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Abstract

We solve a convection-diffusion-sorption (reaction) system on a bounded domain
with dominant convection using an operator splitting method. The model arises
in contaminant transport in groundwater induced by a dual-well, or in controlled
laboratory experiments. The operator splitting transforms the original problem to
three subproblems: nonlinear convection, nonlinear diffusion, and a reaction prob-
lem, each with its own boundary conditions. The transport equation is solved by
a Riemann solver, the diffusion one by a finite volume method, and the reaction
equation by an approximation of an integral equation. This approach has proved to
be very successful in solving the problem, but the convergence properties where not
fully known. We show how the boundary conditions must be taken into account,
and prove convergence in Lj jo. of the fully discrete splitting procedure to the very
weak solution of the original system based on compactness arguments via total
variation estimates. Generally, this is the best convergence obtained for this type of
approximation. The derivation indicates limitations of the approach, being able to
consider only some types of boundary conditions. A sample numerical experiment
of a problem with an analytical solution is given, showing the stated efficiency of
the method.
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1 Introduction

Contaminant transport with nonlinear sorption in a strong flow field gives
rise to a nonlinear convection-diffusion-sorption system. Precise mathematical
models are available and significant efforts have been made to develop efficient
numerical methods, see e.g. [1]. However, in the case of dominant convection
many of these methods break down numerically.

The general approach to avoid numerical instability is to use some regular-
ization or smoothing strategy. This is usually an upwind method in a finite
element framework. Although they are known to converge to the unique weak
solution, the time steps needed are sometimes prohibitively small. To avoid
this, the operator splitting method is chosen, which allows to choose the op-
timal method for each subproblem. This approach avoids high numerical dis-
persion and increases the sensitivity of the solution to a change of the model
parameters. As is shown in other papers of the authors, cf. [2], this gives very
good numerical results, but the convergence of the practical scheme has not
been proved yet. This will be the main goal of the present paper. It is shown
in this paper that due to the operator splitting a total variation approach
must be followed in proving convergence of the overall scheme, since one of
the subproblems is nonlinear transport. Thus, only L j,.-convergence for ap-
proximations can be obtained and consequently the very weak solution of the
original problem has to be considered (that is, the corresponding integral iden-
tity doesn’t contain the derivatives of the unknown solution). Moreover, an
additional problem arises with the interpretation of the boundary conditions
for the very weak solution. This will be a weak point of applying the operator
splitting method and limitates the future use of operator splitting methods on
bounded domains. It implies that applications should test the convergence to
the correct boundary conditions as done in this paper.

The general mathematical model that is considered reads as follows
O F(C) + div(tC — DVC) + pd,S =0 (1)
0rS = K(1n(C) = 5) (2)

where z € Q C R4, t € (0,T), d = 2,3. In addition, initial and boundary
conditions need to be considered. Here, C represents the concentration of
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contaminant, S is the mass of the adsorbed contaminant per unit mass of the
porous medium, v is the groundwater velocity, p is the bulk density of the
porous medium, and D is the dispersivity tensor. The function F' is of the
form F'(C) = C'+ py.(C). Functions ¢.(C) and 1,,(C) are sorption isotherms
characterizing the equilibrium and nonequilibrium sorption. In most cases,
they are of the form ¥(C) = aC?, a,p > 0 (Freundlich isotherm) or ¢(C) =

aC_ h > 0 (Langmuir isotherm). Finally, the parameter & is the kinetic rate
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of sorption.

For simplicity, we consider a rectangular domain, 2, defined as [z, 2(?)] x
[y, 3], with inflow at the top, outflow at the bottom, and no-flow bound-
aries left and right. As a further simplification, inflow and outflow are consid-
ered to be perpendicular to the flow boundaries. These simplifications make
the proofs shorter without changing their premises.

Our interest is in the general problem
(P) Find {v,w} such that

(0,F (v) + Byw) =k - Vo + 0y (a(x, y)dyv) + 8, (b(x,y)0,v) in Qr,

9(z,y)
Oyw =k, (v) —w) in Qr,

with Qp := Q x (0,7), h = [hi(z,y), hao(x,y)]", 0 < T < oo, subject to the
initial conditions (1C)

v(w,y,0) =v"(z,y),  w(z,y,0)=uw’(z,y),

and boundary conditions (BC)

b(w,y)dyv + ha(w,y)v = ha(z,y)vr(z,t)  for y =y (inflow), (3)
d,v =0 elsewhere on 02, (4)

with 77 the outward normal direction and
hi =0 on z =21 and @ (no-flow). (5)

The functions g, h,a and b are positive, bounded and smooth, F'is such that
F and F~! are Lipschitz continuous, monotone increasing with F(0) = 0,
F(s) < Cp if s < L. In particular, F is taken to be of the form: F(v) =
v+ 1. (v). We have that . and 1,, are continuous, 1), is monotone increasing,
so F'(v) > v > 0, and moreover that 1, is Lipschitz continuous. Furthermore,
v? and v; are nonnegative, bounded and of bounded total variation. Due to
(4)-(5), the flux ¢, = —hv — DV is orthogonal to the outward normal 7
along these (no-flow) boundaries. Outflow boundaries have advection out of



the domain, and inflow boundaries advection into the domain. Due to the
limitations on A this corresponds to y = y() and y = y®, respectively.

The main goal of the paper is to prove convergence of the operator splitting
method to a ‘very weak’ solution as defined below. Problem (P) arises in
column test laboratory experiments as well as in the dual-well field experiment.
For groundwater flow, the tensor D = (D;;), ¢, = 1 and 2, from (1) is typically
defined as

VU5

Dij = (DO + OéT|17‘)5ij —+ (OéL — OéT)

|71
where Dy is the molecular diffusion coefficient, d;; the Kronecker symbol and
ar, ar the longitudinal and transversal dispersivities, respectively. The au-
thors have solved the original problem (1)-(2) in the dual-well setting, [2],
under the Dupuit-Forchheimer approximation (vertical flow is neglected) and
steady-state flow. Then, applying a bipolar transformation [3], (1)—(2) is trans-

formed into problem (P) with flow & = (0, hy), hy a constant.

The development of the numerical operator splitting method and its practical
implementation to the dual-well was described in [2], [4]. The numerical exper-
iments confirm small numerical dispersion and its suitability for solving both
direct and inverse problems. In spite of the good practical results, the conver-
gence of the method was not yet proved. Here we show that the developed
operator splitting method is convergent to a ‘very weak’ solution.

Definition 1 A pair of functions {v,w} is said to be a very weak solution to
(P) if it satisfies the identities

F(v) +w F(0°(x,y)) + w’(z,y)
/QT (at¢)T + /Q g ¢(1‘, Y, 0)

+ [, v :00:(6)) +0,00,(0))] ~ [, (V- Fig)o

Qp

T ;1:(2) T $(2)
+/0 /(1> hovr(t)¢ dz dt|,— _/0 /(1) hov(t)¢ dz dt|,_ o) =0, (6)

Vo € C®(Q), fulfilling ¢ = 0 at t = T, and further 0,¢ = 0 for y = y@,
9,0 =0 fory =yY and 9,0 =0 on xz =z and x = 2%, fort >0, and

/QT w4+ w{un(v) —w + [ 0@, yin(,y.0) = 0. (7)
holds ¥n € C*(Qr), n(T) = 0.

The very weak solution follows from integration by parts of the standard weak
solution. Let us also consider the localized version:

Definition 2 A pair {v,w} is said to be a local, very weak solution to (P) if
it satisfies the identities (6), (7) for test functions which have compact support



near y =y (the outflow boundary).
For the local, very weak solution the last term of (6) is zero.

Remark 3 The problem (P) has a unique weak solution under the assump-
tions (i)-(vi) listed in Section 3, see [5-8]. The weak solution is defined by
an integral identity which contains first derivatives (in time and space) and is
more reqular (v € Ly((0,T), W3), 0w € Ly((0,T), La) - W4 being the Sobolev
space). Approximating problem (P) by the operator splitting method, we can
guarantee only Ly 10c(2r) convergence of the approzimations, based on bound-
edness of the total variation, since a nonlinear transport subproblem is a part
of the global approrimation. Consequently, we need a notion of a very weak
solution containing the unknown without derivatives in the corresponding in-
tegral identity.

To prove convergence, we will use results by Kruzkov in his analysis of hy-
perbolic equations, [9]. Several results exist in the literature, obtained for the
splitting procedure in an unbounded domain. In the paper of Crandall and
Majda, [10], a detailed analysis was done for the splitting method applied to
conservation laws. The same type of problems was investigated in the work of
Holden and Risebro, [11]. A splitting method for convection-diffusion problems
was analyzed by Holden, Karlsen, Risebro and Lie in [12] and [13]. Karlsen
and Lie proved convergence of a splitting procedure for convection-diffusion-
reaction problems in [14]. In these papers the authors consider a spatially
unbounded domain, i.e. without boundary conditions. There, the a priori es-
timate for the total variation in the parabolic part has been proved in one
dimension, but it seems that this technique cannot be extended to more di-
mensions. In this paper we develop an argumentation suitable for more space
dimensions. This, consequently, leads to a more complicated technique in the
proof of the compactness argument.

Furthermore, in this paper we consider a practical implementation for a system
of two differential equations, with a nonlinear term in the time derivative,
and moreover on a bounded domain, where one of the equations models non-
equilibrium sorption. This reaction is of a different type as that considered in
[14]. Non-trivial modifications of known results are needed as well as refined
and different techniques in the proofs.

2 Operator splitting method

In the following we choose a time step At and an integer N such that NAt =
T. We denote t, = nAt. This choice is only made for convenience, and the
convergence can also be proved for a nonuniform time grid (see [15]).



In each time step we split the original problem (P) in three different subprob-
lems corresponding to the physical processes included in the mathematical
model. Namely, we have the hyperbolic (nonlinear transport) problem with
solution operator 7;, the parabolic (dispersion) problem with solution opera-
tor D, and the sorption problem with solution operator A;. If we suppose that
we have already computed the approximate solution [v™, w"], the correspond-
ing mathematical formulation for time interval (¢,,,.] reads

0,F(v) — G(z,y) - Vo =0, (8)
where G = gﬁ, along with an inflow and an initial condition
o, y®,0) = vile,y @0, o(wy b)) =", (9)
together with the parabolic problem

O (v) = g(z,y) {0u(alz, y)9rv) + 9y (b(z, y)Oyv)}, (10)
along with the initial condition v(x,y, t,,) = 7a;v™ and the boundary condition
d,v=0 on O, (11)

and finally
OF(v) + 0w =0, and Jw = k(¢,(v) —w), (12)

with initial conditions v(x,y,t,) = DarTav™ and w(z,y,t,) = w". We have
that v"™ = AxDaTaw"™ and w™™ = Axw™. The corresponding (semi-
discrete) splitting method reads

V" = [Apa; 0 Dag 0 Ta" 0%, w" =[Aa]"w® n=1,...,N.

For the fully discrete formulation, the exact solutions need to be replaced by
the corresponding numerical approximations. We use a front tracking method,
[5], to approximate 7; and a finite volume method (FVM), [16], to approximate
D;. The sorption problem A; is transformed to an integral equation that is dis-
cretized by piecewise linear approximation of the integrand. Let us denote the
approximate solution operators by Tagy at; Dagy.ar and Aagy ar. Here, Tagz, ay
indicates a front tracking method. This means that dimensional splitting is
performed with a 1D-front tracking method per dimension, combined with a
suitable projection, as in [5], Chapter 4. So Tauy at = Taz,at 0T 0 Tay ar, Where
7 indicates the projection defined below.

We construct a projection operator as in the Godunov method [17]. The front
tracking method used to solve the hyperbolic problem results in a profile
that consists of shocks and rarefaction waves. This must be projected onto
the fixed Cartesian grid before the diffusion operator can be applied. Let us



consider a uniform grid {z;,y;}, withi=1,..., Ny and j =1,..., No. We set
Ax = x;,1—x;, and analogously for Ay. The projection operator is constructed
so that the mass [ F'(v)dS) is conserved.

Definition 4 The projection operators ™ and 7 are defined by

mu(z,y) = <\Q”\ dQ) F N #®F()), for (x,y) € Q,

(13)
where Q;; = [z, Tit1) X [Y;, Yj+1), withi=1,...,Ny—1 andi=j,...,No—1.

The fully discrete splitting method then reads
v = [AAxy,At o DAxy,At omo TAxy,At]n /007 n = 17 ceey Na (14)

w" = [Apgyad 0, n=1,...,N, (15)
In addition, the sorption part is solved in several substeps with a uniform time
step o, mo = At. The main reason for ¢ is the different time scaling between

convection and diffusion on one hand and the sorption/reaction on the other
hand. We write:

V" = [[Apzyo]™ © Dasyat 00 Tagyad" 0% n=1,...,N, (16)

w" = [[Apazyo)™]" 0’ n=1,...,N, (17)
We adopt the following notation:

1
n __ ~nt=
[AAxy,At o DAxy,At oMo %xy,At] v = AAxy,At o DAxy,At omvT 3
1 2
— nt+g _ n+s _ n+l
- AAxy,At © DAxy,AtU 3 = AAxy,AtU 3 =0 (18)

and Apgzy a0 = w™

3 Convergence of the operator splitting method

In this section the technique used to prove the convergence of the numerical
operator splitting scheme is explained. We start by stating the convergence
theorem for problem (P), and next we prove a series of lemmas needed for its
proof, which is given in Sec. 3.5. First, we will assume the following conditions
to be satisfied throughout the text.

(i) F(v)is nondecreasing

(ii) F and F~! are Lipschitz continuous, hence 0 < ¢ < F' < C
(iii) *n(v) is nondecreasing and Lipschitz continuous
(iv) functions g(x,y), hi(z,y), he(x,y), a(z,y) and b(z,y) are smooth



() 9(@,y) > 0, alz,y) > 0, b(z,y) > 0 for Y,y € O
(vi) v(z,y), vi(z,t) and w®(z,y) are nonnegative, bounded and of bounded
total variation

For the norms we use the notations || - ||, for the standard norm in L,(Q),
the space of measurable p-th power Lesbesgue integrable functions over 2. By
Xloe, we indicate the subspace of the function space X where the support of
the funcions is contained in 2. We recall that the 2 dimensional total variation
of a function h(z,y) over a rectangular domain is given by

TV, h(z,y) = / TV, (h(z,y)) dy + / TV, (h(z,y)) dz.

We also consider a numerical scheme satisfying At = CAx = CAy, C fixed
as At — 0.

Definition 5 Letvai(x,y,t) be a piecewise constant function int, vai(x,y,t) =
v"(x,y) fort € (t,—1,t,), and analogously, consider wa;.

The specific approximation methods used will be given below. The result can
be summarized in the following theorem.

Theorem 6 (Fully discrete convergence) Let the conditions (i)—(vi) be
satisfied. Then, the numerical approximation (vay(z,y,t), wa(x,y,t)) obtained
by the operator splitting scheme (14)-(15), resp.(16)—(17), applying front track-
ing for the advection, a finite volume scheme for the diffusion, and a time
discretization of the integral equation for the sorption, converges (up to a sub-
sequence) in Ly joc, to a local, very weak solution of the convection-diffusion-
reaction problem (P) for n — oo, resp. for n — oo, 0 — o0. If the local,
very weak solution is unique, the original sequence (vai(z,y,t), wae(x,y,1))
converges.

The proof of the theorem is based on application of Riesz-Fréchet-Kolmogorov
compactness criterion based on boundedness of total variation.

3.1 Hyperbolic step and projection

The transport problem can be solved by dimensional operator splitting, [11].
Therefore, we first consider only one space dimension. No outflow boundary is
set for (P) during this transport step. In this section we follow the arguments
in [12,11,5,18] and state the results only.

The 1D transport equation is given by
O F(v) — G(x,y)0,v = 0. (19)



Generally, there are many weak solutions to (19). One of them is the entropy
solution v and is physically relevant. It can be interpreted as

v = limo,,
e—0

where v, is the solution of a regularized parabolic problem, where cAwv is
added to (19) - for the exact definition see [17]. The front tracking approxima-
tion of (19) is based on the solution of the corresponding Riemann problems
(piecewise-constant initial profile). The acceptable shocks are moving with
Rankine-Hugoniot speed and the unacceptable shocks are split into pieces
(discretization), with each piece moving with the corresponding velocity. This
leads to a piecewise-constant approximation of the rarefaction waves which
develop from nonacceptable shocks.

Remark 7 As problem (P) is non-degenerate in the diffusion, no entropy for-
mulation is needed, and standard (very) weak solutions can be used. Therefore,
the entropy condition only plays a role in the hyperbolic step.

Let us recall the following results. Theorem 3.1 of [19] gives an important
stability result, based on a Kruzkov analysis, see also [12,5]:

Theorem 8 Let u; and us denote the two entropy solutions of
atui + Gz(xu t)aa:fz(uz) - 07 UZ‘([E, O) = U;,0, 1= 17 27

with x € R. Suppose that 0,G; is bounded and f; satisfies a Lipschitz condition.
Then, we have

Hul(., t) — UQ(-, t)”l S 67t||u170 — UQ,OHI + /\tewt min (TV(ULO), TV(UZ())) s
where
A= [lfillzip (IG1 = Galloe + 12(G1)) + G2l L f1 = fol i,

v = 2[|0:G1 ool fill Lip + [|02Gallooll foll Lips
vi(G) = sup ||G(s,27) — G(s, 27)]| 00,
0<z<t

where G(v, zF). = lim < G(., 1).

<
=2

This result can be extended to Lipschitz continuous velocity fields ;. Note
that in our setting, 14(G) = 0, and that all conditions of this theorem are
satisfied in (P), G being smooth and f = F~! being Lipschitz continuous.
Along the lines of [12], Lemma 3.1, and [18], Lemma 2.1, we can obtain the
following bounds.

Lemma 9 Let v(x,t) be a solution of (19) obtained by the front tracking
method (under any fized discretization of unacceptable shocks), with G smooth,



positive and bounded and F and F~! non-decreasing and Lipschitz continuous.
Then v satisfies the following estimates

|F ()]l < max (|F@)|_ IF@i()]),

ot Ol < max (o] 1) [P <

TV,F(v(.,t) < TV,F(°) + TV,F(v;(.)) < TV, F(1°) + Ct,

where C'is a constant depending on the data. The solution can be constructed
by front tracking in a finite number of steps for any t > 0.

After the transport step in the x- or y-direction, a projection step is done.
Passing to 2 space dimensions, if we consider a time step At, then starting

1
from v(z,y,t,) = v", we arrive after one transport step at Taz, A" = 0""3.

1 1
With projection to the fixed grid, we next obtain 70" "3 = v"*3. The following
lemma is straightforward (see [11]).

Lemma 10 Let h(z,y) € BV(R?), and let m and 7 be the projection operators
from (13). Then we have

TV, F(h) > TV mF(h) =TV, F(mh)

We can also derive a result for the variation in time. In the same lines as in
[5,11], we obtain

Lemma 11 If C = Ax/At = Ay/At, the projection operator satisfies

1 1 1 1 1
|F(u™3) = F(@"'3)||, = / [ TE(0"3) — F(0""3)|dzdy < CAITV,, F([@""3).
Q

The above lemma will be useful to relate all errors made to the total variation
of the initial condition. Now let us consider the full two dimensional problem.
The boundedness is evident. Along the lines of [11], Lemma 2, we prove the
following lemma.

1
Lemma 12 For m o Taz a0 T 0 Tay 0™ = 0"3 we have that

1
TV, F(0"73) < 18 (TV,, F(v™) + CoAl),

Here C and () are due to the refined stability estimate given in Theorem 8.

Remark 13 The proof in [11] is given for an unbounded domain and needs to
be adapted for our bounded domain. However, the bounded domain considered

10



here has only little influence on the proof: no-flow-boundaries have no effect,
and the outflow is not accompanied by reflecting waves.

3.2 The parabolic step

The finite volume approximation scheme is given by

V. . — v; —_— 3
i.j .7 —|—(CL 1. +a 1 —|—bl+b l> 2?;—3_
95 ihgd | imgd | ity himg) A
At n+ 2 n+2 TZ+2
Ax? [ i— % J Ui 13] + a, % vz+1] + b évivﬂ'ﬁl + bi,j—%vi’j}l B (20)

where g;; = g(zi,y;), Uyl; = a(*FEL y5), bi,j+% = b(x;, LU For the
sake of brevity and simplicity in the proofs, we choose an equidistant grid,

and let Az = Ay. Taking into account the boundary conditions (11), we put

o 1, = 0 for the points {z1,y;} and a, i1, = 0 for the points {zn,,y;},
j=1,..., No. Moreover, for {z;,1y1},i=1,..., Ny, we take bm;% = 01in (20),
and bi’j+ % = 0 for the points {z;,yn, }. For brevity of notation, we introduce
1=1i—3%,j=j— i For the boundedness and TV estimates we obtain

2 2
Lemma 14 Let v?+3 and vg+3 be the approximate solutions of (10), gener-

ated by the scheme (20) corresponding to the starting points U;Hg, U;HE. Then,
one has

|F(v ”*3)"00 < |Fv n+3)”oo> Py )_F(Uz ) < Fvy %)= Flvy °)

1 1

2 2
PROOF. In (20) we choose i = [ and j = k, such that vln,j = maxvn+3
’ 1j
L2
Due to the properties of F, F(vln,:r:g) = max F( ) We directly obtain
ij
2

12 il
max F ( ) < max F( ) and therefore also max v, ; s < maxv . This

can be repeated for min v, +_, which proves the first assertion. The second

ij i
assertion follows by subtracting (20) for v; from the same equation for wvs,

11



2
. n-l— n+3 . .
with di; = v, ;;° — vy,;°. This gives

FOIT - B N
gisds; + (@741 + az5 + bije1 + biz) A2 d;;
1
TL+ n+zs
At F(v:3) — F(uoy, ?
= 2 [agjdi_l,j + ai-l—l,jdi-i—l,j + bi,j—i—ldi,j.pl —+ bijdi,j—1]+ ( 12,5 ) ( 2,i,J )
Ar 9ij

Taking absolute values leads to

2 1
n+3a n+a9
F(o,  3)=F(uv, . 3) At
- gijdij . + (&ZJFlJ + al] + bi 0,7+1 + bl]) A ’dlj‘ —
n+z]; n+1 At
Flv,; 3)=F(v,; 3)
S A i ane i |+ bigaldigal £ bgldigall

due to condition (i), and the fact that a and b are positive. Summation over
1 and j, noting that a and b are zero on the boundary, proves the lemma.[]

In [12], the bound of total variation is provided in 1D. In higher dimensions,
a different approach is needed. The following lemma is sufficient to prove TV
boundedness of the scheme (14)—(15). First, rewrite (20) as

1
n+3 53

nt+3
Fv, ;2)— F(U ) At ; At ] j
A _ 7 i L J _h-T)
7 = As [QHL]DHLJ —ay; D jv } T Ay [waDmH“ bUDM“} ’
(21)
where
2 2
. Uéf?’ n+13 j n+3 vn-fr31
K3 J— 2] 7« »J ZJ ] —
Dijv = =—F5—+, Djju=——Fx—.

2
Lemma 15 Let v""3 be the solution of (20) with a and b > 6 > 0. Then,

2 1 n—f—2 n—f—l 2
ATV, 03 < C1AL — Oy Z — |F(vy ) = F(v; ®) V"3 ATAY,  (22)

.. v
ij Yij

where Cy and Cy > 0.

PROOF. We multiply both sides of (21) with v +5 . We sum over ¢ and j,
and apply Abel’s summation, > 7", di(ck — cx—1) = dmcm doco — D1 1(dk —

+3

dg—1)b;—1 in the rhs, once with k =i and ¢; = a y DHUU d; = vn , and
2J

12



) 2
once with £ = j and ¢; = b,j+1Df~j+lv, d; = v?j+3. Using the boundary
0,j+35 )

conditions (Djv = 0, k =1, j), we arrive at
1 n+2 n+l n+2
Zg_ F(Uz‘j 3) - F(Uij 3)] v

i Yij

. 2
%[ngu’”ﬁ]? =0. (23)

5] R )=

, 2
+ ALY {ail (DI 3] + b,
ij 2

We can now rewrite the total variation. Invoke the inequality |f] < % + % 12
In combination with (23) and the fact that a;; and b; > 6 > 0, we obtain

AxAy (24)

. 2

v, n+3
E HDZ-]-U 3
ij

1 1 1 : 2
<19+ 519 —E;[. DL+ b,

jont2
+ |D;v" "3

11 1 nt2
<0 -=—S = |Fu.3) - F
<lo) 25&“%[@ ) - Flo

n+%

2
)1 UZ-JF SArAy.O

3.8  The sorption step

The sorption has no explicit dependence on space. Whenever possible, for
simplicity we only mention the time dependence. From (12) we deduce,

F(u(t))+w(t) =Cy, and w(t) = w"e "t ) 4 Ii/t: e~ "t=9q) (v(s)) ds,
(25)

2 2
where Cy = C(z,y) = F(©"3) + w""3 is a constant in time and where

n+§ —

w w™. Consequently, we obtain

F(uv(t)) = F(v"*g) +w" —we M) i /tt e "= (v(s))ds.  (26)

n

This nonlinear integral equation can be solved numerically using [ micro-time
steps o, lo = At in the approximation of the integral. We linearize v,,(s) by
a piecewise linear function and successively obtain v(¢) by Newton’s method,
setting 0(At) = v"!. This can be performed up to a required accuracy. After-
wards, w can be determined from (25). To distinguish the two, we denote by
(v(t),w(t)) the solution to (25) and by (v,(t), w,(t)) the numerical approxi-
mation. For the details see (57) below.
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Lemma 16 Let (v(t),w(t)) be the solution to (25) obtained by the described
approximation method. Then,

2

[E ()0 + w0 < (HF(U”+3)HOO + Hw”Hoo> (1+CAt)  (27)

PROOF. Let us consider the exact solution of (25). By the positivity of F,w
and 1),,, and by the Lipschitz continuity of 1,,, as well as by F(v) > v > 0, we
obtain from (26)

[F(o()] < [F@ )] 4 (1= ) 4 [0 (ufs) | ds

n

n+2 n __—k(t—tn) t
<|F(u""3)| 4+ |w"|(1 —e )+ kL | F(v(s))ds.

tn
Similarly, from the second equality of (25),
t
lw(t)| < [w™e™ ") + kL | F(v(s))ds.
tn

Adding the two previous estimates gives
2 N t
[ ()] + [w(t)| < [F("73)] + [w \+2/€L/t (IF ()| + [w(s)]) ds,

which allows to apply Gronwall’s lemma, resulting in the required inequality
for the exact solution. This can be extended to the approximation, see Remark
18.01

Lemma 17 Let (v(t),w(t)) be the solution to (25) obtained by the described
approzimation method, then, if At = CAx = CAy and 1, is Lipschitz con-
tinuous, we have that

TV, F(o(t)) < (TVWF(U’”%) +OAt vawn> (1+CAt)  (28)

tnt1
TV,w(t) < TVyuw" +C [ TViu(s)ds, (29)

tn
where C'is a positive constant.

PROOF. We start with the 7'V}, denoting by subscript j a grid point on the
y-axis. Substract (26) for v; from the expression for v;1 to obtain

Floga(t) — Floy(t) = F@ii3) = Fu™) + (i, — w?) (1= ettt

[ D (i 0ga(5)) — Gl (9))) . (30)

14



Taking absolute values, and summing over j, we obtain an expression for 17'V,.
The same can be done for T'V,, allowing to obtain an expression for 7'V,,.
Assuming Lipschitz continuity of 1, and moreover that At = CAx = C'Ay,
it follows that

2 t
TV, F(0(t) < TV, F0™5) + (1 — e 500 TV, 0" + L / TV,,0(s) ds
tn

t
< TV F(6™5) 4 (1 - e ) TV, + Li / TV, F(u(s))ds. (31)
tn

We used the fact that v, is nondecreasing, and F(v) = v + ¢.(v) so that
041 —v;| < |F(vj41)—F(v;)]. From (31), using Gronwall’s Lemma, we obtain
the first assertion. Similarly, (25), gives

t
TVyw(t) < e "TV, w4+ Lk | TV,yv(s)ds (32)

tn

The second inequality of the lemma is straightforward. Again this result for
the exact solution can be extended to the approximation, see Remark 18.[]

Remark 18 Lemma’s 16 and 17 state estimates for the exact solution (v,w)
of the sorption problem. We need analogous estimates for the numerical so-
lution (vy, w,) — o being the discretization parameter for the reaction part.
These analogous estimates can readily be obtained for a practical integration
scheme for (25), see eg. [15].

3.4 The four steps combined

To prove the key issue of total variation boundedness of the numerical solution,
we need to define an auxiliary function. Let

B(s) := sF(s) — /08 F(z)dz.

We have that

[F(u) — F(v)]u > B(u) — B(v). (33)
Indeed, [F(u) — F(v)|u = F(u)u — F(v)v — (u —v)F(v) > F(u)u — F(v)v —
I, F(z)dz = B(u) — B(v), since F(u) is monotonously increasing. Note also
that B(s) > 0 if s > 0, and B(0) = 0, as well as B'(s) = sF"(s). Moreover,
the boundedness of B on (0, L) follows from the boundedness of F on (0, L).

We have the following lemma for va; from Def. 5.

Lemma 19 The approzimation scheme given by (18), with At = CAx =

15



CAy, satisfies
T
1 | + 0"l < C,  and TViywadlt) +/0 TV,,oa(t) dt < C,

where the constant C' is independent of the space and time discretization and
only depends on the domain, as well as on a, b, ||wW°||c; |V1]lee and [|°]|co-

PROOF. Lemma 16 in combination with Lemma 9, Lemma 14, and the
properties of 7, give

I (0™ D)oo+l oo < {max (| F (") lloo, | F(wr(H) o) + [0 ]|} (14+CAL)

Consequently, using v < F'(v), and the properties of the initial state w®, v and
the boundary state vy, the first assertion is true for n = 0, and by induction
also for all n. For the second inequality, we consider (28) from Lemma 17, we
use the Lipschitz continuity of F'in the right hand side, and we apply Lemma
15. Furthermore, applying (33), we obtain

2 il 1 a2
TV F(o(t) < (1L - % 7 [F(Uf&g) - F(U“+3)] vy S AzAy

+C3 AL TV, (1+ OAt)
CoL "+% nt3
S (OIL 2 Zz] i [ ( z] ) - B(Uzj )‘| AZE’Ay
+C3 AL TV, ") (1+ CAL)
= (C1L + AL TV — GL s, L /Q (B — B(of)] dedy

1

vgb, L[ [B@z}“) = BOET) + B (r,y) - B (1,9))
+BE" 5 (2, y)) — B(U;;)} dady) (1 + CAt)

< ((11 — Gy, L /Q [Bpt) = B(op)] dedy + CsAL TV, 0"

)

+SEY . /Q lB(v?jﬂ) — B(v n+3)1 dxdy

1
n+3

i 91] /Q

1

1
Y, [ [FEi@y) - FO)

ij

+CQL Z

[mg*%) . F(ﬂ’”%(x,y))] dedy

1
(073 (, y)]dxdy) (14 CAY).
Let us denote the last three terms in the first factor by Iy, Iy and I3 (con-
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tributions due to sorption, projection and transport, respectively). Iy is zero,
as this is exactly the projection (13). I3 can be estimated by using Lemma 9
(Lipschitz continuity in time and L.,-diminishing property of the transport
part) and the positivity of g. We obtain

I3 < O F(v")llee + CllF(vr(t))]| o0 < C.
To estimate I;, note that (12) yields for every micro time step o,

F(,Un,m) _ F(,Un,m—l) WM — wn,m—l
=0
o + o

1
for m = 1,...1, lo = At, v™° = ¢""3. Multiplying this equation by ¢ and
using (33) implies

B(Un,m) o B(Un’m_l) S _(wn,m — ™ 1) (On —w" )

2
where we used (25) and Cf = F(v""3) + w" = F(v™™) + w™™ = F(v") +
w1, m =0,1,...1. After summation over m and integration, we obtain

CQL 1 (wn,m_wn,m l n n m dxdy
NGRS [ (S, o)
CyL 1 tnt1
< A% 3 ; (L 0w )Gy — ) ar+ 0(A1) ) ey
1 ] % n

- At Z / </tn+l [G(Cyy —w" ()] dt + O(At)) dady,

where we introduced the function G, satisfying G(s) = [ F'~'(s) ds. Then, one
finds

I = [, (16(C — v — GGy = w)] + O(1) drdy

]

\_/

/ o, O(AE
_Atz/ G =+ == < C.

Here we used that G has bounded derivative and that w is the solution of an
integral equation and hence its changes in time are of order O(At). Using the
estimates of I, I, and I3, as well as the relation between v and F(v), we now
have

TVv(t) <

1
((11 + G At TV, u™ — 2%,

ij —
Qij Gij

(B — B(p)] dxdy) (1+ CAL).
(34)

17



Multiplying this by At at ¢t = t,,,1, and summing over n gives,

S ATV, (35)

1

<C(1+CAHNT — Coy(1+CAH Y,

S
Il

[B(UN) - B(UQ-)} AxAy

i gij ij ij

N
+(1+ CAHYALCS > At TV w"

n=1

<OT +CYyy 2 BW)AzAy + C < OT + ¢l 10 4 ¢ <

Z]g

where we used 0 < B(vY) < [|F(v9)]|0o]|v°]|c and

+ |w

AtZAtTV;yw <CZZ(

wiy|) AzAyAt < ¢,

n —
z+1 g ij ,j+1

due to the uniform boundedness of w}; and At = CAx = C'Ay. Estimating
TV, w, we substitute (34) into (29), to obtain

TV, w(t) < TVyw'+

1
CAt ((11 + ATV = S5y [ — [Bit) - B dxdy) (1+CAb).

ij
Qij Gij

Putting ¢t = ty, applying recursion on n and applying the same techniques as
before gives

TVyyw™ < TV,u' +C < C. O (36)

The TV boundedness property of Lemma 19 can be rephrased as follows.

Lemma 20 Let va; denote the approzimate solution defined by Def. 5. Then

T
/ /Q lvac(@ + kAz,y + 1Ay, ) — vay(z, y, t)]| dadydt < C(kAz+1Ay), (37)
0

holds for k,l =1,2,.... Here C only depends on the domain, on a and b, and
on [[wlloo, [vrllsc and [[0°]|oc-

With respect to the t-variable, the following L;-Holder continuity can be
proved.

Lemma 21 Let vay, wa; denote the approrimate solution defined by Defini-
tion 5, (15). Then

18



T
/ /Q loae(z, y, t + kKAL) — vae(x, y, t)] dedydt < CVEAL, (38)
0
T
/ / lwai(x,y, t + kAL) — wae(z,y, t)| dedydt < CkAL. (39)
o Ja

uniformly for k, where C' only depends on the domain, on a and b and on
o1l and [[v°]|c-

PROOF. The result for w follows directly from (25). The proof for v is based
on the Kruzkov argument in [5]. Due to the strong Lipschitz continuity of the
solution of the hyperbolic problem and the properties of the projection, (13),
we have that

Z /Q o [ ”+3) F(W%(ar,y))] ¢ndady = 0, (40)

and
l n
S, oo [FE 560 — Fep] ondedy < Clolletts 1)
QU gm
where ¢ is a smooth function and where we consider its piecewise constant
approximation ¢, = ¢azar = @i, for (z,y) € Q;;. Now, for the parabolic

step we multiply both sides of (21) by ¢;; and sum up over ¢ and j. Using the
notation (18) and applying Abel’s summation, we get

Z /Q 0 [ "+3> — F(uv ”W] ¢ndrdy (42)

<At

Z |:CLZJ[‘D;L n+3]DZ ¢h + bz][D] n+3]DJ ¢h:| A[EAy

]

< AC max (|| D*Gnlloo, | DY nlloc) TVayv™ "3
2 2
< CAH| V||l TVayv™ 3 < CAH|VG| 0TV, 3. (43)

Here, we used the properties of a and b, and the fact that ¢, — ¢ for At — 0,
dropping higher order terms in At. It remains to consider the sorption. From
(26), by the Lipschitz continuity of ¢, and by the boundedness of v and w, it
follows

F(o(tysr) — F0™3) < [F(v(tns1) — Flv ”+2>\ < Ju)(1— e~
+HL/ e~ =)y (s)|ds < k(1 + L)CAL.  (44)

The above is valid for the exact solution v(t,1) of the integral equation.
However, the same holds for the numerical approximation v"! as the linear
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interpolant of 1, (v(s)) can be bounded in the same way. Therefore, we have
2
| F (v — F(v"3)])y < CAt and

Z /sz Gij

From the first equality of (25) it immediately follows that also [|w™ ™ —w"||; <

2 1
CAt. We used w™™ = w3, w""3 = w". Combining the four steps (43), (40),
(41) and (45) and repeating the argument for time steps n+1,...,n + k, we
find,

2
FoptY) — F(o) 3)| gndady < O]l At (45)

v

k
Z/Q % () Pl dady < COU@lk+ Vol 3TV 5).

=1

Multiplying by At, summing on n, we get

/ / F(oae(z,y, t + EAL)) — F(va(z,y,t))] dedydt
< C([[9lloe + [IVElloc) AL (46)

Here, we used the fact that ¢ At SN T Vﬁvyv””_%At < kC'At, which can
be obtained applying the same reasoning as was used in Lemma 19. Changing
the summation into integrals, numerical errors are introduced (e.g. when g;;
is replaced by g(x,y)). However, these go to zero as Az — 0.

For a special choice of ¢ (see [13,9]), (46) results in
T r1
/ / — |F(vat(x,y, t + kAL)) — F(vae(z, y,t))| dedydt < CVEAL.
0o Jag

Recall that va; is bounded. Use the fact that TV,,v < CTV,,F(v), (F'(v) >
é), and notice that g < C'. We conclude that

T
/ / loar(z, y, t + kKAL) — va(z, y, t)| dedydt < CVEAL. O
o Jo

3.5 Compactness

Now we modify va; and wa; by new functions which reflect the realization
of all phenomena (transport, diffusion, reaction) in the time interval At. We
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define v, (x,y,t) as (see [10])

Tazy(3(t — tn))v™ (2, y), te [t”’tn+%)
0, t) = § DanB(t =t NS @y), telt 1t o).
Aney(3(t — tn+%))v"+%(x,y), telt, 2 ),
for n = 0,...,N — 1 ,where v" is the solution obtained at time ¢, and

1 1
V"3 = WTAIy(3(tn+l —tn))v"(z,y) = 0" 3 (x,y). Here, we indicate by v the
3
discretization parameters, v = v(At). Furthermore, t 1 =t + (tp41—tn)/3,
3

to2=1tn+ 2(tpe1 — tn)/3. Next, define w,(x,y,t) as

3
Tawy(3(t —t,))w™(z,y) = w™(x,y), te [tn,tn+%)
wy(x,y,t) = Dazy(3(t — tn+%))w”(x,y) =w"(x,y), te€ [tn+%,tn+§)
Asay(3(t =1, 2))uw"(2,y), LEt, 2. tnm),
where w™ is the solution obtained at time ¢, and w™™' = Aa, (3(t,11 —

t +2))w”(x, y). This definition corresponds to the fact that the unknown w
nr3

is changing only in one part of the splitting process. We further write 7,, =
tpi1—tn. All results obtained for (vas, wa,) are also valid for (v,,w,). We can
state:

Lemma 22 If At — 0, then there exists a subsequence v,,(x,y,t) of the se-
quence v, (x,y,t) such that v,;, — v for j — 00 in Lij(2 x 1), Q@ x I =
(zM, 2@ x (yO y@) x (0, T). Similarly, we can find a subsequence wy, (z,y,t)
of wy(z,y,t) such that w,;, — w for j — o0 in Ly joc(2 x I)

PROOF. Lemma 19 implies that v, (x, y, t) is uniformly bounded. From Lem-
mas 19-21 it follows that [ [, [v, (z4+kAz, y+1Ay, tHmAt)—v, (z,y, t)|dzdydt
< C(kAx+I1Ay++vmAt),. Thus, the condition of the compactness criterion in
the Riesz-Fréchet-Kolmogorov theorem is satisfied. Consequently, there exists
a subsequence v,,(z,y,t) that converges to some v(x,y,t) in Ly o.(€2 x I).

Lemmas 19, 21 give all necessary results for w, too. Then, in an analogous
way, we can prove the existence of w,, (z,y,t) converging to some w(z,y,t) in

Lyjoc(Q2x 1). O

Remark 23 We emphasize the fact that the convergence is in Ly j0c(€2 X I).
Hence, nothing can be said on the value of v on the boundary or about its
derivatives. Therefore, the local, very weak formulation is consistent with our
approach for proving the convergence result.
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We now prove Theorem 6:

PROOF. Lemma 22 states that subsequences {v,}a,~0 and {w,}a,~0 con-
verge to some v(z,y,t) and w(x,y,t), respectively. To complete the conver-
gence proof (in the case of a unique local, very weak solution of (P)) for the
splitting procedure, it is now sufficient to show that this limit is the very weak
solution (6)-(7) of problem (P).

Consider test functions ¢(z,y,t) € C*(2 x I), with compact support away

from the the outflow boundary. At the inflow boundary, y = y®, we impose

8y¢’ @ = 0 and at the no-flow boundary we impose 0,¢ =0 =
Y=y e

—z(1)
00| . Furthermore, we require ¢(x,y,T) = 0. We also consider the test
functions n € C*°(Q x I) with n(T") = 0. The variational formulation is then
given by (6)-(7), adapted as mentioned in Def. 2. We have to show that the

limit functions v(x,y,t) and w(z,y, t) satisfy (6)-(7). We use ideas from [10,5].

We begin with the transport part for t € (¢, to1 ) and consider the new vari-
3

able z = 3(t — t,,), together with the accompanying transformation of the test
function ¢(z,y,z) = ¢(,y, 2 + t,). Write formally v, (u,v,t) = v3(3(t — t,,)),
where v (t) = Ta,(t)v™(x,y). In the considered time interval, v, is the exact
solution of the transport problem (8) with as the initial state the piecewise
constant function v”, and with the inflow condition v(z,y®,t) = v(z,y?, 1).
We denote by var (2, y(2), t) the value on the outflow boundary during the
transport step. We can write

<% vyg—i- wy@t¢ 0,V (ﬁ¢)> dQ dt

/ (F ) 0.5 — v ()7 - (ﬁa)) 40 %dz
/%%/tnw 0,6 ) dt
:%/F(j L o~ 3/ /

w3 (¢>(tn+%) ~ 6(t)) 40

y ¥
dz

y=y™
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=§/@¢<t

tos1 a® o b=t -
/ H/ hovy (z, Y@, 1) o( 3n+tn)da:dt
tn

(1)

)

A / hovagarer (2, Y ),f)qﬁ(t _?)tn +t,) dx dt
Wn
i /Q (6t p) — olt)) a9 (47)

The term containing vas s is 0 due to the compact support of ¢ near the
outflow boundary. Above we can replace ¢(*== +t,) by ¢(f), adding O(At?)
to the equality. For this equality, we use ¢ = 3(t —t,) +t, and ¢ € C*(Q x I).
Hence, ¢(£’3t" +t,) = ¢(t) + O(At) for t € (t,,t,11). The error goes to zero,
even after summation over n (i.e. 3, (At)> — 0). Therefore, we may drop the
error term.

We now turn our attention to the diffusion part over the time interval (tn+ 1,t

1

with initial state v"*3. This corresponds to the scheme (21). Multiply both

sides of (21) with ¢;; = ¢(x;, y;, ¢ +1) and sum over i and j. Using the stan-
nr3

2
dard notation (18) and putting ¢?j+3 = ¢(x;,yj,t  2), we obtain that

n+§
n—l—g n—l—l n+ n+2
N1 No 3\ 3 3 3
I = AxAy F(Uij ) F(Uz’j ) Vit1,5 — Vij A
=> 2 Pij — Pij CLZ'JFLJA— Yy
i—0j—=0 L Yij Tn z

Un+% Un+% UnJr% n+§ n+3 UnJr%

R v ] Ly vl P s
=0.

Rearranging the first term and applying Abel’s summation on the last two
terms, give

NN e PO ers  Fie,
]:ZZ y Z]F(U;H'g)_i_ i ij . 1j
i=0j=0 Yij Tn Tn Tn
n-+ n-{—
¢zy ¢z 1,5 7 3 — V;_ 13]
+ Z Z i = AxAy
P Az ! Ax
N n+3 n+3
- Gij — Gij— 1y Vg~ — V-1
+ - >—AxAy =0, (48
ZOJZI Ay Ay (48)
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where we used ap; = an,4+1,;, = 0 = big = b; n,+1 because of the homoge-
neous Neumann boundary condition. We again apply Abel’s summation on
the second and third double sum of (48), to obtain

N. N n+2 n+2 n+1
L2 AxAy [0) o n+ Fluy °)gy; > Floy *)ei
=Yy — Py %)+ —— P—
i=0j=0 Yij n " "
2
n+3g
_%% o Pij — Pic1y - Pi-1,j — Pi2y Vi1 AzAy
— =\ Az B Az Az
1=2 j=
N N. ntg
S b d)ij - d)i,j—l b d)i,j—l d)ZJ 2 ’L] 31A A
-2 S NV S A Ay P2y
i=0 j=2 Yy Y y
2
B b= b1y =2 Uy
N, Ni—1,j UN 0,5 Yo,
D v vl Za” A
- v”*?’ . o
by, JisNe — %%1ZN2 bi Bl V070 49
+Z N2 Ay Z 1 Ay ( )

The four single sums contain values of the solution v on the boundary. These
terms are all zero for sufficiently small Az and Ay due to the choice of ¢. We
therefore have

1
n+3z n+3
2 F(Uij )¢ij 3 B F(Uij 3)9%‘

i—0j—0 Yij Tn Tn Tn
n+2
N1—1 Ns 3
Pit1,j — Gij Gij — Gic1j \ Vi
B S D F T e A AzA
WA WA A 4
i=1 j=0 x x T

N1 Na—1 biir1 — by bii — bis N
o bz . 1,j+1 Y bz A2y i,j—1 %] A A =0. 50
337 (b Py B0 B ) B Ay 0. (50
By reordering terms, multiplying by 7,,, writing formally v, (u, v, t) = v} (3(t —
1
tn+l))’ with vB(t) = Ds.az.ny ()03 (2, y), (50) can be seen as an approxima-

tion of the following equality

/ / l 0.3() + vp(2) (0:00.6(2) — 0,b0,6(=) ]dadz
:/QF(UDQ(T"))E( n) d) / 5(0)dQ, (51)
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where ¢(z,y, 2) = ¢(z, y, R ). Errors due to numerical differentiation and
3

integration in time and space occur when passing from (50) to (51). However,
these errors go to zero as At — 0, also after summation on n. Therefore, we
need not consider them further. As a last step we rewrite (51) as

/ / [1 F(u,(t ))g+ wy(t) Orp(t) + v, (t) (0padpp(t) + @Myd)(t))] dfldt

‘1/7——E§Bwt gao— L[ EO 0 g
3 Ja g ”+3 3 g ”+%
1 W,

+§S,;(M@g>—m%%0dﬂ 52)

3

The procedure is completed by handling the sorption part in a similar way.
In doing so we take a local time step o. Then, the numerical scheme for the
sorption problem in point (x;,y;) actually has the form:

Fol™) — F(ul) +wit —w =0

v v v )

form = 0,...,M — 1, where 7, = Mo. We multiply this equation by ¢/,
where ¢ is a proper test function. Then we can again apply summation by

parts and we obtain

S (F) = Fof) | wi —wg
0= Z( ! = ]>a¢?}:d)£‘fF(v%)— o (vg;)

m=0 o
M-1 ¢m+1 _ 4m M-1 ¢m+1 _ m
M, M m+1 1] . m—+1 i
+ 5wy — Gwy — Y Flu 70 o= > wj 7{, o
m=0 m=0

Multiplying by A;—éy and summing over ¢ and 7, this can be seen as an ap-
ij
proximation of

L[ ( +w21( >at¢>
_/QFU”Jr

2
where we wrote symbolically v"(t) = A(t)v""3 and w’(t) = A(t)w". Here, we
make an error of order O(1)72. We use the same argumentation as in the case
of the dispersion problem and we let ¢ — 0. Finally, repeating the procedure

(15,) A2

(1) 2 — “’—¢(0) dQ
g
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from the previous two parts we obtain

tn+1 1 5 y 1 [ F(ont?
// ( : “"atab) ata = | W) (1) 0

9

1 F (U”Jr 3) w”“

- 3Ja g

n—l—l)dQ Y _¢( )

1
t ) dQ —/
¢("+§) +3 Q 3

(53)

Combining the three results by adding (47), (52), and (53) forn =0,..., N—1,
we arrive at

/ / < () wl,at¢ —x7(H)v, V- (ﬁﬁf))

+ xp(t)v, () [0.a0,0(t) + 0,b0,0(t)] ) dQ dt

_ %/QF(U,,(T)) +wy(T)¢(T) dQ_%/ﬂF(Uu(O))g"i_ wu(0)¢(0) A0
N . L O 1)
8 b red] Sl

/ / N ) )o(t) dudt. (54)

(1)

Here, x7(t) and xp(t) are characteristic functions defined as

1 fort € Uglt,,t 1 1forte Uglt 1,t 2
X7 (T :{ k[ ”+§)7 ot _{ k[n-l—g n+§)‘

0 otherwise 0 otherwise.

We have (see [10,5]) that x7(t) and xp(t) = % in Ly(0,T) for At — 0.

Recall further that the test function ¢ was chosen so as to satisfy ¢(7") = 0.
Moreover, for At — 0, (n — 00), the projection error represented by the third
term on the rhs of (54), tends to zero. This property follows from

N-l 1 ntl d)(thrl)

§X [ [P - pors | = an
=l 1 n+i ¢ij(tn+l)
-1 F(7"3) — F(o 3 40
PP /QJ [ (0"73) — F (v )1 o
N-1 1 ¢(t 1) ¢zg(t l)
1 n+ n+ ntz’ + o
i nz—:(] %:/ﬂg [F(U P = E )1 [ g 9ij | =Ll

By the definition of the projection, (13), we have that I = 0, ¥n. For I we
can use the smoothness of ¢ and g with g > €, together with Lemma 11 and
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Lemma 19, to obtain

N—1 . 1
L<! F5) — P9 lllwuw o 0lV9le] g
n=0 Q € €
N—-1 1
<1N" CALTV,,F(5"3)Ax < CAx.
n=0

We now pass to the limit At — 0in (54), with At = C'’Az. Taking into account
the convergence of v, and w, to v and w in Ly ,.(2 x I), we finally obtain
that the limit functions v, w satisfy (6).

We now proceed to prove that [v, w] satisfy (7). We can proceed analogously.
As w,(t) remains constant for ¢ € (tn,thrg), forn=0,...,N —1, we get
3

t 11 1 1
n+gq _ — n _ — n
/Q/t 5 g, di d) = 3/97](x,y,tn+;)w dQ 3/Qn(:c,y,tn)w dv, (55)

3

and similarly

t 21 1 1
"5 4,0 dtdQ:—/ oyt ”dQ——/ 1 )w"do.
/Q/t 1 g vt 3 Qn(a:y ”Jf%)w 3 Qn(a:y ”*%)w
n+§
(56)
Now recall (26). More in detail, if we solve the sorption problem with a local
micro-time step o, then at any time point o,, = mo, m =0,...,[, lo = At,
we have
2
Fum) = F(u""3) + w" — w"e rom (57)
m—1 oy — . . — O .
—K Z i e*'f(Um*Z) ((1 o < UZ) wn(vl) + < O-zwn(vwrl)) dz
i—0 Y Oi g g
w™ = whe Kom
m—1 o . . — .
b3 [ o (1= 2R )+ ST )

.

Denote by L;(z) the linear interpolant of ¢, (v) on the interval (o;, 0;41). We
can compute

m+1 . m —k(om+0o) _ ,—kom
w w _ wne (&
o o
m—1 .5 —k(om+o—2) —k(om—2z) om+o
i+l e —e K m _ _
+K5 Y Li(2) dz—i——/ e rlomto= () dz.
i=0 /i o g Jom

K

In the above we have approximations of derivatives of e "¢, namely
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efn(aera) — e~ Kom

=—ke "™ + ko,

—k(om+o—2) _ —k(om—2)
e e — —HG_K(Um_Z) _|__ k20.

g

Therefore, we can continue

wm+1 —w

o

+§/0m ULm(z)dz—l—&(U)+€2(U)+53(U)7 (58)

where £,(0) = kyjw"o, ex(0) = k X7 [T koo Li(2) dz, and

i

K

e3(0) = — /0m+a (e”“("m”’z) - 1) L, (2) dz.

o

If we evaluate the integral of L,,(z) in (58), the equation can be rewritten as

M m+1 m
e n¢”(v )2+ Yul™) _ kw™ + &1 + €2 + €3. (59)
o

We consider (59) in the point (z;,y;), and multiply it by the test function
values 7,7, by ArAy and by o. Finally, we sum over 7, j and m to obtain

wij ™ — Yn (V) + ¥a(v]])

-1
PP PR ML IV gyl aeh
ij m=0

2]m0

ni;oAzAy

-y Z Kwiin o ATAy + €1 + ez + e3.

ij m=0

We apply summation by parts to the left hand side to get

m—+1 m
whnb AxAy — S wln? AxAy — meMUAxAy
ij'lij ij'lij
i ©J ij m=0 o
5+ (v
=3 5w )

2

ij m=0

-> Z Kwiin o ArAy + e +ex + ez (60)

i m=0

This is an approximation of

/Q /0 (Wi ()0m + K (Y (VA(1)) — wi(t)) n) dt dQ
N /anH”(T”) dsr = /QW”TI(O) dQ+ e +ex+e5. (61)
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Using (61), we compute

tnt1 1
/Q/t+2 (gwyﬁm + K (Yn(v,) — w,) 7]> dt dS)

3
[ @0+ 5 (0 05(6) — wi(€)7) ded (62)
3/ top)w™ dv — 3/ Jw dQ+;(el+eQ+63),

where we have used the substitution £ = 3(t—t¢ +2) and 7(z,y,t) = n(x,y,&/3+
nT3

t +2). Finally, we complete the proof by summing up (55) , (56) and (62) for

nT3

n=20,...,N —1, using n(T") = 0, to obtain

// ( w0 + xa(t)r (Vn(vy) —wy)n) dt d) — %/ﬂw(x,y,(])n(o) dQ
=FEy+ By + E5, (63)

where we make an error of order O(7). The characteristic function x4(¢) is
defined as

1 fort € Uglt  2,tns1)
XA(t) :{ n+3

0 otherwise.

We still have to examine the error terms Fq, F5 and E3. These were obtained
from €1(0), €1(0) and £1(0) by the same operations that led first from (58) to
(60) and next to (63). We have

1 -1
E, = gXA(t) > klw”ng‘U?AmAy.
ij m=0

As w™ is bounded, this term tends to zero as 0 — 0. We next consider FEj.
Because v® (and v, (v)) are bounded we have

1 -1 m—1 Oht1
Ey=—=xa(t)k Z Z / koo Ly(z) dz
3 ij m=0 k=0 %%
1 -1
< XA Xa(t)k Chao Y > omnlio AxAy < CoAt.
0

ij m=
Finally, for the term E3 we can write
Omto —n(am—I—a—z) -1

E; = —XA K Z i aAa:Ay/ L, (2)dz.

ij m=0 o
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On account of the boundedness of 1, we can estimate the integral as follows

Ly(z)dz < C MmN 1y = ko

[

/Um_H, e*/{(aerafz) -1 om—+o
o

m o Om
Therefore, we have

-1

1
B < §XA(t)/<ck3 Z Z nﬁaZAxAy

ij m=0
As 0 — 0, the right hand side approaches zero.

Summarizing, if v and w are the limits of v, and w, for v — 0, from (63) we
have the desired equality

/Q/OT (wom + K (Yn(v) —w)n) dt dQ — /Qw(x, y,0)n(x,y,0)dY=0. O

This proves the existence of a local, very weak solution introduced in Def. 2.

Remark 24 We cannot prove BC (4) on the outflow boundary. Instead we
have from (47) that our approximate solution converges on the outflow bound-
ary to the unknown limit function ima;—o vataer = Vare(t), which, generally,
cannot be related to v(x,y,t), the concentration inside the domain. This cor-
responds to the natural outflow condition

bay’l) + hQ’U = hg’UMm«,

indicating a continuous flux condition. However, it does not exclude that Oyv =
0. As we consider dominant convection, we have anyway hy >> b.

Remark 25 In some practical situations, the Lipschitz continuity of 1., (resp.
F) cannot be guaranteed. For example, if we use Freundlich sorption isotherms
of the form 1 (v) = av?, 0 < ¢ < 1, then we have ¢¥'(0) = oo and the Lipschitz
condition is not satisfied. Let us now consider the following sequence fore > 0:

F(e)

F.(v)=F)ifv>e, F.(v)= _ v otherwise.

F.(v) is Lipschitz continuous for all € and it uniformly converges to F(v) as
e — 0. Let (v.,w.) be the weak solution of the problem (P ), where we use
F.(v) instead of F(v). This solution is reqular (v. € Ly((0,T), W3), O, €
Ly((0,T), Ly), Wy being the Sobolev space). Along the same lines as in [20] it
is possible to find a subsequence {€;};-0 such that (v.,,w,,) is convergent in
Lo(Q2r). The limit is the weak solution (v,w) of the original problem (P ).
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4 Numerical experiments

Before an analysis of the method from the theoretical point of view existed,
it was extensively tested. A large amount of numerical experiments for both
forward and inverse problems was realized. Some of them were published e.g. in
2], [21]. At this point we present only one linear example with non-equilibrium
sorption of which the analytical solution is known, as the intention of this
paper was to provide the theoretical results. In the experiment presented here,
we consider a one-dimensional problem of the form

0,C 4 20,C — DO?C +0,S=0 0,8 =kr(C—S)
with the following boundary conditions and initial conditions
C0,t) =Cr(t) =1 C(z,0) =0, S(z,0)=0 (64)

In this simple case, it is possible to find an analytical solution of the problem
(see [22], where the solution is over a semi-infinite domain [0, 00)). The com-
parison between the splitting scheme and the analytical solution can be seen
in Fig. 1. We also add a comparison with two finite difference schemes, namely
an implicit upwind and an exponential upwind method. As we can see, the
splitting method leads to results with lower numerical dispersion.

As for the parameters, we set the sorption rate coefficient xk = 6.95 and take as
the diffusion coefficients D = 0.1 and 0.01, respectively. We use the value 0.08
for the space step for both finite difference and operator splitting schemes. We
take an operator splitting time step of At = 0.04 and At = 0.02, respectively.
Hence, no projection error occurs after transport for the first experiment,
resulting in a very exact approximation. The second experiment clearly shows
that even with a projection step adding numerical dispersion, the operator
splitting is better suited for the problem at hand than the upwind schemes.
In this second experiment, D << 2, and numerical dispersion in the upwind
methods overshadows the low diffusion coefficient completely.

Next, we present two tables showing the convergence as the mesh size is de-
creased. For this the Courant number is fixed to be 0.5. In Table 1 the experi-
mental order of convergence (EOC) is given for the operator splitting, as well
as for the upwind scheme. The proof of convergence given does not provide a
theoretical prediction of the rate of convergence. In this case we can see that it
is of order 1. This order is typical for an operator splitting method. Obviously,
it is possible to use a higher order upwind scheme, but this does not imply
that the operator splitting approach is not suitable for practical applications.
In the case of dominant advection, focused upon in the introduction, splitting
is a very attractive method to avoid small time steps while retaining high
accuracy. Even if the convergence is only of first order, the error made on the
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—

Fig. 1. Comparison of the operator splitting and upwind schemes with the analytical
solution (dotted line) at ¢ = 2s, Ax = 0.08. Left: D = 0.1, At = 0.04. Right:
D =0.01, At = 0.02.

Az L2((0,T), L2(Q2))-error | EOC Az L2((0,T), L2(2))-error | EOC
0.08 0.06027 0.08 0.13162
0.04 0.03084 0.9668 0.04 0.07037 0.9034
0.02 0.01561 0.9820 0.02 0.03658 0.9440
0.01 0.00793 0.9771 0.01 0.01869 0.9688
0.005 0.00401 0.9820 0.005 0.00948 0.9788
Table 1

Left: Experimental order of convergence for the operator splitting method. Right:
Experimental order of convergence for the upwind scheme

larger time step is very small in all subproblems, if higher order methods are
applied for those problems. Splitting also has the advantage that well estab-
lished toolboxes can be used to solve the subproblems, as opposed to codes
that solve the global problem.

Remark 26 The practical implementation in [3,2] benefits strongly from the
operator splitting scheme as, in essense, the problem is 1D wn the convec-
tive part, and 2D in the diffusion. For multi-dimensional flow problems, one
could instead use operator splitting between diffusion-convection and adsorp-
tion, using an upwind method to control the convective part. Operator splitting
between diffusion and convection is possible, but the authors are aware of the
fact that multi-dimensional front tracking is more cumbersome and increases
the numerical dispersion. Nevertheless, front tracking is used in many practical
applications, [5].

References

[1] W. Hundsdorfer, J. Verwer, Numerical solution of time-dependent advection-
diffusion-reaction equations, Springer Series in Computational Mathematics,
Springer-Verlag, Berlin, 2003.

32



[2] J.Kacur, B. Malengier, M. Remesikovd, Solution of contaminant transport with
equilibrium and non-equilibrium adsorption, Computer Methods in Applied
Mechanics and Engineering 194 (2-5) (2005) 479-489.

[3] D. Constales, J. Kacur, B. Malengier, A precise numerical scheme for
contaminant transport in dual-well flow, Water Resources Research 39 (30)
(2003) 1303-1315.

[4] M. Remesikovd, Numerical solution of two-dimensional convection-diffusion-
adsorption problems using an operator splitting scheme., Applied Mathematics
and Computation 169 (1) 101-116, to appear, AMC 10833.

[5] H. Holden, N. H. Risebro, Front tracking for hyperbolic conservation laws,
Springer-Verlag, New York, 2002.

[6] O. Oleinik, S. Kruzkov, Quasi-linea second-order parabolic equations with many
independent variables, Russian Math. Surveys 16 (5) (1961) 105-146.

[7] P. Knabner, F. Otto, Solute tansport in porous media with equilibrium and
nonequilibrium multiple-site adsorption, Nonlinear Analysis 42 (3) (2000) 381
403.

[8] K. H. Karlsen, N. Risebro, On the uniqueness and stability of entropy solutions
of nonlinear degenerate parabolic equations with rough coefficients, IMA J.
Numer. Anal. 19 (4) (1999) 609-635.

[9] S. Kruzkov, First order quasi linear equations in several independent variables,
Math. USSR Sbornik 10 (2) (1970) 217-243.

[10] M. G. Crandall, A. Majda, The method of fractional steps for conservation laws,
Numer. Math. 34 (1980) 285-314.

[11] H. Holden, N. H. Risebro, A method of fractional steps for scalar conservation
laws without the cfl condition, Mathematics of Computation 60 (201) (1993)
221-232.

[12] H. Holden, K. Karlsen, K.-A. Lie, Operator splitting methods for degenerate
convection-diffusion equations 11 Convergence and entropy estimates, in:
F. Gesztesy, H. Holden, J. Jost, S. Paycha, M. Rockner, S. Scarlatti (Eds.),
Stochastic processes, physics and geometry: new interplays, 1I, CMS Conf.
Proc., (Leipzig, 1999), Vol. 29, Providence, RI, 2000, pp. 293-316.

[13] K. H. Karlsen, N. Risebro, An operator splitting method for nonlinear
convection-diffusion equations, Numer. Math. 77 (3) (1997) 365-382.

[14] K. H. Karlsen, K.-A. Lie, An unconditionally stable splitting for a class of
nonlinear parabolic equations, IMA J. Numer. Anal. 19 (4) (1999) 609-635.

[15] M. Remesikovd, Numerical solution of direct and inverse contaminant transport
problems with adsorption, Ph.D. thesis, Comenius University (2005).

[16] E. R., G. T\, H. R., Handbook for Numerical Analysis, Vol. VII, Elsevier, North-
Holland, Amsterdam, 2000, Ch. Finite Volume Methods, pp. 715-1022.

33



[17] R. J. Le Veque, Finite volume methods for hyperbolic problems, Cambridge
texts in applied mathematics, Cambridge University Press, Cambridge, 2002.

[18] K. H. Karlsen, K.-A. Lie, N. Risebro, A front tracking method for conservation
laws with boundary conditions, in: M. Fey, R. Jeltsch (Eds.), Hyperbolic
problems: theory, numerics, applications (Seventh international conference in
Zurich, 1998), Vol. 192 of Int. Series of Numerical Mathematics, Birkhaiiser,
1999, pp. 493-502.

[19] K.-A. Lie, Front tracking for one-dimensional quasilinear hyperbolic equations
with variable coefficients, Numerical Algorithms 24 (3) (2000) 275-298.

[20] J. Kacur, S. Luckhaus, Approximation of degenerate parabolic systems by
nondegenerate elliptic and parabolic systems, Appl. Numer. Math. 26 (1998)
307-326.

[21] J. Kacur, M. Remesikova, B. Malengier, Contaminant transport with
equilibrium and non-equilibrium adsorption, Computing and Visualization in
Science 10 (1) (2006) 29-42.

[22] N. Toride, F. J. Leij, M. T. van Genuchten, A comprehensive set of analytical
solutions for nonequilibrium solute transport with first-order decay and zero-
order production, Water Resources Research 29 (1993) 2167-2182.

34



