, + o alFee) < D0 Lalwiuk = > farlupztuk =0,
KeTy, KeTy,

Due to relation (3.21) and strict positivity of @ we know that v} = 0, VK € 7.
It means that kernel of the linear transformation represented by the matrix of the
system (3.13) contains only 0 vector, which implies that the matrix is regular. And
thus it implies that there exists unique solution for any right hand side. O

4. Convergence of the scheme to the weak solution.

DEFINITION 4.1. Weak solution of the problem (1.1)-(1.3) is a function u €
L2(0,T; HY(Q)) which satisfies the identity

T

41/ xtdmdt—F/ (x) ¢ (x,O)dm—/ (DVu) - Vpdzdt =0, Yo € ¥
0Q Q

where ¥ = {¢ € C* (2 x [0,T]),(DVy) -7 =0 on 92 x (0,T),¢(.,T)=0}.

REMARK 1. Euxistence and uniqueness of the weak solution and extremum prin-
ciple for the model (1.1)-(1.3) are given in [24]. The proofs are based on theory built
in [1].

In the proof of convergence we will use strategy based on application of the
Kolmogorov’s compactness criterion in L? which gives relative compactness of the
approximate solutions given by the scheme refining the space and time discretization
step. Using relative compactness we can choose convergent subsequence which in the
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limit gives the weak solution. In order to use Kolmogorov’s compactness criterion we
shall prove following four lemmata.

LEMMA 4.2. (Uniform boundedness) There exists a positive constant C such
that

(4.2) lunkll 2y < C-

LEMMA 4.3. (Time translate estimate) For any s € (0,T) there exists a
positive constant C such that

(4.3) / (unp (2.t + 8) — wp i (2,1)° dodt < Cs.
Qx(0,T—s)

LEMMA 4.4. (Space translate estimate I) There exists a positive constant C
such that

(4.4) / (un e (2 + 1) — un g (1)) dadt < C €] (€] + 2h)
Qe x(0,T)

for any vector € € RY, where Q¢ = {x € Q, [z, 2 + €] € Q}.
LEMMA 4.5. (Space translate estimate II) There exists a positive constant
C such that

(4.5) [ ila &0~ uni (a,0)) dude < el
Qx(0,T)
for any vector £ € R.
To prove (4.2)-(4.5) we will use following a-priori estimates.

LEMMA 4.6. The scheme (2.10)-(2.11) leads to the following estimates. For h
sufficiently small, there exists a positive constant C' which does not depend on h,k
such that

n\2
(4.6) o IBX > Wi)m(K) <C,
- KeT,
n\ax 2
ul —ul)
(4.7) k> Mm(o) <C,
n=1 (K,L)eY A L
(4.8) Z S (e~ m(K) < C.
n=1 KeT,

Proof. We multiply (2.10) by u%, sum it over KeTy,overn=1,...m < Npaz,
and use the property (a — b)a = 3a* — 1b% + $(a — b)? to obtain

1 . 1 i .
3 E (uf)*m(K t3 § E (ufe —upt)?m(K)
KeTy, n=1KeT,

@9 YR wp Y agm(o) =5 Y (wh)Pm(K).

n=1 KT, c€EKNEint KeT,
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Then using (3.16) and (3.20) we have

5> Gy m

KeTy,

N)I»—A

Z Z UK_UK )>m(K)
n=1KeT,

(410) #a 3 Ml < 5 3 (W mi)

n=1 KeTy,

with positive constant & = Amin =2 72 Since ug € L?(Q), the right hand side is bounded
by a positive constant C. Using the first term of (4.10) we get a-priori estimate (4.6)
and from the second term of (4.10) we get a-priori estimate (4.8). From the strict
positiveness of @ in the third term of (4.10) and from definition (3.11) we obtain
a-priori estimate (4.7). O

Proof. (of Lemma 4.2) It follows from the first L?(Q2) - a priori estimate (4.6). O
Proof. (of Lemma 4.3) First, for fixed s € (0,7T), we define function

£(t) = /(uM (2,1 + 5) — wn p (2,1))? do
Q
Using the fact that up i is a piecewise constant function, we get
Nits Nt 2
(4.11) F) =Y (u —ufd) m(K),
KeTy,
t

with ny = [£] and nyys = [5£2], where [-] means the upper integer part of positive
real number. We rearrange (4.11) to obtain

(4.12) FO) = (uit —u) (uf —up ) m (K).
KeTy, t<(n+1)k<t+s
Using the scheme (2.10)-(2.11) in (4.12) (replacing K by W) we get

@13 ft) = >k Z( W) Yo Xa(u%_u%)"’_ﬁd(u?{_ug‘))v

tS(n+l)k<t+€ weT, c€EWNEint

and due to conservativity of numerical fluxes (antisymmetry of term Ao (Ul — ulk,) +
Bo(uly — u%)) we have

T L DY
t<(n+1)k<t+s 0EEint

(4.14) (Ao (ulp — uly) + Bo (uly — ug)) -

Using Young's inequality leads to the relation

fm< >3 Z Ao (uits —ulte — 'l 4 ule)? 4

t<(n+1)k<t+s UE&m

(4.15) + Y —Z ( no— ) + f(uN—uS)>2

t<(n+1)k<t+s 0o€Eint
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where the right hand side can be further estimated and we get

(4.16) f@) < f1(8) + f2(t) + f3(t) + fa(D),
k
(4.17) fi(t) = Z 5 Z Mo (u —ui)?,
t<(n+1)k<t+s  0E€Eint
(4.18) Fa(t) = Z g S R (ut —upp)?,
t<(n <t+s oE€Eint
k _
(4.19) fa(t) = Z 3 D Aolulp —uiy)?,
t<(n+1l)k<t+s o€E€Eint
k 3\ BU ? n n\2
(4.20) SCESIPVINE B O (%) -2
+1)k<t+s = 0E€Eint 7

Next we integrate (4.16) in time interval (0,7 — s), and replacing Z by Z

0€Eint (K,L)eY
(the edge o € &k is an intersection of K and its adjacent finite volume L) we get an
estimate of the first integral term

T—s T—s
k \ n Nt
(4.21) / fi(t)dt = / 3 2 Ac(up —ui)? Y Xp<tnrpcrrsydi -
0 0 (K,L)eY neN

We substitute the integral over (0,7 — s) by the sum of time step intervals and use
the property X{t<(n+1)k<t+s} = X{(n+1)k—s<t<(n+1)k} tO Obtain

T— Nopo (ne+1)k
(4.22)/ t)dt < Z Z Ao ) / Z X{(n+1)k—s<t<(n+1)k}dl.
0 ny=0 (K L)eY nek neNo

(ne+1)k

Since / Z X{(n+D)h—s<t<(n+1)k}dt = s, and m(o) = dg 1 for our uniform
nik neNO
mesh, the relation (4.22) leads to

T—s N,
max B
(4.23) [ nwass> 5 Y o), Gt — ).
2 dr,r
0 ny=0 (K,L)ET ’
Next step is to prove the following relation
(4.24) 0<CL <A <Cy<oo, forallo € &.

. . . : Ao B
Let K be any fixed finite volume. Since at any time step the matrix D, = ( BU gg )
g [eg
is uniformly (strictly) positive definite, Ao > C3>0and 7, > Cy >0 for all 0. The
structure tensor evaluated numerically at point x g is given by

(4.25) J, (Vu}ﬁjklf) (zrr) =G, * < g g ) ,
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where

(4.26) A= ((% * *;;,j) (a:KL))Q, C= ((%—i{ * ﬂZ,kl) (xKL))Q,
(4.27) B= <% e kl) (zxr) (aa—? * NZE) (zKL)-

Using Young’s inequality, a-priori estimate (4.6) and definition of extension aj, ; (see
(2.4)) we subsequently get for i = 1,2 (z1 =z, 22 = y)

0
‘(8 Gy *uhk) (rxrL)

(4.28) < 2/} Hwxr —

05 / a7 L (©)[2dE < O+ Cs Z (u)? m(K) < Cs.

KeTy,

i(err — 5)112',1@(5)‘ dg <

Qz

Inspecting relations (1.6)-(1.10) we may observe that if the elements of matrix J,
are finite then also the elements of matrix D, are finite which give (4.24). Applying

(4.24) and (4.7) in (4.23) we get / f1(t)dt < Cs. Using similar approach as in [15]

0
and relation (3.10) all further integrals can be estimated in the same way which end
the proof. O

i.nKﬂ for all (K,L) € T and let

Proof. (of Lemma 4.4) Let us define i 1, = €]

for all z € Q¢

1 if [z,2 +&] intersects 0 = ok, K and L; and &k, > 0

E(z,K,L) = { 0 otherwise.

For any t € (0,7) there exists n € N which satisfies (n — 1)k < t < nk. Then for
almost all x € Q¢ we can see that

Uh,k (z+&t) — Uh,k (z,t) = u?((m+§) - u?((m) = Z E(z,K,L) (uf —uk),
(K,L)EY

where K (x) denotes the volume K € 7}, where z € K. Using these notations we get
the proof in a similar lines as in [15] - proof of Lemma 3.2. O

Proof. (of Lemma 4.5) In this proof, for simplicity, let us consider that £; = ,
i.e., we extend up,; outside © by 0. The results which are obtained bellow can be
straightforwardly adjusted to situation with reflexion to €, the derivation is just
technically more complicated, for details we refer to [10]. Let us define the set

Eext = {w, such that there exists K € 7p,, w C 0K NN}

and let ug := ug where K € 7j,, w C 0K N OS2 Since now for x € 2 — Q¢ the point
x + £ can be outside 2 we see that

Uh,k (x+&,t) — Uh,k (x,t) =
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(4.29) > B KL)(uf—uk)— Y x(zz+{nm)ul.
(K,L)eY wEEext

Using the Cauchy-Schwarz and Young inequalities we obtain

(uni (x4 &,t) — up g (z,1))° <

n _ ,n)\2
(430) <2 Z E(x,p,q) §K7LdK7L Z E(x’K7 L)%
(K,L)ET (K,L)eY Sk
+2 Y x(wr+nw) (W),
wEEent

(ung (x4 &,1) — up (x, 1)) dedt <

Qx(0,T)
Nmax

@sny  @hrlelec+2 Y k[ Y xllne g nw) ) du,

n=0 Q wEEeat

which can be written as

/ (np (@4 €,8) — e (2,))° ddt <
Qx(0,T)
NI!\&X

(4.32) @h+EDEIC+20E D>k Y () m(m).

n=0 we&€eyt

For the last term in 4.32 we use the trace inequality given in [4].

LEMMA 4.7. Let Q be an open bounded polygonal connected subset of R*. Let
7 (un,i) be defined by 7 (up k) = uw a.e. for the (d — 1) —Lebesgue measure on w €
Eext. Then there exists positive C' depending only on Q, such that

7 (“Z,k)HLz(aQ) <C <|“Z7k|1,7h + ||UZ,I<||L2(Q)) :

Using the trace operator 7 (up i) = U We can write

/ (un g (z + &, 1) — up g (z,1))* dadt <

Qx(0,7)
Nmax 9
(4.33) (2h+ [N 1€ C +21€0 D kT (uft i) |2 o0y
n=0

and applying the trace inequality implies that

(un g (& + &) — up g (x, 1)) dedt <

Qx(0,T)
Nmax
(434)  <Eh+ D EICHACKE D k(Jupill g + bl ey )-

n=0
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Then using a-priori estimates (4.6) and (4.7) ends the proof. O
Lemmas 4.2, 4.5, 4.3 guarantee that sequence uy, i, is relatively compact in L?(Q7)
which imply following convergence result.

LEMMA 4.8. There exists u € L*(Qr) such that up — uin L*(Qr) as h,k — 0
in the sense of subsequences.

For the sake of simplicity, we denote the subsequence converging to u again by
Uk, and we are going to prove that its limit  is the weak solution of (1.1)-(1.3) in
the sense of Definition 4.1.

To that goal, let ¢ € ¥ be given and multiply the scheme (2.10) by ¢ (zk, ).
Then we sum it over all K € 7;, and for n = 1,..., Nypax to get

Nmax n—1
Sk W)ty (1) -
n=1 KeTy,
NI!\&X
(4.35) Z Z (T tn—1) Z Doy, (Ul 1) m(0).
n=1 KeT c€EKNEint

In order to have a structure similar to the weak solution identity (4.1), we rearrange
(4.35) using a discrete integration by parts and gathering the sums over K € 7;, and
o € Ex NEint, and we get

Nn\ax
) 7tn—
Dok 3 g Pt PRt () 4 57 e 0)m (1)
n=1 KeT, KeT,
Nn\ax
(4.36) -5 Z kY enup )m(o) (¢ (wn, tn1) — ¢ (Tk, tn1)) = 0.
= g€Eint

In the same way as in [15] we can prove that

T
o n P (TK, ¢ (Tr, tn- Iy
437) 3 kY up—X tn) = p (i 1)m(K)—>//u§(x,t)dxdt,
0 Q

n=1 KT,

(4.38) > uke ek, 0)m (K) — / uo (z) ¢ (2,0) dz

KeTy, Q

as h,k — 0 for all ¢ € ¥. The main point in proving convergence of the scheme is to
get that

NI!\aX
5 Z kY orup )m(o) (¢ (@n, tn1) — ¢ (Tx, tn1)) —
= 0€Eint
T
(4.39) — //—V-(DV@) udxdt.
0 Q

as h,k — 0 for all ¢ € ¥. Using then the space translate estimate (4.4) we know (see
e.g. [4] or [14]) that the limit function u is in the space L?((0,T), H'), so we can use
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Green’s theorem and applying the boundary conditions we have

T T
//—V- (DV ) udxdt = //(DV(,@) - Vudzdt.
0 Q 0O

Proving (4.39) thus leads to overall convergence of the scheme to the weak solution
in the sense of (4.1). To deal with (4.39) we rewrite it and then split into the sum of
five terms

% Emjx Z ¢Z(U’Z,k)m(0) (p(zE,tho1) —@(Tw,tn—1)) +

n=1 (W,E)eY
5
(4.40) + //V - (DVp(z,t)) u(z, t)dedt = Zﬂ,
0O =1
where
1 NI!\
hi=5) &k D [(Dopo(w) - nwo (0 = o) = (ul = uiy)(Dopo (™)) - nw,o] m(o),
n=1 (W,E)eY
1 NI!\&X
=5 k (ufy — ufy )m(o) [(Dopo(¢" 1)) nwo — (Do Ve(zwe, tn-1)) - nw,o] |
n=1 (W,E)eT
1
T5 = 5 Z uE —ugy) | m(@)k(DsVo(zwe,tn-1)) - Dw,s —/ /(DUVgo(s,t)) ‘nyw,edsdt |,
n=1 (W,E)e th—1 O
1 NI!\& t’L
T, = 3 2 %: / / D)Vp(s,t)) - nw cdsdt,

th—1 O
T

7= [ [ 7 (0e(w.0) (ule.t) ~ wnae. O)dod,
0 Q

where @’If{l = (xw,tn-1), @%71 = o(rp,ty_1) and "1 = p(x,t,_1). Since

N ty
| Nowe
5 Y wh ) / /(DV@(s,t))-nwﬂdsdt
n=1 (W,E)eY

th—1 O

Nmax

:_Z Zuw/ Z/DVgast Ny, sdsdt

n=1 WeT,, ,” o€fw}

T
=— Z > upy, / /v (DVo(z,t))dxdt = //v-(Dw(x,t))uh,k(x,t)dxdt
n=1 WeT, 4 0 Q

one can see correspondence of terms in Ty and T5.
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First, let us deal with T} and rewrite it using (2.7)-(2.8) into the form

Nmax

Zk Y (Poluls —uiy) + Bo(uf — w0 — ol )

n=1 (W,E)eY
- (u%_ug{/)[j‘d(@%‘_l _507{}[/_1)"‘80(30 —Sﬂg 1)]) )
which can be easily simplified to

(44NT = Zk > (Bl =) (0p " = o) = Boluh — w0k —07].
n=1 (W,E)eY

Applying (3.1) for uw and similarly for ¢ we get

Nmax =
533D Sl ol [ IESET—
n=1 (W,E)eY i=1

(1.42) g, —uw ), — ow, )1+ O()

where we omit time indexes due to simplification; for graphical explanation of nota-
tions see Fig. 3.1 and Fig. 4.1. For each term with positive sign in (4.42) one can

TEs TEs
° ° ° ° °
(S xN"WE (S xS"EW
A B A B
) owE e ° ° TEW °
xS”WE xN”EW
° °

Fic. 4.1. Left: the edge 0 = owpg and one § € Py. Right: the same edge § and one corre-
sponding o0 = opw € Ps. The thickest lines represent one particular couple Tys in (4.42), which
vanishes up to O(h) term. A= CWoy = =zw;, B=

TEBo gy TBoyp = TWopy -

find a corresponding term in the group of terms with negative signs (B, corresponds
to some (5). We denote these couples by T5. E.g., for 0 = ow g and ¢ as plotted in
Fig. 4.1 left we can write the couple as follows

By
Z/E (SDE

:TU'VVEfs = cwE - SOWUWE)(UTEL,s - U’TVIV,;) -
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Bs (ont oty ul, — ufy,)(1+ O(h)) =

4 TEW TEW
ﬂUWE( n—1 _n—1 no o ,n ﬁ_ _ n _ ,mn 1 O(h
PO (o u, —ul) — e~ ehh ), — ul, )1+ O(R)

because Boywr = Bopw @EUWE
Using previous expression for every ¢ = ow g yields

Tos = [5—“ i (—&u 0| (e - ), iy,

:6[7

_ . n—1 n—1 _ n—1 . .
PWo and PWoryy = PE,y,, 5€C Fig. 4.1 right.

(4.43) O (e, " — e, N ufy, — uly,).

Then T; can be estimated as follows

Nmax

Z k Z Z _90W )(u%a_ua’a)

n=1 o€&int 6€EP, F‘l&m

|Ty| < Cih

with positive constant C; due to fact that 3, for each edge of mesh is finite (see page
14). By the Cauchy-Schwarz inequality we have

Ty < Csh (ik oY | ";1)2>

n=1 oc€&int EP, mgnzt

Nomax 3
(4.44) <Zk >y (u%a—u%a)2> :

n=1 0€&int 6€EP,NEint

It comes from regularity of ¢ that there exists a positive constant C3 such that
(@TEL;l - @7‘,"[,_01)2 < O3h?. Thanks to geometrical arguments, we know that

(4.45) > dwem(o) < C4lQ)

0€Eint

which straightforwardly gives for our uniform square mesh Y. h2? < C4|]. The
o€Eint
above mentioned facts lead to

(Zk > > >2> < C5TI0,

n=1 o€€int €EP, ﬂEmt
which together with a priori estimate (4.7) gives that |T1| < Cgh, which implies
(4.46) 1| — 0as h,k — 0.

Nmax

Term T4 can be written as Th = Z k Z (U — uly)m(o)Tow g where
n=1 (W,E)eY
n—1

Towe = Ao P ZQOW +Ba<pN ;%g _5‘0(5071;[715),@ Bo (9071/11/1;)
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n—1

and ( Ei%"_@;m ) = Vo(zwg, tn—1) in the basis (nw,, tw,s). Since p € C%! (1 x [0,T7),
WEy

there exist positive constants C7 and Cg such that

n—1 n—1

YNy — P n—
A (), | < cun.

n—1__  n—1

% ¥ n—
% _ (‘Pwé)x} < Crh,

From there and the property that elements of D, are finite (see page 14) we have
|Tow g| < Coh with a positive constant Cy, which implies

Nmax

(4.47) To| < Croh | >k > (ulp — ufy)m(o)|.

n=1 (W,E)eY

Then we multiply the right hand side of (4.47) by \/—VdWE and apply Cauchy-Schwarz

inequality to obtain

1 1
Nmax 2 [ Nuax 2
mi(o
ml<cun (Y b 3 wp-w PRl ) [k S me)dwe
n=1 (W,E)eT WE n=1 (W,E)eT

A-priori estimate (4.7) together with (4.45) gives |Ty| < C10(C11C4|QT)2 h and finally

(4.48) |T5] — 0 as h,k — 0.
NI!\&X
We consider the third term in the form T3 = Z Z — uiy ) Tswe,
n=1 (WE)ET
where

Tswe = m(o)k(DsVo(rwe,th-1)) - Dw,e — / /(Dngo(s,t)) - Ny, dsdt.

th—1 O

Due to smoothness of ¢, the mean value theorem and finiteness of D, we have
Nmax

T3] < Cra(h + k) Z k Z (uk — uly)m(o)| and similarly as above using (4.7)
n=1 (W,E)eY
and (4.45) we get

(4.49) T5| — 0 as h, k — 0.

The basic ingredients of the proof of convergence |Ty| — 0 as h,k — 0 are given
by the properties of functions A, 3, v as Lipschitz functions of the partial derivatives
of solution (smoothed by spatial convolutions) and from the convergence of up ; to u
in Lo(Qr). Term Ty is written in detailed way as follows

(4.50) Em: > (up - ujy) / / T, dsdt

n=1 (W,E)eY
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where
To = (Do(upi)(@xr,th—1) — D(u)(s,1))Ve(s,t) - nwe, s €0, t € (tn=1,tn).

Let us note that in the previous definition the construction of D, and D, respectively,
is the same (the index o is used only because the tensor D, is evaluated using numer-
ical solution on edge o, such notation was introduced and used in previous sections),
but the arguments are different. In the first case it is the numerical solution up k,
which is used in evaluation of diffusion tensor at point xxy € o and at time t,_1.
In the second case the argument is given by the limit function u and the tensor is
evaluated at any point s € o and t € (t,,—1,t5). So, we can write

To=(Munk)(@xL, tno1)—Au)(s,1)) o + (B(uni)(@xL, tn1)—B(u)(s,t)) Gy,
(4.51)

where @, and @, are elements of Vi(s,t) in the basis (ng o, tx o). Le. ( éw >

is equal to ( Y > on o3, ( TP ) on s, < Py > on o; and ( Py ) on o4,
Py —Py —Px Pz

cf. Fig. 2.1. In order to get bounds of the term T,. we use properties of functions A,
B, v, because X\ and [ may be equal to one of them depending on the local basic in
which both matrices D, and D are written. From the diffusion tensor construction it
follows that we can write it in the following form

To= (Majih bt i) = Masb, ) o+ (Blapnh it i) = Bla.b,)) @y,
(4.52)
where \ and (3 is equal to one of the functions \, 3, v depending on three arguments
as follows

nlv% + /1211% .

Ma, b, c) =
a, if pp = po (ie. if\/4b% + (a — ¢)?2 = 0),
1
1 —a T Ry
o o) (3 i) T e
v1V2(K1 — K2)
boo) = LLv2lRL — R2)
0, if py = po (ie. ify/402 + (a — ¢)? = 0),
= (afl)b _ﬁ
Vit T e
2 2
o) = B
vy + 3
a, if pp = pg (ie. if /4% + (a — ¢)?2 = 0),
1
_ 1 c—a Ty Ewpm——r
Oé+(]. Oé) (2 QW e 4+@-o?  else.

If we denote by F' = 4b® + (a — ¢)? the values of \, 3, v for F' = 0 are defined as limit
values as F' — 0 and thus the functions are continuous. In (4.52) we have

0= (G,, ) (% *u>2> (5,4),
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9G; Gy
b’,fb';cl =|Gp* Ka—xt * U,h7k) (8—yt * uh,k)]) (TKL,tn-1),

_ 0G; 2
C;,ikl = <G,, * (8—; *uh,k) ) (TkL,tn—1)-

First of all, from such form of A\, 8, v one can simply see that they are uniformly
bounded. We can write

nlv% + /1211%

1 c¢c—a\ _
)\(a,b,c):wza—k(l—a) (i—f—ﬁ)@

Since |a —¢| < \/4b2 + (a — ¢)2 = VF and a € (0,1), we get
1 \/17> _
e

A <a+(1-a) <§+m

=

=

<1.

Similarly it is for 8 and v.

From the structure of A, 3, v we can see that their partial derivatives, with respect
to a, b, c of any order will contain the term e~ and some rational polynomial which
can be estimated by the powers of F' and which together give uniform bounds on
derivatives. In the convergence proof it will be sufficient to have Lipschitz continuity
of A\, 8, v, so we show that their first partial derivatives are uniformly bounded. First
we have

% = (1= a)(e— ) + (o= (8" +26%(a — ) + (- c)Q)eZ;; .

Since |a| <1, |1 —a| <1 and |a — ¢/ < F2 we have

oA e~ F e~ T
}% <la-— C|W + (40 + (a — ¢)*)* + (a — ¢)* + 4b?) 73
L 2 _ 1
§F65F+(F —l—]*;')e F:Ft26_%
F2 F2 F2
= hn(F) < maxhn(F) = b1 (Far),

where Fyy = 2(v/2 — 1), so

oA
. — | < <1.2.
(4.53) ‘8@’0112



Then we have

ox dbe~F 9 9 e F
5= (1 —Q)T + (1 —a)2b(a—c)(4b° + (a —c)* —2) 73

Since 2|b| < /462 + (a — ¢)2 = F'2 we have

OA| _ 2F2e¢~F N F3F3(F42)e”F (F+4)e T
ob|—  F2 F3 B F3
— < =
ha(F) < maxha(F) = ha(Fu),
where Fiy = /33 — 9, SO
O

4.54 —| < <2.

(1.59) G|

Since

oA e F e F o\
e = (a—1)(a— C)W + (1 — a)(8b* +2b*(a — ¢)* + (a — ¢)?) T
we get
oA O

4. — == < <1.2.

(4.55) ’80 ‘aa sts
For the function v we get

O _ (1~ a)a— c)i 4 (1= a)8b + 26%(a— ¢)? + (a — c)Q)e_%
da 2 s
so we get the same estimate as in (4.53) and (4.55) also for
v
4. — | < <1.2.
(4.56) =<
Then
ov Abe~F e F
o5 = (1 —a)—m— +(a—1)2b(a— )(4b” + (a — ) - 2) T

so we get in the same way as in (4.54) the estimate for

v
4. — | < <2.
(4.57) HRE
Since % = —% we have again

v
4. — | < <1.2.
(4.58) R

For the function 3 we have

op 9 9 e
%z(l—a)b(a—c)(élb +(a—c)* —2) 7

=

NS
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thus

op <F%F%(F+2)e*% (F42)e 7
o 5
2

Oa

and therefore
(4.59) ’—‘ <C;<1.2.

We also have

9B _ 2 2 2 ne'r
8b—(0¢ 1)(8b* + 4b%(a — ¢) —|—(a—c))F%,
=)
9B 2 2 2 by € F _2F 4 F?
— 1 < (24 — — = F
'8b_((b+(a €)?) + (4b° + (a C)))F% B e
F+2 _a
— Tt < maxhi(F) = ha(Fu)
3 F>0
and from it
B
4.60 — | < <1.2.
(4.60) ]%\ <0 <
Using g—f = —% we have the estimate
(4.61) ’%‘ <0y <12.
dc

Just as an illustration we also show boundedness of % (all other second partial
derivatives can be treated similarly):

% = (1—a)(166" = 8% (a — ) = 3(a — )" +2(a — )
+ (1 — @) (96b%(a — ¢) 4+ 6b%(a — ¢)° + 3(a — ¢)° — 2(a — ¢)?

1 48b*a — ¢)® — 48b%(a — ¢)) &

9
2
Applying la — c|2 < F, |a—c¢| < F2, 4b|2 < F and 2|b| < F? we get

1
F

< (40 + (a— ©*)? +3(a — &) +2(a - ©))°

’62)\

3
+ (5(4b2)3|a —c| +6b%a—c® +3la—c|° +2]a—c?

e
F

)=

+ 48b%|a — cf® + 48b*|a — ¢|)

nlo

F? +3F% +2F
§—+F4+ e F +



25

SP3F: 4+ 3FF3 4 3F3% +2F% + 3F?F% + 3F?F3 _,

+ 5 e T
F2

AF +2 2 3F?+3F?243F+2+3F*+3F

= e F+ e F
F3 F3

6F2 +10F +4 1

=——7s ¢ r=< rg§§h3(F) = h3(Fu) < C <12,
VAEES

where Fyy =

The term T, in (4.52) contains differences of either A, 5 or v evaluated in different
arguments. Using their Lipschitz continuity those differences can be estimated by the
differences of arguments. We will do it only for A, all other situations are treated
similarly. So we have

@ B i) = A, b, 0)] < Lay/ (0] 3 —a)2+ (b5t = )2+ (chyt o)
(4.62) < La(lah ! —al+ [0y 3" =bl+]e ! e,

where L) is Lipschitz constant of function A. Since all terms in the absolute values
on the right hand side of (4.62) can be estimated similarly, we do it in details just for
the first one |a}',' — a| (a slight difference is only when treating |} ! — b|, we will
mention it later in the text). We can use the following splitting and éet

0G; 2 0G; 2
|CLZ;€1 - Cl| < <GP * ( axt * uh7k> ) (xKLvtn—l) - <GP * ( 8{; * Uh,k) ) (Satn—l)
0G; 2 0G; 2
+ <Gp * (a—xt * uh7k> ) (S,tn_l) — <Gp * (8—:; *U:h,k) ) (S,t)
0G; 2 0G;  \’
+ <Gp>k (a—x" *uh’k> ) (s,t) — <Gp * (8—3; *u) ) (s,t)

:A1+A2—|—A3.

Then subsequently
2

0G;
A<| [Gyann—0 | [ e nunatntidn | de-
RN RN

2
0G;

- /Gp(s—f) /a—;(ﬁ—ﬂ)uh,k(n,tnq)dﬂ dg| <

RN RN

2
0G;

< [1Guars =) = Gl =1 | [ G~ munslonta)dn | de < Ch

RN RN

because of the fact that |xxr — s| < h, C* smoothness of G, and because
0G;

Tt
ox
RN

2
dG; 2
(€ = munk(m,tn-1)dn | < C/ (8—;(6 - n)) dn/ui,k(n,tn—l)dn <
RN Q

< Cllunk(tn-1)llr,@) < C
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holds for any ¢ € RY, using Cauchy-Schwartz inequality, C> smoothness of Gj,
extension by 0 of wp; outside a neighbourhood of (2, and due to a-priori estimate
(4.6).

For the second part we have

2

0G;
Ay = / Go(s =€) / 8—3:(5 = Munk(n,th-1)dn
RN RN

2
0G;
~ S (€= n)uh,k(n,t)dn) dé = / Gp(s — §)Bde,
RN

RN

and, for the term Bj, using the relation |p? — ¢%| = |p + q||p — ¢|, we get for any
¢ € RN, t € (ty_1,t,) that

0G;
|B1] = a—;(ﬁ = 1) (un,k (0 tn-1) + unr(n,t))dn| .
RN
0G;
a—;(ﬁ = 1) (un k(M tn-1) — unk(n,t))dn| <
RN

< C (Nune (s tn=1)| o) + une(, ta)l 2 )) Nuni(t — k) — une(®)]l1, o) <
(4.63)< Cllupk(t — k) — un k(t)||Lo )

where Cauchy-Schwartz inequality, a-priori estimate (4.6) and piecewise constant in
time definition of uy, , was used. Then also

|[Aa| < Cllunk(t — k) — unk(t)|L, )

because [,y G,(s —&)dE =1 for any s.
For the third term we have

2
Ay = / Go(s =€) %(& —nunk(n,t)dn | d§
2
0G:
- 8—;(& —nu(n, t)dn | d¢

- / G — €)Badt

and again due to a-priori estimate (4.6) and Cauchy-Schwartz inequality we get

S~ munal.0) + a0 | [ 22— n)anant) = o))

N N

< Clunk(t) = w®)Lo@) + Cllu®)l| Lo @ llunk () — wB)l|Lo0)-

| Ba| =
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Let us note that for |b2’7€1 —b| we can use the same approach as above, but in the terms
which would corresporid to Az and Az, we would use |p1q1 — p2q2| < |p1(q1 — q2)] +
|(p1 — p2)gz| in order to get the same estimates as above. For the term |cZ;€1 — | we
can use completely same approach as above. Putting together all previous estimates
and because of smoothness of ¢, and ¢, we have that

Nmax

m<cy Y |uE—uW|//h+||uhkt— B) — e (0)]| ey

n=1 (W,E)eY
Fllun k() = w()l o) + ()| Lo lfult) = un k)] 0))dsdt.
The most important observation now is that, the terms inside the double integral
do not depend on s. So it will be sufficient to use several times Cauchy-Schwarz

inequality and the same trick as in treating the term T5 to get convergence of Ty to
0. First term is simple and is estimated exactly as 75, i.e.

szix Z |uE—uW|//hdsdt<Ch Xmixk Z |u'f — ugy |m(o)

n=1 (W,E)eY n=1 (W,E)eT

=

Nmax 2

<ony VE| 3O “‘Ed‘iuvﬂm(g) VE[ Y mloydir
n=1 (W,E)eY KL (W,E)eY

Nmax n __ ,mn 2 2 max 1 . 1
<ciofn Y & Y W — W)™ o (Z k;) < ClQIET?h
n=1 (W,E)eY

due to a-priori estimate (4.7). For the second term we have

Nmax

cy / > lufy =l m(o)lunp(t — k) = un ()l Loy dt

n=1;" (W,E)eY
Nuax 2 2 2
1 (ufp — u)
<o Y [ [ ME o) | fun st~ ) — w0l @t
n=1, 7 \(W,E)eY KL
Ntnax tn % tn %
; U, —ul
P3| 3 G (o | ([ Tt =)~ un 0
n=1 n—1 WE €Y n—1

(SIS

1
2
2 Nmax

< cla Zksz(g) 3 /||uhkt— )= wun (DI, oyt

d
1 (wper KE n=1,"

1
2

<clQ? //(uh,k(x,t — k) — up gz, ) 2dzdt | < C|Q|7 k2,

because of (4.7) and the time translate estimate (4.3). The third term is treated
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similarly, and we get

Nmax

tn
ey Y - / / a1 (8) — () ey st

n=1 (W,E)eY Wy

2

T
<Cl* //(uh,k(x,t) —u(z,t)dzdt | < C|Q7|lung — ULy (Qr)-
00

For the fourth term we get similarly as above, just using once more Cauchy-Schwartz
inequality, that

Nmax

tn
cY Y -y / / )] ey 1) — o (8)] gy sl

n=1 (W,E)eY tn1 o

=

T
<Clafz /Hu(t)HLz(Q)||U'h7k(t)_u(t)||L2(Q)dt
0

T
<ClQ|z //ﬁmﬁ
0 Q

ESE

1
1

T
O/Q/(Uh,k(x,t) —u(z, 1)) dzdt

1 1
< 19 funs — ullf,

because u € La(Qr) and thus its norm is bounded by a constant. So finally we have

1
I Ts] < Ch+ Ck? + Cllun i — ull Lor) + Cllunk — ullZ, o,
which means that

(4.64) |T4] — 0 as h,k — 0.

T
The last term is given by T5 = //V (DVo(z,t)) (w(z, t) — up Kz, t))dedt. We
0O

use the property that D € C*°(R?*2 R?*2) (see [24], page 115) to state that
V - (DV(z,t)) € L*(Qr). Then using strong convergence of uj, ; to u one can see
that

(4.65) IT5| — 0 as h, k — 0.

Now, we can state following convergence result.

THEOREM 4.9. The sequence up i, converges strongly in L*(Qr) to the unique
weak solution u of (1.1)-(1.3) as h,k — 0.

Proof. The result comes from (4.46), (4.48), (4.49), (4.64) and (4.65) and the fact
that the limit u of uyp x is in space L2(0,T; H*(Q)). Due to uniqueness of the weak
solution, which can be found in [24] not only subsequence but also the sequence up, x
itself converges to u. O



Fic. 5.1. The cell segmentation and edge detection for the original image and the image filtered
by 4 diffusion steps. Top row: the original image (100 x 100 pizels detail) with the isolines of
the final state of the segmentation function (left), the graph of the final state of the segmentation
function (middle), the edge detection for the original image (right). Bottom row: the filtered image
with the isolines of the final state of the segmentation function (left), the graph of the final state of
the segmentation function (middle), the edge detection for the filtered image (right).

5. Numerical experiments. In this section we present results of several com-
putational examples using real 2D images coming from multiphoton laser scanning
microscopy. They represent the membranes and nuclei of cells in the early stages
of zebrafish embryogenesis. Especially the images of membranes are well suited for
processing by this type of diffusion which is documented by comparing the edge detec-
tion and cell segmentation results before and after filtering in Figures 5.1-5.4. In the
experiments we use the spatial step h = 0.01, time step k£ = 0.0001, C' = 1, a = 0.001,
t = 0.00001, p = 0.002. The arising linear systems are solved using Gauss-Seidel itera-
tions. The satisfactory results were obtained after few filtering steps, so the denoising
method is really fast. In the presented experiments we do not observe any stability
problems which is a usual drawback of explicit schemes, cf. [25].

The nonlinear tensor anisotropic diffusion smoothes out the noise and improves
significantly the connectivity of the coherent structures. Although the filtered image
seems to be more blurred compared to the original one, cf. Fig. 5.1 left top and bottom,
the enhancement of the structure connectivity and improvement of the quality of edge
detection, cf. cf. Fig. 5.1 right top and bottom, enable us to get much more precise
results of segmentation algorithms based on image intensity gradient information like
the subjective surface method [20, 16, 2]. In the subjective surface method, the initial
segmentation function in the form of peak centered in approximate centroid of the
segmented object is created. Then the initial function is evolved by nonlinear PDE,
it forms a shock profile during the evolution and the segmented object is detected
as an isoline of the final (numerically steady) state of the segmentation function,
for details we refer to [20, 16]. Since many spurious noisy structures can be seen
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Fic. 5.2. The results of subjective surface cell segmentation when using unfiltered and filtered
images, respectively.

LT

F1G. 5.3. The image of the cell membranes (200 x 200 pizels, left), its edge detection (middle),
and the edge detection for the image filtered by 2 diffusion steps where the strong improvement of
structure coherence can be seen (right).

in the original image, which is expressed in highly noisy edge detection result, the
segmentation algorithm can hardly find the correct cell boundary using the noisy
data. It is difficult to chose proper isoline when several shocks are formed in the
irregular steady state which is created due to a noise in the image, cf. Fig. 5.1 left and
middle top. On the other hand, using few steps of the nonlinear tensor anisotropic
diffusion, all level lines are accumulated along the cell boundary (just one shock is
created in the final state of segmentation function), cf. Fig. 5.1 left and middle bottom,
and the cell can be segmented precisely. Now, it is easy to choose isoline for the cell
boundary representation, we take the average of minimal and maximal values of the
final segmentation function, and, in Fig. 5.2 we show the segmentation results for
several cells visualizing it both for unfiltered and filtered images. We use the same
parameters of the subjective surface segmentation method in both cases and one can
see much more precise segmentation results after filtering.

In figures 5.3-5.4 we show two other real images, originals (on the left) and edge
detection results for originals (middle) and after few steps of filtering (on the right).
Again, one can clearly see coherence enhancement and edge detection improvement.

In the last experiment we test experimental order of convergence (EOC) of our
method. In the theoretical part we prove its convergence, the rigorous error estimates
will be an objective of a further study, cf. [7]. Here, we consider function u(zx,y,t) =
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F1G. 5.4. The image of the cell membranes and nuclei (240 x 240 pizels, left), its edge detection
(middle), and the edge detection for the image filtered by 5 diffusion steps.

TABLE 5.1
Error in La(I, L2(2))-norm and EOC comparing numerical and ezact solution.

n h k error EOC
10 | 0.2 0.04 1.809572 - 10~*

20 | 0.1 0.01 0.3835138-10~% | 2.2383
40 | 0.05 0.0025 0.09159927-10~% | 2.06587

80 | 0.025 | 0.000625 0.02238713-10~% | 2.03267
160 | 0.0125 | 0.00015625 | 0.00495121-10-% | 2.17682

t cos(mx) cos(my) which fulfills the boundary conditions in the domain Q = [—1,1]2
and in time interval I = [0,1]. Putting this function into the model equation (1.1),
without convolutions, because we do not need to smooth neither the function nor
the structure tensor, we get the nonzero right hand side and we modify the scheme
accordingly. We take C' =1 and o = 0.001 so the diffusion matrix D has eigenvalues
between « and 1 and the process is strongly anisotropic. Then we take subsequently
refined grids with M = n? finite volumes, n = 10, 20, 40, 80, 160, the time step k = h?
and we measure errors in Lo(I, Lo(Q2))-norm, which is natural for testing the schemes
for solving parabolic problems. In Table 5.1 we report the errors for different grid
sizes and we observe that EOC of our numerical scheme is equal to 2.
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