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Abstract Models applied in image processing are often described by nonlinear PDEs
in which a good approximation of gradient plays an important role especially in such
cases where irregular finite volume grids are used. In image processing, such a situa-
tion can occur during a coarsening based on quadtree grids. We present a construction
of a deformed quadtree grid in which the connection of representative points of two
adjacent finite volumes is perpendicular to their common boundary enabling us to
apply the classical finite volume methods. On the other hand, for such an adjusted
grid, the intersection of representative points connection with a finite volume bound-
ary is not a middle point of their common edge and standard methods cannot achieve
a good accuracy. In this paper we present a new cell-centered finite volume method to
evaluate solution gradients, which results into a solution of a simple linear algebraic
system and we prove its unique solvability. Finally we present numerical experiments
for the regularized Perona-Malik model in which we applied this new method.
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1 Introduction

In image processing many filtering algorithms are based on nonlinear diffusion PDEs
which modify the linear diffusion (heat) equation by slowing down the diffusion in
the vicinity of edges. The linear heat equation is not only the base of these reliable
and mathematically approved methods but it can be applied also when evaluating the
so called “Gaussian gradient”, used for regularization and edge detection not only in
the regularized Perona-Malik equation we solve, but also in some modifications of
level set type PDEs models [2, 7, 8, 15, 22, 27, 28].

For some of these models adaptive methods have been developed [3, 4, 10, 17-19,
23, 24] benefitting from the fact that with the progress of denoising larger elements
can be used in a computational grid. In this work we present a new finite volume
scheme working on a deformed graded quadtree grid generalizing the method for an
evaluation of gradients presented in [12].

This paper is organized as follows: first we deal with a numerical solution to the
linear heat equation on the so called consistent adaptive grid. It is obtained by mod-
ification of a graded quadtree, i.e. the quadtree in which the difference in a level
between adjacent cells is constrained, in our case to one. In a nonconforming situation
the basic quadtree grid does not satisfy the classical orthogonality property which is
mandatory in the standard finite volume method [11]. However, the graded quadtree
can be deformed into a consistent quadtree grid in such a way that in the resulting
polygonal grid the connection of two representative points of two adjacent finite vol-
umes is perpendicular to their common boundary. Examples of basic quadtree and
consistent grids are displayed in Fig. 1. The process of the deformation and geomet-
ric properties of resulting polygonal grid are presented in Section 2. The consistent
grid enables us to solve the linear heat equation in a standard way: the corresponding

/

Fig.1 An example of the original quadtree grid together with the representative points of its elements (on
the left). This grid is transformed into the consistent one (on the right)

@ Springer



Adaptive cell-centered finite volume method for diffusion equations

implicit finite volume scheme and the experimental order of convergence (EOC) are
presented in Section 3.

The linear heat equation can be a stepping stone for nonlinear diffusion equations
requiring solution gradients and their norms. We have chosen to solve the regular-
ized Perona-Malik equation [8, 22] for which several adaptive methods have already
been elaborated [3, 4, 9, 17, 18], but working on triangular or rectangular grid ele-
ments. Our method to evaluate the gradients is based on [12] dealing with similar
nonlinearities in the level set curvature driven equations. We consider also repre-
sentative points on finite volume edges, which are updated using the conservation
principle. Comparing with the diamond cell adaptive method [18] the advantage is
that we work locally in the sense that we only need to access neighbors sharing a
common edge, not a vertex only, because if the neighborhood information of the
grid is not stored explicitly, finding the neighbors with a common vertex leads to too
many tests and can be time consuming. In the standard approach based on [12] the
represenative points are obtained as an intersection of a line segment connecting rep-
resentative points of two adjacent finite volumes and their common edge which must
be mutually orthogonal. Moreover this intersection must be a midpoint of the edge,
but such a requirement is not fulfilled in the consistent adaptive grid. In the present
work we generalize the gradient evaluation in such a way that this midpoint condition
can be relaxed. The method leading to a simple algebraic linear system is described
in Section 4, where also unique solvability of the linear system and properties of its
coefficient matrix have been shown.

In Sections 5 and 6 we derive the semi-implicit finite volume scheme for the
regularized Perona-Malik equation and present numerical experiments.

2 The adaptive grid

A region representation is an important issue in image processing and consequently a
number of representations are currently in use among which quadtree techniques [1,
21, 25, 26] are well suited for large set of applications. To mention some of them - the
finite difference schemes for the Poisson and heat equations on non-graded quadtrees
[13, 19] and the multigrid finite element schemes for PDEs in image processing [10,
23, 24]. For the finite volume method, a cell centered finite volume discretization
to Poisson equation using multigrid approach, has been used already in 1998 [14].
For the elliptic boundary value problems the higher order finite volume method have
been studied in [5, 6].

Recently adaptive finite volume schemes working on quadtrees has been proposed
in [17, 18]. However, our consistent grid is not Cartesian, but polygonal one,
possessing the properties enabling us to use the methods based on [12].

In image filtering, the idea to use more and more “coarse” elements with progress
of smoothing has been used for the first time in [3] for the regularized Perona-
Malik equation. It benefits from the fact that the whole information about the image
is contained in the initial grid and there is no spatial movement of the edges, no
refinement is needed and the algorithm works just with grids, elements of which are
obtained by merging of pixels. This process has been called a coarsening in image
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processing. We want to use these principles when working on the consistent finite
volume adaptive grid. First, let us describe building the quadtree.

2.1 Building the quadtree

The initial image is given as a set of discrete grey (or RGB) values on cells of an initial
regular - nonadaptive grid corresponding to the pixel structure of the image. We build
the quadtree by a merging of the elements with similar intensities from smaller cells
to larger cells, i.e. from leaves to the root. The old values are either unchanged, or
replaced by an averaging the old values from the processed area. During this process
the information about successful or unsuccessful merging is stored in a binary field
with the size corresponding to the image. Moreover this information is stored in such
a way that it enables us to create a graded quadtree with prescribed ratio of elements.
It can be easily used as a stopping criterion during fraversing the quadtree and to test
the configurations of elements - the leaves of the quadtree.

As we have already mentioned, we build the graded quadtree, i.e. we require the
ratio of sides of two adjacent squarestobe 1 : 1,1 :2 or2 : 1. Grids associated with
such trees are often used in order to produce procedures that are easier to implement,
moreover, in our case it is an inevitable requirement to be able to build the consistent
finite volume grid. The used technique of building the quadtree (and octree) adaptive
grids is described in [16, 17] where the following coarsening criterion is used: the
cells are merged if a difference in their intensities is below a prescribed tolerance
e.

2.2 Adjustment to the quadtree consistent grid

The quadtree grid (Fig. 1 left) is inconsistent in the sense, that we cannot find the
unique representative points of the adjacent grid elements - finite volumes - such
that the connection of their representative points is perpendicular to their common
boundary. The adaptive grid fulfilling this condition is called consistent and it is
an admissible mesh in the sense of [11]. However, the basic quadtree grid can be
adjusted to a consistent one procedurally: we must adjust the shape, if two adjacent
finite volumes p and ¢ are of a different size. If we denote the length of a common
edge in the original quadtree by /4 and we shift the “hanging node* by v = % (e.g.in
Fig. 2 we shift X to X’), then the connection of representative points is perpendicular

to the shifted common boundary. This fact (and also the fact that % = %) follows

from the similarity of triangles AAQ P and AXX'B with the ratio of their adjacent
sides 1:3. The area of p is also evaluated procedurally - it depends on a configuration
of its neighbors.

2.3 Notations

Let 75, be a polygonal adaptive grid with finite volumes p of a measure |p|. Let
every finite volume p have a representative point X, lying in its center or in the
center of the original square for an adjusted element of the consistent grid. Let N,
denote the set of neighbors g € 7T, for which common interface of p and ¢ is a line
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h

Fig. 2 Adjustment to the consistent grid. | XX'| = v = %h. XB=%PA, hence %

segment - an edge o, with a nonzero measure in IR denoted by |op,|. Forg € N,
dpq = 1X4 — X,| and ny, is a unit normal vector outward to p. By £, we denote
a set of all edges o of p. When we speak about a unit normal vector to o € &,, we
denote it by n .

Let us denote by X, such a point of o, which represents the intersection of the
line segment X, X, and 0,4. In our consistent grid, X, X, is perpendicular to o,
but the intersection X, is not the midpoint of o in general case. Let us denote by X
the midpoint of the edge o.

3 Numerical scheme for the linear heat equation on a consistent
adaptive grid

We solve the following problem:

w CAu(, oy, ) =y, oy eQr=xI, (1)
WE YD o iy eanx ], )
on
u(x, y,0) = u’(x,y), (x,y) €Q, 3)
uo € Loo(2) , r(x,y,t) € Loo(QO7). “4)

Here, u(x,t) is an unknown function defined in Q C R? and a time interval
I = [0, T, n is a unit outer normal vector to 92 and «%(x) is an initial condition.
Having the grid, we integrate the diffusion equation over a finite volume p and use
the divergence theorem to obtain

/B,Lt dX—/Vu.np a’S:fr dX. 5)

p ap P
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We replace the time derivative by a finite difference using the uniform time step
7 = " — "1 where "L, " are previous and current time steps. Let u” be the
solution in the n'" time step, u?, denotes the solution over the finite volume p in the
nt
n'" time step and ry = ﬁ [ [r(x,y, t)dXdt. Having the integral form (5) of
(=Dt P
the problem (1), let us denote by

Ipg = / Vu" npg ds (6)
Ipq

the flux through boundary o, between p and its neighbor g at the time step ¢"*. Then
the implicit scheme can be written in the following general form

(s =) Apl =1 Y S+ Tlplr. ™)

qeN,

The flux f I’}q contains a normal derivative of a solution at the time step ¢" evaluated
on the boundary o, and we approximate it numerically by:

n_ ,n
N C L)
Vi np, &~ L

®)

dl’q

Let us denote by T}, the term IZ" 4l and call it the transmissivity coefficient. Now the

J

flux can be approximated by

Tpq = Fpg =Tpq (“Z - ”Z) (€))
where for the consistent adaptive grid T, is defined as follows:

for g of the different size as p (in the original quadtree grid), Tp, = %

for g of the same size as p (in the original quadtree grid): if p and g have the same
parent in the quadtree structure and a common larger neighbor, T),, = % (the
length of such a common edge is reduced, see e.g. Fig. 1). Otherwise T, = 1.
In other words, if one edgepoint of the common edge is a hanging node in the
original quadtree then T, = %, otherwise Tp,; = 1.

Now we are ready to write the implicit finite volume scheme for solving problem
(D-(3):

Let0 =179 < ¢! < ... <tV = T denote the time discretization with /" = "1+,
where 7 is the time step. Forn = 1, ..., N we look for u’;,, p € T satisfying

(ui’, - u’;f1> Ipl=< Z Tpq (ug - u'},) +zlplr), (10)
qeN,
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or rewritten

|| Pl .4 _
< T Z Tpg | u)p = Z Tpquty = 714'}7 + Iplry; (11)
qeN, qeNp
with 1
u(;, = ﬁ / uo(x)dx; forall p € Tj. (12)
p
p

After standard application of Neumann boundary conditions, this scheme leads to a
linear system of equations at every time step, which can be efficiently solved e.g. by
the SOR method.

Remark 1 Note that our consistent grid fulfils all conditions for admissible mesh
defined in [11], Definition 10.1. Let us denote further

size(Tp) = sup{diam(p), p € Ty}

Theorem 1 Let uj be on each finite volume p € Ty a piecewise constant numerical
solution given by numerical scheme (11)—(12). Then

1. There exists unique solution u}, of the scheme (11)~(12) for everyn =1, ..., N .
. This solution is L stable.
3. Letsolution of (1) be a functionu € C*(Qx Ry), ug € C2(Q), r € CO°(2xR,),
T be an admissible mesh and t € (0, T'). Let 6‘77 =u(Xp, Yp, t,,)—u?jfor peTh
andn = 1,2,...N. Then there exists C only depending on u, T, Q2 and r such

that
1

2

D @Plpl| = C(size(Th) + 1),
peT

foralln =1,2,...N.

Proof 1. Note that resulting linear algebraic system of equations (11) has diago-
nally dominant M-matrix which implies existence of the unique solution for each
n=1,.., N.

2. Lo stability can be proved in a similar way as in [11] Lemma 18.1.

3. The error estimates are proven in [11] Theorem 17.1 for the non-homogeneous
Dirichlet boundary condition. The result is valid for zero Neumann boundary
condition as well.

O

The overall adaptive algorithm to solve (1)—(3) has three phases in every time
step:

1. We build the graded quadtree adaptive grid and change it to a consistent one.
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2. We compute the coefficients of the linear system during recursive traversal of
the quadtree.
3. We solve the linear system (10).

3.1 EOC for the adaptive scheme on the consistent grid

For numerical tests, let us consider the linear diffusion equation with a right hand side

U — Au=r, (13)
where u = u(x, y,t), r =r(x,y,1), (x,y) € (0,1) x (0,1) =Qand ¢t € [Ty, T»].
For the function r(x, y,t) = cos(2rx)cosmy)(1l + 8721), the exact solution is
given by u(x,y,t) = cos(2mx)cos(2ry)t and we solve the problem in a time
interval I = [0.5, 0.6]. We compute L> (I, L>(€2)) norm of the error by the formula

N
Ehy= |Y 1Y (uxp, yp. t") —uh)?|pl. (14)
n=1 p

The initial uniform grid is of the size 16 x 16 (h = 1—16) Over this grid we construct

two initial nonuniform quadtree grids depicted in Fig. 3 and perform the experiments.
We take the initial nonuniform adaptive grid and solve the linear heat equation on
this grid adjusted to the consistent one, for a given time interval /. Then we refine the
initial quadtree adaptive grid by dividing every finite volume into four subvolumes,
adjust it to the consistent one and solve the linear heat equation again (see Fig. 4).
The experimental order of convergence is then evaluated by EOC = logZ%.
Let us note that the grid is not changing in time, though we solve the time dependent
problem. To study EOC, we refine each grid three times. We performed N time steps
(the third column of Table 1) for each grid and evaluated the error given by (14). The
errors and EOCs are shown in Table 1. As one can see, the method is the second order
accurate.

Fig. 3 The initial coarse quadtree grids for EOC computation, left: Grid a, right: Grid b
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Fig. 4 Left: the consistent grid with 7 = i obtained by refinement of the grid a and the corresponding

intensity function. Right: the consistent grid with 7 = i obtained by refinement of the grid b and the
corresponding intensity function. See also the second row of the Table 1

3.2 Computational complexity of the adaptive scheme

In this section we compare the complexity of the adaptive and nonadaptive algorithms
for the linear heat equation. While in the nonadaptine algorithm working on regular
square or rectangular grids there are two main phases; the evaluation of coefficients
of the linear system and solving the linear system, the adaptive algorithm has an
additional step - building the grid.

Let the quadtree be built over an image with M = 2V x 2V pixels and it has m
leaves corresponding to elements of the computational grid. Then we can say that the
computational grid is constructed in O (M) time, the coefficients of the linear system
are evaluated in O (m) time and the linear system is solved in O (m) time (in [16], the
computational complexity was discussed in more details).

We have performed an experiment exploring the time behaviour with increasing
M, i.e., the adaptive grid was subsequently formed over images with the size 2V x 2V,
N =38, ..., 11. We have created a double-valued image of an object formed in such

Table 1 EOC calculations, from the left: 4 means the size of finite volumes in the initial grid if there
would be no coarsening, 7 is the time step, N is the number of time steps performed over I = [0.5, 0.6]

Grid a) Grid a) Grid b Grid b)
h T N E(h) EOC E(h) EOC
% 0.003906 25 0.0188 0.01302
le 0.000977 102 0.00465 2.015 0.003459 1.912
é 0.000244 409 0.001154 2.010 0.00089 1.958
4 0.000061 1638 0.000288 2.002 0.000109 1.996

)|
o0

Then the errors E(h) and EOC for both Grid a) and Grid b) are given
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Fig. 5 Examples of adaptive grids built on various refinement levels. The number of elements in the
adaptive grid is about five percent of the original uniform grid

a way that the number of elements in an adaptive grid is about 5 % of the original
regular grid (examples of such grids are in Fig. 5). In the experiment we explore
the running times of particular phases of both nonadaptive and adaptive algorithms
for increasing values of N. The results are displayed in Table 2 for regular grids
and Table 3 for corresponding adaptive grids. The tables show linear scaling of both
algorithms with respect to number of elements in the grid.

In the next experiment we take the grid on the level N = 11 with 223003 ele-
ments reduced from 4 194298 and we estimated the effectiveness of the algorithm by
measuring the times of particular operations.

By measurements we get that an average cost to get and to store the coefficients
of one equation of the linear system is 5.6 times higher in the adaptive grid than in
the regular grid and for decrease above 16 % the coefficients are more efficiently
evaluated on a regular grid (we must also realize that in a regular grid the elements
are processed in loops and in our implementation of an adaptive algorithm with help
of recursive procedures.) Usually we can save computational time in this phase only
in the last steps of a time evolution, but mostly the dominant time is the time to solve
the linear system.

The coefficients of a linear system are stored in a list and then the linear system is
solved in simple loops without a help of a recursion. The semi-implicit methods we

Table 2 Running times for particular phases of one time step of the nonadaptive algorithm for images
of the size 2V x 2N

Number of Time for Time for Time for
N elements LS coefficient linear system coeff+LS
8 65536 0.016 0.1872(16it) 0.2032
9 262144 0.03 0.531(13it) 0.561
10 1048576 0.125 2.14(14it) 2.265
11 4194298 0.517 8.56(14it) 9.077
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Table 3 Running times for particular phases of one time step of the adaptive algorithm for the initial
images of the size 2V x 2N

Number of % of orig. Time to Time for Time for Grid+
N elements elements build a grid LS coeff. lin. system coeff+LS
8 3277 5% 0.015 - 0.015(16:it) 0.03
9 13399 511 % 0.047 0.016 0.031 (11it) 0.094
10 53572 51% 0.125 0.046 0.125 (10it) 0.296
11 223003 532 % 0.547 0.156 0.5 (10it) 1.203

use lead to linear systems with number of unknowns corresponding to the number of
grid elements. However the efficiency of the linear system solution does not depend
on the decrease of elements directly, because in one equation of the adaptive method
the number of elements depends on a number of neighbors of a processed (diagonal)
element and the total number of neighbors depends on a structure of a grid. Moreover,
the number of iterations of a linear system depends also on the solution itself, on the
stopping criterion (in all performed experiments it is the same), on the linear system
matrix depending e.g. on the scale step size, the size of element (the higher, the
better diagonal dominance is) and if we use SOR, the suitable choice of a relaxation
parameter.

As to the stopping criterion, the absolute error of a residual ||[Ax — b|| < tol is
used with the same value of tol for all refined grids. It is known that when solving an
elliptic equation the number of iterations is increasing with the refinement level. On
the other hand, when solving the parabolic equations, as in our case, the number of
iterations does not increase when refining the grid. Let us note that we start the SOR
iterations at the current time step by using numerical solution from the previous time
level. Due to the standard parabolic space-time coupling (r = 4?), which means that
halving the space step we refine the time step four times, the initial iteration (solution
from the previous time step) at a fine grid is closer to the final solution of the linear
system than it is on the one level coarser grid. In our opinion this is the reason why
the number of SOR iterations remains stable when refining the grid.

Our experience is that with the grid with larger elements the number of iterations
is lower, so at the end we can say that the time is proportional to decrease of elements
and with a sufficient decrease of elements the adaptive algorithm is much faster in the
final scale steps. Using Table 3 we estimate an average cost incurred by processing
of one equation in the adaptive algorithm (on every level we divide the time (the
7th column) by a number of equations times a number of iterations (the 2nd and 6th
columns). If we perform the same evaluation of the cost for processing one equation
for the nonadaptive grid (Table 2) we can see that the cost in the adaptive grid is
1.12 times higher than in the nonadaptive one. For a number of iterations we use a
linear interpolation between 5 % of elements (10 iterations,the 6th column of Table 2)
and 100 % of elements (14 iterations, the 4th column of Table 3) we can estimate
CPU times of an adaptive method for various decrease level of elements expressed
as percentage of the original number of elements. These estimates are presented in
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Fig. 6. At the top there is a contribution of particular phases while at the bottom we

have a comparison of estimated overall CPU times.

4 Approximation of the gradient on the consistent grid

To solve more general diffusion equations we need to approximate the gradients over
the finite volumes and their boundaries. In the adaptive methods for the Perona-Malik

t Phases of the adaptive algoritm
18

16 — M Grid

14 - mLS coeff

12 |— mLS

10— mTotal

. N
6

)

g6 gh g gb gF e b o dr o P o g b gF o

&

KN

Run times for the adaptive and nonadaptive algorithms

18
16 Adaptive algorithm
14 — = Nonadaptive algorithm

12 /
10

6
4 /
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0 T T e e L e e e — T
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Fig. 6 Top: Estimate of run time for three phases of the adaptive algorithm). Bottom:

The running time

estimates (axis y) for a decrease of elements (expressed in a percentage of the original image (axis x) for
nonadaptive and adaptive algorithms. The original number of elements is 4194298. The times are given in

seconds
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equations [17, 18], both working on quadtree grids, the (presmoothed) gradients are
evaluated on boundaries of the finite volumes, either convolving the solution with
the partial derivatives of the smoothing kernel [17] or using the diamond cell method
requiring solution approximations in the corners of the squares obtained by bilinear
approximation. With the shapes occurring in our consistent adaptive grid too many
possibilities would be tested and the algorithms hardly can be efficient. That is the
reason why we have chosen the method based on [12] where we consider also rep-
resentative points on finite volume edges, but not values at the corners. Then, with
a help of these points we work locally, we only need access to neighbors sharing a
common edge and update values in these points with a help of conservation principle.
The method from [12] works in this way:

1. for edges o of finite volume p we define representative points X* - their
midpoints,

2. with help of these points, we evaluate the norm of gradient locally on p (using

the consequence of the Stokes formula, see (19)—(20)),

equation for the finite volume p is derived locally,

4. values of solution in X are obtained by using the conservation principle.

e

In the consistent adaptive grid, if we set X, to be the intersection of the connection
of representative points X, and X, and the edge o, the line segments X , X, and
X4 X, are perpendicular to o, but X,; is not the midpoint of o on every grid element.
Such a situation occurs on edges containing a hanging node in the original quadtree
grid. The most critical shape in this sense is the sharp element, where X, is not the
midpoint on any of the edges (Fig. 7 right).

Let us suppose the linear approximation of the solution over the finite volume p.
Any linear function can be written as

w(X) =u(Xp) +Vu- (X —Xp) =up+Vu- (X —X,). (15)

If X = X,, it holds
ug —up =Vu - (Xg — Xp), (16)

Fig. 7 Examples of the shapes where the intersection of the connection of representative points and a
common edge o is not the midpoint of o
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where u, is a value of the solution at a point X,,. The gradient of the linear function
is a constant vector in IR, thus also over a control volume p-. Then it holds

1 1
Vu = —fVudx = —funpodS a7
Ipl Ipl
b Z/(u,,+w (X — X,))npedS (18)
p 065175
- |p| up Z o0y + — D Z 0|V - (X5 — X )N (19)
oe&p

The term ) |o|n,, = 0 and the expression |o|Vu(X} — X ,)n,, represents the
oe&p
precise integration of a linear function over the edge o. Thus we have

Z 0|V - (X2 — X )N (20)

0651,

On the edges, where X, # X, we can express
X;_X[JZ(XG_X[))+(X:—X¢7)- (21)

The second part of the right hand side of (21) will be called correction. Then Vu can
be split into two parts

1 *
Z o1Vu - (X = Xp)mpo + 7 Y 1olVu - (Xi = Xomps  (22)

aeg,, oe&)p

The part of Vu given by A and denoted as (Vu)“ represents the gradient without
correction and due to (16) it can be evaluated as

(Vu)h = |p Y o lte — up)np,. (23)

oe&,

The second term B - the correction of (Vu)4, depends on the unknown gradient. The
practical evaluation will be explained later

In the following text we present three experiments performed on a specific con-
sistent grid (see Fig. 10, the grid is built over a uniform grid with 32 x 32 elements)
and the specific function u(x, y), defined on < —1.25,1.25 > x < —1.25,1.25 >,
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on which we evaluate the norm of the gradient on p:
1
ux,y) =5 (x2+5?). 24)

Experiment 1 We evaluate the norm of the gradient on p in its representative point
analytically, i.e. Vu(Xp) = (xp,yp), [VuXp)| = /xp%+ y,2. The result is
graphed in Fig. 8 left.

Experiment 2 We evaluate the approximated gradient using only A and neglect-
ing B in (22). The values u, were obtained by a linear interpolation. The result is
shown in Fig. 8 right. The errors, significant on sharp elements with latrge gradients,
indicates a necessity for including the part B into computations.

4.1 Evaluation of the gradients with corrections

Remark In the following text, we use subscripts in two ways: if they represent
derivatives, we use x resp. y and if they represent the vector components, we use 1
resp. 2.

Let us denote the correction vector (X} — X,) by ¢ = ((co)1, (¢o)2). We will
work with (V)4 = ((uy)?, (uy)A), Nps, = ((Mps);, (Nps),) and the unknown
vector Vu = (uy, uy). Now we have

Vu = V' + Y lol(Va- ey, (25)
[Pl vz,
ie.,
1
resty) = (@0 @)+ 15 3 lol(eodiie + €o)atty) (@1po)y (1)) (26)
o€ty

Fig. 8 Left: Experiment 1. - the norm of gradient evaluated analytically. Right: Experiment 2. Omitting
part B in (22) leads to the discontinuities in the norms of gradients
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We see that (26) represents a linear system of 2 equations with 2 unknowns u, and
uy, which can be adjusted to the following form:

(l - ﬁ Z |0|(C0)1(npa)1) + Uy ( | | Z |U|(Ca)2(npa) ) = (ux)A’

oe&p oe&p
27)
1
ux | == Y lolea)ipe)y |+ uy Z lol(co)a(ps)y | = )™
Ipl oe& | I o€y

The elements of the coefficient matrix of (27) can be evaluated procedurally,
traversing the quadtree and the system can be solved e.g. by the Cramer rule.

4.2 Practical evaluation of gradients

For a particular element shape, the matrix B can be precalculated in advance. Let us
denote:

lon C
P9 and C, = il

Nyo =
where [ is the length of the square edge in the original quadtree. To evaluate these
vectors we start with the edge vector & (oriented from the shifted node to the quadtree
corner), N, is obtained by its rotation by 90 or —90 degrees (i.e. by switching its
coordinates and negating one of them) to create the outer normal and extracting / -
the length of the square in the original quadtree. C, is parallel to &, but shortened
according to the geometrical situation and [ is extracted. The nonzero corrections
occur only if one of the edgepoints of o is the shifted node. It can be shown that on
the aligned edge o, the correction ¢, can be expressed as ¢, = ;, on the vertical

or horizontal edge ¢, = %. For example, on a shape like in Fig. 9c), we have ¢ =
(%h h), Npo = (l, —%), C, = (%0 10) for an aligned edge and ¢ = (—%h O),
Ny, = (0, —%) C, = (—é, 0) for a horizontal edge. In all other configurations of

this shape we just switch or negate these coefficients.
The system can be written in the following form:

bi b1z
12
uy | 1 — — Z (Ca)l(Npa)l +  uy Z (CU)Z(NpU) = (ux)Av
|P| o€g, | | o€,
(28)
by by
y | | Z Co(Npo)y |+ uy | | Z (Co)a(Npo)y | = ()™,
oeg, oeg,
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The coefficients of the linear system (28) depend on N,,, C, and the ratio 172' All
of them are determined only by the shape of element p, not by its level (size), so
we can store the inverse of the coefficient matrix B for every shape and evaluate
Vu = B~!(Vu)A. This approach is suitable, if there is only limited number of shapes
in the polygonal grid like in our consistent adaptive grid and if we work on a fixed
grid like in Experiments 4 and 5.

Example 1 Let us show the coefficient matrix B of the linear system (28) for some
configurations of elements (cf. Fig. 9):

a) If an element p has a couple of hanging nodes on neighboring edges in the
original quadtree (i.e. on edges sharing a common vertex), or on all of them, the

effects of corrections cancel mutually and B is the unit matrix.
b) If the hanging node is on one or three edges of p, then

0.985 0
b= (0 1.015)

c) If p has one larger neighbor on its edge, then B is the matrix

5 (096 —0.12
~\-0.12 1.04

d) In the case of the sharp element, the coefficient matrix is

1 03
32(0.31 >

b)

Fig. 9 Example 1. Shapes for particular cases of Example 1
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Experiment 3 We take the function u(x, y) = %(x2 + yz) and the grid from the
Experiment 1 (Fig. 10) and compare the gradients (Vu)? and Vu for an element
far from the center. We take the sharp element highlighted in red with the represen-
tative point (x,, y,) = (0.742, —0.89). First u, is set to the exact value evaluated
using u(x, y). The gradient vector (Vu)“ evaluated without correction with a value
(—1.711, —1.801) was corrected using (28) to (0.860, —1.03).

In practical tasks u, is obtained by interpolation, here the values of u, (like in the
Experiment 2) are obtained by linear interpolation between u,, and u,, of its neighbor.
It is interesting that in such a case the gradient of u(x, y) obtained by (28) is equal
to the analytical gradient. On a square element, this fact can be easily verified. For
an element with a nonzero correction, let us take, for example, the element with the
same shape like the selected element ( i.e. the element depicted in Fig. 9d) with its
matrix B shown in Example 1 d)). We get, using (23)

((MX)A, (uy)A> = (xp +0.3y,, yp +0.3x,).
After correcting this gradient by multiplying by B~!, we have:

1 1 -0.3 T
(_0.3 | ) (xp+0.3yp,yp+0.3xp) =

1-0.3?
! ((1-03%)x,. (1-03?) y,,)T = (xpvp)"

1—0.32

7/
\
/
e
! A
\ /
! b}
\ /
! hY
& !
/ A
y /
! b
\ /
A
A
!
Ly
%\

\
/
\
/
[N A

3
/
I
7/
A
|

|
7
A\
I

T T T =TT
e P B e o M

IR S S S R

LN LIS B A o

|
L
f

T

/\.4-'\-]

%/\/‘"“\
i@pa
%_\/\/
[
3
/
|

| —

/
\
.
i \
3 /
! y
3 /
{ Y
3 7
/ \
\ /
/ A
\ /
L LT TA
!l

/

Fig. 10 The grid used in Experiments 1-3. The selected shape for Experiment 3. The dimension of the
original nonadaptive was 32 x 32, h = 0.03125
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Finally, let us take the function uz(x,y) = % (x> +y3) and the selected shape
(us is obtained by linear interpolation). The analytical value of the gradient is
(0.551,0.807), using (23) we get (Vu)4 = (0.813, 0.987), after correction Vu =
(0.5572, 0.813).

4.3 Properties of the coefficient matrix B

In the following we want to show symmetry and regularity properties of the matrix
B. In the proofs we show some rules which can be helpful during construction of B.

Lemma It holds:

a) Y (Co)i(Npo)y =— 3 (Co)2(Npo),,

o€t o€y
b) Z (Co)l(Npa)z = Z (Ca)2(Np<7)1-
oe&p oe&p

Proof We explore only edges with nonzero corrections. The first property follows
from the fact that C; L N,,. To show the symmetry property in b), we use the
fact that for the parallel codirectional vectors u and v it holds u - v = |u||v| and
for the opposite directional vectors u and v, u - v = —u||v|. Let £,* = {o!, 02}
denote two edges sharing a shifted node * with the corresponding vectors N!, C! and
N2, 2 (for examples, see Fig. 11). Let us rotate NI and N2 by 90°, we get vectors
(N21, —N 11) and (N22, —N 12) Without losing generality, one is codirectional and the

C3=(-C,, -C,) - c*=(C,, -C,)
N3=(-N,, -N,) - o N=(N,, -N,)
e,'={ o', 0%
C'=(C,,C) [ | er={c o
N'=(N,,N,) /S| ,5={ % of}
o5
»
!
&2
C*=(C,, -C,)
N2_(N1, 'Nz)
o
5

Fig. 11 Examples of the sets 5;;. If& ;* and 8,2,* correspond to two adjacent edges in the original quadtree,
then Y (Co)1(Npo); = 2C1 N1 +2CN, = 2C! - N! = 0, because C! LN!

L+ g2
oEEFUES
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other is opposite directional to C! and C2, respectively. Using the property of the
scalar product mentioned above, we have

C{N, — C3N{ =|C"|IN|,
CIN; — C3NT = —|C?||N?|.

We sum these two equations and show that the right-hand side of the sum is equal to
zero. This implies that b) holds for one couple of edges with nonzero corrections &, *,
thus also for all edges in £,. To show that (C{ N} + CIN3) — (CIN] + CIN?) =0,
we must show that |C1||N| = |C2||N2|. For the elements like in Fig. 9a and b, it is
obvious, because the lengths of both edges are the same, so we only need to prove it
for shape in the case c) what implies the result for all possible shapes in the consistent
grid. Let Nl, C! are related to the horizontal edge and N2, C2 to the skew one. Since
ICl| = }T|N1| and |C?| = %|N2| (see section Practical evaluation of gradients), we
get

2
1 1 1/2\* 1 (V10
ICHINY = |C3IN? = NP2 — NP = - (2) — = (52 =o,
4 10 4\3 10\ 3

so the symmetry property is fulfilled for o € £," and thus also for all o € &p,. O

Theorem 3 The matrix B is regular and the system (28) always has a unique
solution.

Proof Using the properties of the Lemma, we can write

2 2
4 14
det(B)y=1———| > (Co)i(Npo)y | =5 | D (CoaWpo), | =
lpI° \ = I\ =
r 4
2 2
l4
-5 D CiNpo)y |+ D (Co)aNpo),
p 065[; Uegp
We can show that det(B) > 0, i.e.
2 2
Co) (N + Co)a(N Ll 29
D (Co)1(Npo), > (ConWpo)y | < (29)
oe&p ge&,

For a square element, B is the identity matrix. Now let us take the element hav-
ing only smaller neighbors or neighbors of the same size like in Fig. 9a and b.
Like in the proof of the case b) of the previous lemma, let us evaluate the sums
in (29) for couples of edges 5; sharing a shifted node. Let us chose some edge
and denote C;, = (Cy,C2) and N,; = (N, N2). Using the geometrical prop-
erties of the element all other C; and N; corresponding to small neighbors can
be expressed using Cp, Co, Ni, N, see Fig. 11 for points 1* and 2*. It is easy to

@ Springer



Adaptive cell-centered finite volume method for diffusion equations

see that ) (Co)2(Npo)y = D (C5)1(Npg), = 0. If 511,* and 55* correspond
oels o€y
to two shifted nodes * on two adjacent edges in the nonadjusted quadtree (again
see 1* and 2* in Fig. 11), then due to orthogonality of C,; and N,1, we have
Z (Ca)l(Npa)l =2C1N; +2C2N; =0 and
o e uE

2

Y (Co)iNpo), | =0. (30)

1% 2%
oeEFUES

As a consequence it holds that the sum ) (Cy);(Npe), is nonzero only for one

couple of smaller neighbors or two couples on opposite sides. Without losing gen-

erality let us take the edge vector o1 = (%é, %) from Fig. 11, where [ is the length

of edge in the corresponding square and C = f—oll = (6_10’ %) and N = (—%, %)
are corresponding correction and outer normal. The sum > (Cy )1 (N po); 18 equal to
+ (Wlo + ﬁ) = :I:% for one couple (or three couples) of smaller neighbors and to

:I:% for two couples on opposite sides. So we have
2 2

1\? 2
D CWNpo)y | | DD (€CoroWNpo), <<—> <1<'ZP—J. (31)

o'egp O'G(c:p

Now let us take the element with a single greater neighbor For an example let us
take the case corresponding to Fig. 9c with 5; corresponding to é’g* in Fig. 11. Gen-
erally, >  (Cy);(Npo), is nonzero only on the skew edge. In our example, on this

ge&,
edge 08 = l(01,02) = (3. 1), C = 15(01,02) = (55. 1p) and N = (02, 01) =
(-1, %), thus C1N; = —% and to & (%01 02) generally. To evaluate the mixed
term, because ) (C5)2(Npo); = Y (Co)i(Nps),, We can select that case for
oe&y* oe&p*

which C; N is zero on the horizontal or vertical edge. In our case on the horizontal
edge Co N1 = 0 and we evaluate the expression C> N1 only on a skew one. We have

|C2N1| = 15 and finally
1\? 1\?2 5\2
— — ), 32
(30) +<10> <<6) 2

where % is the ratio of | p| and [? for this shape.

If some element has one greater neighbor, then on vertical and horizontal edges
it can have one or two couples of smaller neighbors, but only one couple of smaller
neighbors contributes to the left hand side of (29) by the same argument as in (30),
again see Fig. 11. At the same time the right hand side is enlarged, so (29) holds.
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In the case that the element has a couple of greater neighbors (Fig. 9d), due to the
diagonal symmetry of the element

2

2
2 (CoNWpo)y | =0and| D (Co)a(Npo)i| = 15 (33)

oe&p ge&,

thus (29) is satisfied also on this element.

5 Numerical solution of the regularized Perona-Malik equation
on the consistent adaptive grid

In this section, we deal with the initial - boundary value problem:

dqu—V.(g(VGs xu))Vu) =0, inQr=1x K, (34)
du(x, t .
“ED o inax I, (35)
on
u(x,0) = u'x), xeQ. (36)

where Q C IR?is a rectangular domain, / = [0, T] is a scaling interval, and

g(v) is a decreasing smooth function,
g(0)=1,0< g() - O0forv — oo, 37N

G, € C*(IR*) isa smoothing kernel With/ , Gi(x)dx =1 (38)
R

and G4(x) — 8, foro — 0, &, - Dirac function at point x,
u® € Ly(Q). (39)

Let us use our consistent adaptive grid 7 for the space discretization in the finite
volume method. Let us denote by u], the value of solution in X, at the time step
" and by d,, the distance of representative point X, from X,. Because the line
segment X, X, Lo forall 0 € £, for all p € T the derivative in the direction n,
can be approximated by

(40)

The diffusion coefficient denoted by gi;"_l is constant all over p (it is explained in

more details later), thus the flux over o € £, can be approximated by

o
A el (TR B @)
po
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The semi-implicit scheme using the local values can be written in the following
general form

n n—1 _ n
(up—up ) pl=1 Y F. (42)
oeé)
To get the diffusion coefficient gf;"il, in the regularized Perona-Malik equation we

evaluate the gradient of the presmoothed solution u"~! from the previous time step.
With a help of the system (28) we evaluate the gradient using the values of u, for
all o of p. To perform presmoothing we can use the property of convolution with
respect to the derivative, i.e.

VG xu" ! = |Gy Vu" 1,

In our algorithm we realize the convolution by applying several steps of the adaptive
explicit scheme for time corresponding to s to both x and y coordinates of the gradi-
ents, then we evaluate the norm of the gradients and apply the Perona-Malik function

8-
5.1 Other geometrical properties of the consistent grid
Though the term all‘;—i can be evaluated locally, the better way to evaluate it is to con-

sider the neighbor ¢ sharing o with p. From now, the edge between p and its neighbor
q will be denoted by o,,. Then we can express (41) with a help of the transmitivity

coefficient Tp, = l‘;}”):‘ and the ratio of d, and d,y. If op4 is a horizontal or verti-

cal edge the ratio of dj» and dj, is equal to 1:2, otherwise, the situation corresponds
to the configuration in Fig. 12: we see a triple of similar triangles, two grey ones
and their union PV Q, adjacent sides of PV Q being the half diagonals of quadtree

V

dpa g

Fig. 12 Left: Geometrical properties of the consistent grid: the filled triangles and the triangle PVQ are

similar, ratio of their adjacent sides is 2:1, because adjacent sides of PVQ are half diagonals of squares

with the same ratio of side lengths. It follows that j’l = %
4o
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squares with the ratio 2 : 1 (1 : 2). Thus we have Kdﬁ = ‘—1‘ and also d); = g—‘dpq and
qo

1
dgo = 5dpq- b ., .,
L _ pa+ qo po po
Because Tor = “Topal d o] = Tome] qu the approximation of the flux (41)
can be expressed in the form
Fn s,n—1 T d!’q n n 43
o =8&p a7 Ug —Up ). (43)
po

Now we solve the linear system, where the set of equations for every finite volume p
(=™ ) ol =7 Y Fpo, (44)
oe&)

is accompanied by a set of equations for every uj,, o € &,. The equation for u, is
obtained from the equations:

Fr, = —FL.
n 1 n _ s,n—1 dﬁq n n
qud (” - up) = ~8& qud_ ( o uq)’

s,n—1 u" s,n—1_pn
dqagp +dpogq uq

Us = vnl

dgo8p

(45)

s,n—1

+dpsgq
5.2 Eliminating u, from the linear system

Because the values u, can be excluded from the expression u/. —u’; of (43), we define

also F,,, which is used later to express different form of the semi-implicit scheme,

leading to a linear system which does not contain values u, and is formulated at the
end of this section. If we replace u; — u’, in (43) by

n

dpogy" " (ul — ul)

u s,n—1 s,n—1"
dqagp +dpo'gq

n
o

we have

s,n—1 s,n—1
qu 8r" dpe84" dpo (n n)
u' —u
s,n—1 P

dpo dyogy" " + dpo gl

s,n—1 _s,n—1

noo_
Fe =

g!’ q n n
= qudpqd e B (”q _”p>’
qo8p +dps 8y
1
=T (u - u")
rq dpo' 1 dqa 1 q p

This flux, from now denoted as F' [’,‘q can be expressed also in the form

Fr =T Ghn™ ul — ul), (46)
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with the same values of T, as in the case of the linear heat equation (1) and with
G354~ defined by
1

G5l = : (47)
e Wit + Wa—i
8p 8q

(48)
where W = %, Wy = Z"T‘;, Wi + W, = 1 and their values are %, é or %, depending

on the configuration of elements.

If we take g(s?) = Hﬁ’ then we can write
Gs,n—l _ 1 49)
rq

Wil + K|Vl 2) + Wa(l+ K[V )
_ ! = ¢ (IWujy 7). 50)
L+ K (Wil Va2 4+ Wal V"' )

Finally, one equation of the the linear system can be written as

(u';, —u';;l) mp)y=1 Y Fl,. (51)

qeNp

Remark 2 Convergence of a finite volume scheme on a regular rectangular grid
to solution of the regularized Perona-Malik equation was proven in [20]. How-
ever, the numerical scheme proposed in this paper for adaptive consistent grids
uses different ideas proposed in [11] for solving curvature driven level set equation.
Proof of convergence of this new scheme to the solution of regularized Perona-
Malik problem is thus not straightforward and will be an objective of our future
research.

6 Numerical experiments

The adaptive algorithm can be used in several ways and here we present two adaptive
approaches:

e  We start on a regular grid and continue to use it until the decrease of elements
is sufficient. The number of elements corresponding to the current data is found
out by building the adaptive grid by fast, linear in time algorithm: in the case of
reaching undesired number of them, we can stop building the adaptive grid and
continue on a regular one. As soon as the decrease of elements is sufficient we
let the adaptive algorithm work until the stopping time on the same adaptive grid
(Experiments 4 and 5). Advantage of this access is that for the fixed adaptive grid
we can store all necessary information, e.g. configurations of neighbors, type of
the matrix B to evaluate the gradients, etc.

e After the sufficient decrease of elements we build a new adaptive grid in every
subsequent times step (Experiment 6).
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Experiment 4 The data in this experiment represents artificial data of the size 128 x
128 disturbed by the additive noise. We performed 13 scale steps with t = 1, K =
1000 and the time of presmoothing 7y = 0.6. The grid elements were reduced to %
after 5 scale steps, and then we continued on the fixed grid. The parameter ¢ used
in the coarsening criterion is set to 0.01. Figure 13 shows the data itself, the filtered
data and the adaptive grid fixed after 5 scale steps.

Experiment 5 The data in this experiment is of the size 460 x 512 (cf. Fig. 14).
They were embedded into the size 512 x 512 using the constant (picture background)
color for the added elements. In the added part thus we have large grid elements and
the efficiency is not influenced significantly. We performed 15 scale steps. The fixed
grid is created after the 6th scale step, when number of elements decreased to one
third of 262144. We use ¢ = 0.03, 7 = 1, 7, = 0.6 and K = 1600.

H

T H
.....r?#—v
T

agge:ig:a
T o

.(

o

[T

nnnnnnn

o —s

Fig. 13 Experiment 4. Top: the artificial image with additive noise. Bottom: the filtered image (left) with
the adaptive grid fixed after 5 scale steps
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Fig. 14 Experiment 5. From the left: the initial image, the fixed adaptive grid and the result

In the last experiment we work with the data from the Experiment 5, but we build
the adaptive grid in every scale step. We use a simple coarsening criterion, during
merging we compare the squared magnitude of the gradient with a given threshold ¢;.
To compare with the grids built in previous examples, the difference is that the grid
obtained in this way is dense around the edges, because the gradient depends on the
boundary values in x,. The reason is that after building a new grid, we must evaluate
u, with the formula (45) using the values gi,‘" ~! from the previous time step. This is
one possibility ensuring also small difference of values in merged regions. (Another
possibility is to demand, except of the small difference in solution values, also small
difference of g;’"_l during merging regions.) The value of &, depends on K in the
Perona - Malik function g.

Experiment 6 The data in this experiment represents data of the size 460 x 512
from the Experiments 5. We performed 15 scale steps with T = 1, with K = 1600
and the time of presmoothing 7, = 0.6, &, = 0.001. Figure 15 shows the images and
corresponding grids after the 7th and 15th scale steps. The initial number of elements
was 262144, the final number of elements was 65674.
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Fig. 15 Experiment 6. The results with corresponding grids in 7th and 15th scale steps
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