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Abstract. A mathematical model for a nonlinear image mul- (H2)
tiscale analysis is studied. Processing of an image is based

G, € C*(RN) is a compactly supported smoothing
kernel ([on Go(¥)dx =1, G,(x) - 8x — Dirac

on a solution of the strongly nonlinear parabolic partial
differential equation, which can degenerate depending o
values of the greylevel intensity function. The governing

PDE is a generalization of the regularized (in the sense of

Catg, Lions, Morel and Coll) Perona-Malik anisotropic dif-
fusion equation. We present numerical techniques for solvin
the suggested initial-boundary value problem and also e

discussed.

1 Introduction

In the present paper we study the following nonlinear dif-

fusion problems. Let(t, X) be a function (representing the

greylevel intensity function in image multiscale analysis — se€l )

[2,3, 21, 30]) which satisfies one of the PDEs:

ab(x, u) = V(@ VG, * B(X, WV B(X, u) = f(up—u)
(1.1a)

or

ab(x, u) = V(@I VG, *b(x, u))VB(X, u)) = f(up—u),
(1.1b)

fortel =[0,T], xe 2 c RN, wheref2 is a bounded do-
main with Lipschitz continuous boundary(= 2 or 3 in prac-
tice of the image analysis). The equations are coupled wit
boundary and initial conditions of the form

3,B8(x,u)=0 onl x a2,
b(x, u(0, x)) = b(X, up(x)) .

(1.2)
(1.3)

For the data in (1.1)—(1.3) we assume that

(H1) g is a Lipschitz continuous functiog(0) = 1 and

0<g(s) —» O0fors— oo,

X- . . .
istence and convergence results. Numerical experiments a\p@erev is an extension of, for which we assume

measure at point, for ¢ — 0),

(H3)

f is a Lipschitz continuous, nondecreasing function,
f(0) =0,

(H4) upeLy(£2) (representsthe processed image).
9 By the termVG, v we mean [,y VG, (X — £)()dE,

”f)”Wzl(RN) = C”v”WZl(_Q) . (14)
We consider following four cases for the shape of the

functionsb andg which indicate the structure of the govern-

ing equations:

() b(x,s) is continuous, strictly

b(x,0) =0 andB(x, s) =,

b(x, s) is nondecreasing Lipschitz continuous $n

b(x, 0) =0 andB(x, s) =,

increasing ins,

(1) B(x,s) is continuous, strictly increasing irs,
B(x,0) =0, andb(x,s) =5,
(IV) B(x,9 is nondecreasing Lipschitz continuous $n

B(x,0) =0 andb(x, s) =s.

The initial-boundary value problems (1.1)—(1.3) in form
a or b, in all cased-IV are generalizations of the reg-
ularized (in the sense of Catt Lions, Morel and Coll)
Perona-Malik nonlinear diffusion equation. The Perona-
Nlalik equation as well as its regularization are also called
anisotropic diffusiorin the computer vision community and
they are widely used for image selective smoothing and
edge detection in the image processing applications. The
previous papers ([7,16,29]) have been dealing with the
case when bothB(x, s) = s, b(x,s) =s. In such case, the
image analysis depends strongly &u ([29]) or VG, *
u ([7]) which are considered as edge indicators. Such spe-
cial PDEs selectively diffuse the image in the regions,
where the signal is of a constant mean in spite of those
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regions where the signal changes its tendency. This re- Due to the strong nonlinearity and possible degeneracy

quirement is treated by the properties of the functmpn in (1.1), the proof of existence of a solution and its numeri-

(see (H1)) originally designed in [29]. CattLions, Morel cal approximation needs nonstandard techniques, especially,

and Coll introduced the regularizing convolution term (theyif we want to prove its convergence to the solution. We

put Vu,, U, = G, xu instead of Vu inside the function use a special approximation (see numerical schemes 2.1,

g) in order to preveal mathematical troubles of the ori-2.2) which in a constructive way look for the solution

ginal Perona-Malik formulation for the functiomgused in and can be implemented for the computational purposes.

practice (s) = 1/(1+5%), g(s) = e~5). It can be seen ([2]) It is based on the special time discretization developed

that, if the productg(s)s is decreasing function for some and applied in [6,9-13,15,22-24] for solving the Stefan-

s then the Perona-Malik model can behave locally like thdike problems, flow in porous media (including saturated-

backward heat equation, which is well-known as ill-posedunsaturated zones), mean curvature flow of convex curves

problem. The slight modification using the convolution al-in a plane, affine invariant multiscale shape analysis and

lowed to prove existence and uniqueness of the solutiofurther related free boundary problems. In the present pa-

for the regularized problem and, from practical point ofper, we use those ideas together with the techniques de-

view, it keeps all advantages of the original Perona-Malikveloped in [7] and [16] to obtain existence of a weak solution

equation (see [7]). Moreover, using the convolution Eatt of (1.1)—(1.3) and to prove convergence of the suggested

Lions, Morel and Coll has made explicifmesmoothingm-  approximations.

plicitely included in discrete numerical schemes solving the In Sect. 2, we present approximation schemes for solving

anisotropic diffusion equation in the original Perona-Maliknumerically the initial-boundary value problems (1.1)—(1.3).

form. Section 3 is devoted to analysis of the existence of a weak so-
In the present paper, we add new nonlinearities reprdution and convergence of the approximations. In Sect. 4, we

sented by the functions and g which make the image discuss numerical experiments with real and artificial images

multiscale analysis locally dependent on values of the inin order to show new features of the models.

tensity functionu and on the position in the image.

Such generalization is useful in any situation when prop- o

erties of the image andr requirements to the image pro- 2 Approximation schemes

cessing operation are known a-priori and can be expressed . . ) ) .

in dependence ox and/or u. E.g., if a different speed _Inth|s Section we introduce t_he numer_lcal technique for solv-

of diffusion process is desirable in different parts of theind the problems (1.1)~(1.3) in all partial cases.

image or for different ranges of the intensity function,

the new models can be clearly used. In the points, wheré.1 Approximation scheme (for the casemdl1):

the derivativeg; is small @ is large) the diffusion pro- T _ .

cess is slowed down while wheyg is large b, is small) Letn e Nandr = ;; be the time-scale step. On each discrete

the diffusion process is fasted up. We have included delime-scale level =iz,i=0,...,nwe look for the solution

generate cases from the point of view of the theory ofi (6i = Ui, Ui ~ u(ti, X)) of the regular elliptic problem

parabolic PDEs when eithes. or b, is equal 0 oroco. T ) !

In the casel we admit degéneracsieb’szo angor oo A (0 —Ui-1) TV(.g(|VGG*uI71|)V‘9I)

in some points of intensity range, in case the degen- =tfUo—Ui-1) N2,

eracy b, =0 is possible for interval ranges of intensity

functionS and the similar is assumed considering the funcévei =0 onl xa2, (2.1.1a)

tion A(s) in the casedll and IV. The degenerate cases wherey; € L., (£2) is therelaxation functionconnected with

can be interpreted as total stopping of diffusion respecthep, by theconvergence condition

tively as diffusion with the infinite speed in some image

regions. 1a_,
Applying the anisotropic diffusion (with a given smooth 2° =™
function g) together with the explicfimplicit presmooth- - [ bn(X, Ui_1 +a (6 — ui_1)) — bp(X, Ui_1)
ing to any imageuo improves some set of edges. On the = m'”{ T , K} ,
other hand, it destroys the details which are under the edge (2.1.2)

threshold (given byg) or undistinguished from the noise

in some scale. If such details are contained in the cemwherea € (0, 1) (« close to 1), 0< K (large),d € (0, 1) are
tain ranges of greylevels, then they can be conserved byarameters of the method and

the special choice of the functiop or b. As a demon- ) d

stration we present Fig. 3 from Sect. 4. In that image, th& (%S :=b(x, ) +"s. (2.1.3)
colors of Flora's face are demaged only. We present they,o functionu;
reconstruction of the original (left image) by anisotropic

diffusion (image in the middle) and by anisotropic dif- b,(x, u;) := by(X, Ui_1) +Ai (6 — U;_1) . (2.1.4)
fusion accompanied with thelow diffusion effect- the . . .

model (1.1)—(1.3) in the cad®/ (image in the right). Using N the_ case b we solve in every discrete time-scale step the
the proper choice of§, which is constant for the lower €quation

(darker) greylevels and linear for the upper rangeuof . = ' ‘

the face is selectively smoothed and details around aré @ —Ui-1) = TV((VGo *bn(X. Ui-1)) Vi)

conserved. =tf(Up—Ui-1). (2.1.1b)

is obtained by thalgebraic correction
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2.2 Approximation scheme (for the casBHsand|V): the casel(V)y it is

Letne N andt = I be the time-scale step. On each dis-Bn (X, 6) — TV(9(IVG, * Ui 1)) V6;)

crete time-scale leve] =it, i =1,...,n we look for the =uj_1+tf(Uup—Uui_1),

solutioné; (6; ~ B(X, u;), Ui ~ u(t;, x)) of the regular elliptic _ _ _ _

problem which can be treated in an iterative way (see (2.7.1)—(2.7.4)).
Remark 2.31In fact, both degeneracies (under the time

Wi (0 — B(X, Ui—1)) — TV(9(IVGs * Ui—1)) Vi) derivative and in the divergence term) can be included using

=tf(Up—ui_1) ing simultaneoushb(x, s) and B(x, s) provided they are strictly
increasing irs. However, we can invekli(x, s) or B(x, s) and

9t =0 onl xas, (2.2.1b) transformgthe problem into the formor I11. Foﬁr complet-

ness we present also the scheme for the general situation. It

uses two relaxation functions balanced in the optimal way by

two conditions. Convergence can be obtained by the similar

arguments as in Sect. 3 (for technical details see also [13]).

whereu; € L (£2) is the relaxation function, connected with
6; by the convergence condition

}fd < Wi On each discrete time-scale letekiz,i =0,...,nwe
2 . look for the solutiond; (6; ~ B(Xx, u;), U; = u(t;j, X)) of the
<min{ P (X, Bn(X, Ui-1) + (8 — (X Ui-1)) —Ui-1 o regular elliptic problem
- 6 — B(X, Ui-1) )
(2.2.2) (6 —B(X Ui—1) —TV(9(I VG * Ui—1|) VE;)
=1f(Uup—ui_1)
wherea € (0, 1) (« close to 1), O< K (large),d € (0, 1) are
parameters of the method and 3,6 =0 onl x 952,
1
The functionu; is obtained by the algebraic correction Erd <A
Ui = ui—l—‘f_Mi (el _,B(X ui—l)) . (224) <m|n { bn(X, Ui71+ﬂi (QI _ﬁ(xa uifl))) - bn(X, uifl) K}
- 0 — B(X, Ui—1) Y
anbr;eti c():rf:lse a we solve in every discrete time-scale step tr\lﬁith i € Loo(2)
(61 — B, Ui_1) — TV (G VG, # B(X, Ui_D))VE) o=
Milo — s Ui— -7 o * s Ui— i _
a0 T 2218 <min { B 0% % Ui-2) (61 — X Uiip)) — Uiy }
= — Uj— . L -~ k] ’
Qi _ﬂ(xa uifl)

Neither scheme 2.1, nor 2.2, is explicit with respectitd;, wherea € (0, 1) (« close to 1), 0< K (large).d € (0, 1) are

i, 6, respectively. However, they are powerfull theoreticaly, 5 meters of the method. The functigris determined from
and practical techniques for solving the nonlinear degenerate

parabolic equations. Due to the properties.ofu; and from b (x 1) := by(x, ui_1) + i G — B(X, Ui_1)) .

the structure of the linear elliptic equations (2.1.1),(2.2.1),

the existence of the solutiah is guarranteed by the theory If g(x, s) =s, we can takeu; = « to obtain Approximation
of monotone operator’'s equations (see e.g. [8]). By meanscheme 2.1. Wheh(x, s) = s we can take,; = u; to obtain
of the relaxation functions we control the nonlinearities (de-Aproximation scheme 2.2.

generacies) in the equations. They correspondta, &), In what follows, we understand the solutions of (2.1.1),
1/B5(x, &), respectively, in somé € (ui_1, u;). The range, and (2.2.1), respectively, in variational sense. It means, that
given by the convergence conditions is rather large. The sinwe look for6; € V, satisfying the following identities

plest possibility is to choose e.g. = 37% = i, and the cou-

ples (2.1.1)—-(2.1.2),(2.2.1)—(2.2.2), respectively, are fulfilled(Ai (6i — Uj_1), v) + 7(g(|V G, * Ui_1|) VO, Vv)

However, from the background of the method, a reasonable ¢( f(yy— u;_y), v) (2.4a)
approximation has to force the relaxation functions to be

close to the difference quotients in the right hand sides ofk; (6; — Ui_1), v) + (9| VG, * bn (X, Ui_1)]) V6;, Vv)

the convergence conditions. For this purpose, we use itera= z(f(ug— u;_1), v) (2.4b)
tions (described in Remarks 2.6, 2.7) similar to ones from

[10, 12,13, 24]. We can expect that some other semiimplicitii (6i — B(X, Ui—1)), v) + (g VG * B(X, Ui-1)|) VE;, Vv)
([31]), implicit ([27]) or explicit (widely used in image an- = t(f(ug—Ui_1), v), (2.58)
alysis) computational techniques can be successfull for some

special cases of (1.1)—(1.3). In the numerical implementatiofiti (i — B(X, Ui—1)), v) + 7(9(IV G * Ui—1) V6;, Vv)

we can put alsa = 1 which simplifies the formulas. Then, = r(f(ug—ui_1),v), (2.5b)
in the optimal case (of the choice bf, i) we actually have

to solve the corresponding nonlinear elliptic problem; e.g., irfor everyv € V,whereV = W; (£2) is Sobolev space.
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Now we introduce iteration processes suitable for deter- By means of uj, 6;, determined by Approximation
mination of relaxation functions, which are close to the dif-schemes 2.1, 2.2, in each discrete time-scale step, we con-
ference quotients in the right hand sides of the convergenatruct Rothe’s functions
conditions. t—t

, : ™ty = u; Cu
Remark 2.6 The coupleé;, A; simultaneously satisfy- Y V(M) =ui1+ . (U —Ui—1),
ing (2.1.1),(2.1.2) is determined iteratively by the followingfort, ; <t<t,i=1,....n

scheme
") =u, fort_i<t<t,i=1...,n, t™O =up.
(X k=106 k — Ui—1), v) + (| VG, * Ui—1]) V6 k, V) t—t,
= 1(f(Uo— Ui_1), v) (26.1a) 07O =61+——@ -0,
Xi’kzmin{bn(Ui—1+Ol(9i,k—Ui—1))—bn(Ui—l)’ k! fori<t<t,i=1....n
Ok = i1 0"M =6, fort_y<t<t.i=1....n, 80 =6.
(2.6.2)
_ (2.8)
Aik:=Aik, forl<k<ko,
T _ They are considered as the approximations of a weak solution
Aik:=min{Aik, Aik-1}, fork=ko+1..., (2.6.3) of (1.1)~(1.3) defined by
starting this process with Definition 1. A measurable function uQr — R is a weak
solution of (1.1a)}+(1.3)iff
2i.0 = minf{e(bn)(X, Ui-1), K} . (2.6.4) (i)  abx, u) e La(l, V¥), B(x,u) € La(l, V)
_ (i) [, < 3bx,u),v >= — [ (b(X, ) — b(X, Uo))dv,
If 6 x = uj_1 then we pul; x = A 0. _ YueVNLa(Qr)with dv € Loo(Qr), u(T, X) =0,
Remark 2.7 The couples;, i simultaneously satisfy- (1)a /i < atb(x% . v >+ J, (Q(YGT B WPVAX, ),
ing (2.2.1)—(2.2.2) is determined iteratively by the following Vv) = [ (f(Uo— W), vV € La(1, V).
scheme In the similar way we define a weak solution(@f1b)(1.3)

It is clear how to understand this Definition in the partial
(i k=106 k — B(X, Ui—1)), v) + T(I( VG, *Ui—1]) V6 k, VV) cased-lV.

= (f(up—uj_1), v) (2.7.1b)  The next Section concerns the convergence of Rothe’s func-
tions (2.8) to corresponding weak solutions.

i k
[ BE(X, Bn(X, Ui—1) + (B k — B(X, Ui—1))) — Uj—
_ mm{ﬂn (X, Bn( i—1) + (6 k— B( i—1))) i 1, K} 3 Convergenceresults
i k — B(X, Ui—1) 07
R forl <k < 2.7.2) Casel.
Hik=Hik, forl=k=ko, In this Section, we assume some further technical assump-
Wik = MIN{; i, pik-1}, fork=ko+1,.... (2.7.3) tions:

(H5) [f(9] =C(L+]s)),

(H6) C18>—Cy < b(x, 9)s < C3+ Css?,

ti.0 = minfa/Bg(X, Ui—1), K} . (2.7.4)  (H7) |bi(x+Y,9 —bL(x 9| < w(ly])(L+bX,9)),
wherew : R, — R, is continuousg(0) = 0.

The iterations are starting with

Note that, if9; x = B(X, Ui_1) then we pufL; , = uio.
By the previous constructions wilty > 1, the sequences Let us denote
{rix}, {ri} are forced to be monotone and hence conver-
gent. The corresponding sequences of unknown functéians s
in the elliptic equations converge in some functional spacesp,(x, s) := / bn(x, z)dz
too. The limit functions fulfill (2.1.1)-(2.1.2), (2.2.1)-(2.2.2),
respectively. The proof of that facts can be obtained in the 0
similar lines as in [12—-14, 24]. In practical impIementations""nd
ko can be choosen in accordance with the shapg, @ndb N
(e.g. sufficiently large, if the numerical convergencgpf, Bn(X, S) := bn(X, s)s—/ bn(X, Z)dz= b, (X, 9)S— Pn(X, S) .
Aik, respectively, is observed). 9
We denoteQt = | x £2, the scalar product ith»(£2) by
(-, -) and duality betweel andV* by < -, - >. We use sym- Similarly we define®(x, s), B(X,s) replacingbn(x,s) by
bols | -2, [ Il Il - Il | - loos | - [p for norms inL2(£2), V, V¥, b(x, s).
Loo(£2) and L($2) (see e.g [20]). By—, — we mean the The Lax-Milgram theorem guarrantees the existence of
strong and weak convergence.ByC, ... we denote general a solution6, € V in (2.4a), (2.4b), respectively, for every
(large) constants. i=1...,n
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Lemma 1. The a priori estimates

n
max [ Baxu) <C. Y- Il <C,

1<i<n ‘
i=1

2
Zf A—l_(bn(x, Ui) —bn(x, Ui—1))* < C

i=15

hold uniformly with respect to n.

Proof. Let us test (2.4a), (2.4b), respectively Byand
sumitupfori =1,..., j. Applying (2.1.4), Young’s inequal-
ity and the assumption (H5) we obtain

j
1

E (bn (X, Ui) —bn(X, ui—1), ;(bn(X, Up) — bn(X, Ui—1)))

i=1 !

j
+ > (bn(X, ) = bn(X, Ui_1), Ui)

i=1

J
— Y (bn(X, Ui) —bn(X, Ui 1), Ui — Ui 1)

i=1
j j
+) vUiD|V6iI5T <C1 Y (uial5+16i5)T+Co,

i=1 i=1

(3.1)

wherey; (Ui—1) = g(IVGs *Ui_1]) > 0 (i (Ui—1) = 9(|VG, *

bn(X, Ui_1)|) > 0in case b). From (2.1.2) and (2.1.4) we have®

[bn(X, Ui) —bn(X, Ui—1)| = |2 (6 — Ui—1)|
< |bn(X, Ui—1+ (6 — Ui—1)) — bn(X, Ui_1)|

and thus from the strict monotonicity dd,(x, s) in s we
obtain

[Ui — Uj—1] < a|6 —Uj_q]

=«

3

1
;(bn(x, Ui) — bn(X, Ui—1))

(3.1)

j
> (bn(X, Ui) —by(X, Ui 1), Ui — Ui 1)

i=1

)
=< aZf A—l_(bn(x, Ui) = bn(X, Ui—1))%.

i=1 5

(3.2)

From the inequality

(Ui —Ui—Dbn(X, Ui—1) < @n(X, Uj) — Pn(X, Ui—1),

189

we have

j
D (bn(X, i) = bn(X, Ui—1), Ui) = (bn(X, Uj), Uj)
i=1
j
— (bn(X, Up), Uo) — (Ui — Ui 1, b (X, Ui 1))
i=1
= (bn(X, uj), Uj) — (bn(X, Uo), Uo)

J
=3 [ @tk u = nx uw)

i=1_Q
=/Bn(x, u.—)—an(x, Uo) . (3.3)
2 2
Due to (2.1.4) we obtain
1
6115 <2 / — (0 (X, i) =bn(x, u-0)?+2ui13  (3.4)
i

and by the asymptotical properties lodx, s) (see (H6)) we
have the relatiorB,(x, s) > C;5°> — C, which implies

ui|3 < le Bn(x,u) +Cs.
2

Applying (3.2)—(3.5) in (3.1) we obtain

(3.5)

i
1

an(x, uj)+(1—a)§ f;(bn(x, U;) — bn(X, Ui—1))?
=15

j
+_riUiiD)|V6il5T
i=1

i
<Cr+Cor Y [ Buoxw)

i=1 5

|
1
+er . [ Sbnxu b u 2. @)
i=1 i

Then fort < 7o due to the properties 6§ and by Gronwall’s
argument we obtain

which implies the relation between the first and third term in m_ax/ Bh(X, uj) < C,

1<i<n
2

> f %(bn(x, Ui) —ba(X, Ui—1))* < C.

i=1g

(3.7)

Using (H2), (3.7), Young's inequality and asymptotical prop-
erties ofb we estimate

0

< / B! (x,—Gg>+ / Bn(X, Ui_1)
0X;

RN RN

< c1+czf Bn(X, Ui_1) < C,
2

d
— G, *Uj_
ax U1

(3.8)
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where Bj(x,9) is a conjugate to the convex function
Bn(x,s) > 0 (see [1,19]). Thus

[VGs #Uj_1] <C <00
and so

9(VG, xUj_1)) > v >0,

i=1....n, (3.9)

which implies the second estimate stated in the lemma for thé

case a. In the case b, we use

9
—Gg *bn(X, Ui—1)
0X;

9
5/4% <x,8—XiGo>+an(bn(x, Ui—1))
RN RN

< c3+c4/ Bn(X, Ui_1) <C,
2

whereY, is the conjugate function to the potent@&| and we
have used the equaliy,(bn(X, Ui_1)) = Bn(X, Uj_1) which
can be verified (see also [1]). So the proof is completed

Consequence 1.

n n

2 —d 2 —d
doli—uiab<Crd Y jui—uigp<Crd.

i=1 i=1
Now, let us define the functions
B (X, T™ (1)) := bn(X, Ui—1)
t—t_
+— 2 (bn(X, Ui) — ba(X, Ui_1)) ,

fort_i<t<t,i=1,...,n,

"M)=" (t-1).

Lemma2. There exists w Ly(l,V), with db(x,u) €
L2(I, V*) such that (in the sense of subsequences)

t™ >u aeinQr,

™ > u inLs(Qr),Vs<2,
8™ S u inLs(Qr),¥s<2,
8™ U inLy(l, V),

3bn(x, T™) — 3b(x, u) in Lao(l, V*).

Proof. We use (2.1.4) in (2.4a) (in (2.4b), respectively)
and sum it fori =j+1,...,j+k Let us considen =
(Bj+x —06j)T as a test function and sum it again for=
0,...,n—k. Using the a priori estimates of Lemma 1 and
Consequence 1 we successively obtain the estimate

n—k
> (bn(X, Uj 1) = ba(X. Up). 6k — )T < Ckr , (3.10)
j=0
which can be rewritten into the form
T-z
)

/ (o (X, T™ (t+2)) — bn(x, T™ (1)), 8" (t +2) —
0

<C(z+1, (3.11)
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wherekr <z < (k+1)t. Using (2.1.4), (H6), (3.5) and the
estimates of Lemma 1 and Consequence 1 we obtain

T-z

/ (bn(X, T™ (t+2) — bn(x, T™ (), T™ (t +2) — T (1))
0

Ci(z+ 1972 (3.12)

Let us define
p(X, 9 1= min{b(x, ), 1}

and
S

W(X, S) ::/p(x, z)dz.

0

The functionW(x, s) is strictly monotone ins, and (3.12)
implies

T-z

/ / (WX, TV (t+2)) — W(x, T (1)) < Ca(z+ 7972,
0 2
(3.13)

for all n > ng, 0 < z < z5. The second estimate of Lemma 1
gives us

/ @™t x+y) - 7"t )2 < 0(y]) (3.14)
Qr

where |y| < yo (see e.g. [26]). Then (2.1.4) and Conse-
guence 1 imply

/ @™ (t, x+y) —u™(t, X)) < Ca(w(y) + %)

QT
(3.15)

Then from the construction aM(x, s) and from (H6), (H7)
we obtain

/ WX+ Y, TV, x+y) — WX, T (8, %)))?
Qr
< Cao(ly) + 7972, (3.16)
The compactness ¢iV(x, U™ (t, X))}, in L»(Qr) follows
from (3.13) and (3.16).

Since W(X, ) is strictly increasing ins we have (in
the sense of subsequences) ti8f — u ae. in Qr and
moreoverd™ — u in Ls(Qr), Vs < 2. Because of Conse-
quence 1 we have als®” — u in Ls(Qr), ¥s < 2. From
t_fzr%t and from the second estimate of Lemma 1 we obtain
6" —uin La(I, V).

By duality argument in (2.4a) (respectively (2.4b)), using
(2.1.4) and a priori estimates of Lemma 1 and Consequence 1,
we obtain

o — —(Nn) —
13Kk, T2, , ey < C / A+ 18" 2+ TR < C
|
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and henc@;b,(x, T™) — x in Lo(1, V*) (in the sense of sub-  SinceB,(x, s) — B(x, s) locally uniformly for bounded, by
sequences). Lemma 1 then implies Fatou’s argument and using Lemma 2 and (3.3) we obtain

t
/(Bn(X, U(n)) —bn(X, U(n)))2 < C‘L’l_d —- 0, forn— oo. "ﬂ/(atﬁn(X, U(n)), g(n)) > /Bn(X, U(n)(t)) —/Bn(X, u(0))
0

QT 2 Q
Since bn(x,s) — b(x,s locally uniformly in s, = / B(x, u()) — / B(x, u(0)) .
™ —u ae in Qr and [,b3(x,T™) <C we have 2 2
by(x, T™) — b(x,u) in Ls(Qr), Vs<2 Thus Thys
3bn(x, T™) — 3b(x, u). 0 .

Let us integrate (2.4a) respectively (2.4b)@nt), t € I. /(Btf)n(x, ™), 8™ —u) > o(1), (3.20)
We obtain /

L L where the Landau symbal(1) denotes a terne, — O for
/(3t5n(X, o™y, v) +/(g(|VGU*U§”)|)V§(m, Vo) n — oo. From the growth properties df and from the fact
, , thatd™ — uin Ls(Q1) we have

t

t
= f( f(up—T™), v), Yo e V. (3.17) /(g(|VGU «u"hva"”, v@"™ —uy < o). (3.21)
0 0

t t
" _ _ _ ; o™ i
/(8tbn(X, am), v)—i—/(g(lVGg*bn(x, uﬁ”))|)V0(n), Vo) Since 0<_(1;)§ g(IVG, U ") = 9(|VG, xu|) a.e. in Qt
5 5 and fromd" "~ — u e Ly(l, V) we have

t

t
= /( f(up—T™), v), Vv e V. (3.18) /(g(|VGG «U")vu, vE@" —uy) = o). (3.22)
0 0

We can take the limit fon — oo in previous identities and From (3.20)~(3.22) we deduce
using the convergence results of Lemma 2 and the facts that
9(VG, *TM]) — g(IVG, *Ul), g(IVG, *ba(x, TM)|) —
g(JVG, xb(x, u)]) a.e in Qp (which follow from Conse-
guence 1 and Lemma 2) we have the following 0

Theorem 1. There exists variational solution u of the prob- sova™ —s vuin L,(Qr). The same result holds also for the

. _ —(n) _ . .
lems (1.1){1.3) in case . Mclr(tneever U™ — u,8" —  caseb. To prov8™ — uin L(Qr) we use the following
uin Ls(Qr), Vs< 2, wherei™, 6 are the sequences ob- argument. Let us take

tained by Approximation scheme 2.1.

1 —(n)
Using the results of [1] and [12], in both cases a and b, thén = 1071 / 0
stronger convergence result can be proved. T Or

Theorem 2. Letu™, 8™ be the sequences obtained by Ap-and construct
proximation scheme 2.1. Then =™ g, .

V@™ —u)2— 0 forn— oo,

o™ S u inly(Qr), 0™ S u inLy(l, V), SinceVu™ — Vuin L2(Qr) and [, v™ = 0 we have that

v converges inL»(Qr). Sincec, is bounded (| |§(n)|2 <
where u is a variational solution of the problerfls1)-(1.3) C) we can assume, — ¢ (up to a subsequence) and hence

in casel. 8" =™ _g, converges inL»(Qt). Thus 8™ - uin
Proof. Let us test (3.17) (respectively (3.18)) hy=  L2(Qr) sinced™ — uin L2(Qr). Then alsou™ — u in
8™ _u, whereu is a variational solution. We have (due to the L2(Qr) and the proof is complete. =

per partes formula —see [12], Lemma3.25 or [1], Lemma 1.5) | the analysis of the next three cases we will be more
brief, because the ideas are similar to the ones used in the

! ! previous part of this Section. We will concentrate only to the
/(atﬁn(x, ™), u) —» / < db(x,u),u > main differences.
0 0

Case Il. In this case we consider the right hand side of the
_ equations in the formf = f(b(x, ug) — b(x, u)) and corre-
_/ B(x, u(®) _/ B(x, u(@). (3.19) spondingly in Approximation scheme 2.1. Instead of (H7) we
2 2 assume
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(H8) |b(x+Y,s) —b(x,s)| <w(y)(@A+b(x,9),wherew:  Using the similar access as in [10] and [15] and the conjugate
R, — R, is continuouse(0) = 0. function to potentiatbg similarly as in the proof of Lemma 1

Then, in both cases a and b, we obtain the sarpéori (to estimate thgaussian gradierterm) we obtain

estimatesas in Lemma 1 and Consequence 1. Similarly as ir-€émma 3. The a priori estimates

the proof of Lemma 2 we obtain the inequality (3.10), from n

which and Lipschitz continuity db we have 1max/ ®y(x, U) <C, Z 16112 <C,
T-z =i=n i=1

2

/ / (bn (%, T (t+2) — ba(x, T™ (1))? < Ca(z+ /%)
2

n
2
5 D lui—uaff<C
i-1

(3.23)
Using (H8) we also obtain hold uniformly with respect to n.
Then we have also
/ (ba(X+y, T™ (t, X+ y) — bn(x, TP (B) (L, X))? Consequence 2.
QT n
(1-d)/2
<Co(lyD+7 ) (3.24) Z 16 — B(x, ui_1)|?> < Cr 9.
from which and (3.23) follow the compactnessbf(x, ™} =1

in L2(Qr). The asymptotical properties df imply that By the similar ideas as in the proof of Lemma 2, [10, 15]

Jor u™|2 < C and henced™ — u in L»(Qt). From the . —.

: and [13] we obtain the compactness({"} in L and
compactness result we hawgx, t™) — £ in L»(Qt). Then then[ ] P siot) 2(Qm)
Lemma 4. There exists & Lo(Qt) with B(x, u) € Lo(l, V)

0 < [ (bn(x, T™) —bn(x, v),u™ — <
= /( (% T = bn(x, v) V) such thata®™ — u in Ly(Qr), 8™ — B, u) in La(l, V),

Qr du™ — duin La(l, V*).
N /(5 —b(X,v),u—v) >0 Now we can use (see [1, 15]) the relations
Qr t
for every v e L»(Qt) because of the monotonicity df,.  lim / < au™, 5™ >Z/<P,3(X, U(t))—/%(X, Uo) ,
Hence forv =uxew and ¢ — 0 we obtain& = b(x, u). 5 P P

In the similar way as in the proof of Lemma2 we obtain

3bn(x, T™) — 3b(x, u) in Lo(l, V*). Due toa priori es- / / /
Z > ou, B(X, U) >= | @p(x, u(t)) — | @5(x,u
timatefI ||9(n)||2 <C we obtaing™ — u in Lo(1, V) since <4, SO W) > p (% UD) p(%: o)
2 2

/, 7" —u™|2 — 0. The previous considerations allow us to 0
take limitn — oo in (3.17), (3.18), respectively, and we con- to prove
clude thatu is a weak solution of (1.1)-(1.3). Then we canTheorem 4. There exist weak solution of the problems
proc_eed in the similar lines as in the proof of Theorem 2 to(l.l)—(1.3) in casesll 1V. Lett™. @™ be the sequences
obtain . o ) obtained by Approximation scheme 2.2. Then
Theorem 3. There exists variational solution u of the prob-
lems (1.1)«(1.3) in casell. Letu™, 8™ be the sequences g™ _ y in Ly(Qr), 8" = B(x, uyinLa(l,V).
obtained by Approximation scheme 2.1. Then
. _ —m) _ Remark 3.11The same convergence results can be ob-
U™ —u inl2(Qr), 6 —u inlxl,V). tained when we use the full discretization scheme (also
in space) using projection of elliptic problems (2.4)—(2.5)
pto finite dimensional finite elements spac¥sc V with
V;, — V(» — 0) in canonical sense.

Caseslll and IV.
We follow the ideas from [10, 13, 15] and we only sketc
the results. Instead of (H6)—(H7) we assume

(H9) Ci8?—Cu < B(X, 9s < C3+ CsS?,

(H10) [Bi(x+Y, ) —Bs(X, 9| < w(|y])(1+ B4(X, 9)), where
o : Ry — R, is continuousg(0) = 0.

4 Discussion on numerical experiments

In this section we present numerical experiments demonstrat-

In caselV, we consider the right hand side of the equa-ing features of the models (1.1)—(1.3). We compare the results

tions in the formf = f(B(x, Up) — B(X, U)) and correspond- with the multiscale analysis based on the classical anisotropic
ingly in Approximation scheme 2.2. diffusion equations ([7, 29]).

We denote For computations, we use Approximation schemes 2.1,

s 2.2 together with the several iterations from Remarks 2.6,

P / B(x. 2)dz 2.7. For the full (scale and spage_) discretization of the equa-

B ’ : tions one can use either the finite element method ([4, 5])

0 or the finite volume technique ([25,28]). The numerical
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experiments described in this section have been computedjuares (pixels), the convolution is reduced to a weighted
using the finite volume spatial discretization of the linearmean value with weights given by the Gauss function.
elliptic equations (2.6.1),(2.7.1). The spatial grid is givenSince foro small the weights for pixels with bigger dis-
naturally by the pixel structure of the image. The spatiatance are machine zeroes, the averaging is realized only
discretization step for the finite volume method is givenin some bounded neghbourhood. In all presented experi-
as Yrq with r1 number of pixels in vertical direction. The ments we use such that % 7 pixels influence the value
Gaussian kernel has been used in the convolution term. Bé& the central pixel. As the Perona-Malik function we use
cause the discrete image is given by constant values on smalls) = 1/(1+s°).

Fig. 2. Restoration of the noisy imageeft) by the anistropic diffusionnfiddle and by the anisotropic diffusion coupled with the slow diffusion effeight)

Fig. 3. Difference in reconstruction of the detail of Boticelli's painting ‘Primavera’. The restoration of the greylevel lsftamy the anistropic diffusion
(middl@ in comparison with the anisotropic diffusion coupled with the slow diffusioghf)
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The first, second and fourth processed images consist> a with some constana between 0 and 1 (before com-
of 200x 200 pixels, the third and fifth ones have the sizeputations, the image intensity is transformed from integers
570x 350 pixels. In Figs. 1-4 we plot the noisy originals between 0 and 255 into the real interyal 1]). In Fig. 1
(on the left), the results of Ca&tt Lions, Morel and Coll we present the difference in processing of the initial noisy
anisotropic diffusion (in the middle) and the result of applica-image (left) by the anisotropic diffusion (middle) and by
tion of the slow and fast diffusion effects given by the modelshe anisotropic diffusion coupled with the slow diffusion ef-
(1.1)—(2.3) (on the right). In the last Fig. 5 we present thdect (right) after ten discrete scale steps with step 0.001
result of processing of the color image by the anisotropic difin both cases. In case of the slow diffusion, the additional
fusion coupled with the slow diffusion effect. parameters of the method ase= 0.5 (in the definition of

Modelling the slow diffusion effect we consider the g function), K = 10°, d = 0.9, « = 0.99. The choice of8
caselV. In addition to CLMC-parameters the functigh stops the diffusion where we want to keep some fine details
which is constant for some range of greylevels and lineain the image (otherwise destroyed by the usual anisotropic
in complement is used. In presented experiments we comliffusion). The same computational parameters have been
sider functionB(x,s) =0 for s<=a, B(X,s) =s—a for used in the experiment documented in Fig. 2, we just start

Fig. 5. Reconstruction of the color detail of Boticelli's painting ‘Primaverngft] by the anisotropic diffusion coupled with slow diffusion effeagkt)



Slow and fast diffusion effects in image processing

from different initial condition. In Fig. 3 we present recon-
struction of the greylevel scan of the detail of Botticelli's
painting Primavera (left image) by the anisotropic diffusion
(middle image) and by the anisotropic diffusion accompa-
nied with the slow diffusion (image on the right). In both
cases we plot the results after ten discrete scale steps with step.
7 =0.001. In the case of slow diffusion effect we use parame-
tersa=0.39,K = 10%, d = 0.9, « = 0.99. Using such choice
of 8, the face is selectively smoothed and the details around
are conserved. 10.
In spite of this, if the smoothing of the large structural
noise is desirable, the fast diffusion effect can be used. Int1-
the experiment presented in Fig. 4, the functix, s) =0
for s<= 0.5, b(x,s) =s—0.5 for s> 0.5, i.e. we consider
the casdl. The scaling versions of the initial image (left)
given by the anisotropic diffusion (middle) and coupled with
fast diffusion smoothing (right) are plotted at scale, 0=
0.001. Further parameters welke= 10°, d = 0.5, o = 0.99. B
In Fig. 5 we present application of the anisotropic diffu-

6.

12.

sion coupled with the slow diffusion effect to processing of 15.

the RGB color image. We again consider Flora’s face detail as
the initial condition (left part of Fig. 5). Before processing we
divide the color image into red, green and blue chanels. Thée
model (1.1)—(1.3) in the cas¥ is applied to each chanel in-

dependently using different choices of the parameters. Thea7.

the results of chanel processing are put together in order to
get multiscale version of the color original. The result pre-
sented in the right part of Fig. 5 has been computed using
K =10 d=0.9,a=0.99, 7 =0.001 and with differen
functions and number of scale steps in the chanels. In the ret®.
chanel we us@a = 0.5 and 5 scale steps, in the green chanel
a=0.3 and 7 scale steps and in the blue chanel0.15 and

10 scale steps. Let us note that one can consider also a kind .
of synchronization of chanels processing which will lead to

a generalization of (1.1)—(1.3) to degenerate parabolic sys2?2:
tems which can be interesting subject for further study.

20.
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