
 
  

Peter Smrek 

Level dependent  
 capacities-based Sugeno integrals   

  
Department of  Mathematics and Descriptive Geometry 

Faculty of Civil Engineering 
 Slovak University of Technology 

Bratislava, Slovakia 

Acknowledgement   

 The work on this contribution was supported by the grant    

VEGA 1/0171/12. 

 Author is grateful to Prof. Radko Mesiar  

for valuable comments and suggestions 



References 
  
[1] S. Greco, B. Matarazzo, S. Giove,  The Choquet integral with respect to a level 
dependent capacity, Fuzzy Sets Syst. 175 (2011) 1–35. 
  
[2] A. Kandel, W.J. Byatt, Fuzzy sets, fuzzy algebra, and fuzzy statistics, Proceedings 
of the IEEE, vol. 66, no. 12,(1978) 1619-1639. 
  
[3] E.P. Klement, A. Kolesárová, R. Mesiar, A. Stupňanová,  
A generalization of universal integrals by means of level dependent capacities, 
Knowledge-Based Systems 38 (2013) 14–18. 
  
[4]  E.P. Klement, R. Mesiar, E. Pap,  A universal integral as common frame  for 
Choquet and Sugeno integral, IEEE T ransactions on Fuzzy Systems18 (2010) 178–
187. 
  
[5]  R. Mesiar, A. Mesiarová-Zemánková, K. Ahmad, Level-dependent Sugeno 
integral, IEEE Trans. Fuzzy Syst. 17 (2009) 167–172. 
  
[6] M. Sugeno, Theory of fuzzy integrals and its applications, PhD thesis, Tokyo 
Institute of Technology, 1974. 



Capacity: 
𝑋,𝒜 , monotone m: 𝒜 → [0,1], 𝒜-measurable functions f : 𝑋 → [0,1],  

 

𝑆𝑚 𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑎,𝑚 𝐴  | 𝑎 ⋅ 1𝐴  ≤ 𝑓  

 Equivalently, Sm can be expressed as  

  

𝑆𝑚 𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑎,𝑚 𝑓 ≥ 𝑎  | 𝑎 ∈  0, 1 , 
 

or 
 

𝑆𝑚 𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑚 𝐴 , 𝑚𝑖𝑛 𝑓(𝑥) | 𝑥 ∈ 𝐴 | 𝐴 ∈ 𝒜 .        
 
In [2], another equivalent definition of Sugeno integral was introduced, namely  
  

𝑆𝑚 𝑓 = 𝑖𝑛𝑓  𝑚𝑎𝑥 𝑎,𝑚 𝑓 ≥ 𝑎  | 𝑎 ∈  0, 1 .  

  

(1) 

(2) 

(3) 

(4) 



𝑀:  𝒜 ×  0, 1  → [0, 1] ; t ∈  0, 1  , M( ⋅ , t ) = mt  is a capacity,  
is called a level dependent capacity.  
 

ℎ𝑚,𝑓: 0, 1  → [0,1] , ℎ𝑚,𝑓(t) = m(𝑓 ≥ 𝑡),  is  decreasing, 

ℎ𝑀,𝑓 : 0, 1  → [0,1], ℎ𝑀,𝑓(t) = 𝑀 𝑓 ≥ 𝑡 , 𝑡  = 𝑚𝑡 𝑓 ≥ 𝑡 . 

                  ℎ𝑀,𝑓 ∗
𝑡 = 𝑖𝑛𝑓  ℎ𝑀,𝑓 𝑢 | 𝑢 ∈ 0, 𝑡  

       ℎ𝑀,𝑓
∗
𝑡 = 𝑠𝑢𝑝  ℎ𝑀,𝑓 𝑣 | 𝑣 ∈ 𝑡, 1  .  

 𝑆𝑢𝑀 ∗ 𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑡, ℎ𝑀,𝑓 ∗
𝑡  |  𝑡 ∈ 0, 1                                        

𝑆𝑢𝑀
∗ 𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑡, ℎ𝑀,𝑓

∗
𝑡   |  𝑡 ∈ 0, 1                                                     

(5) 

(6) 



𝑆𝑢𝑀
∗ 𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑡, ℎ𝑀,𝑓

∗
𝑣  | 0 ≤ 𝑡 ≤ 𝑣 ≤ 1        

𝑆𝑢𝑀 ∗ 𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑡, ℎ𝑀,𝑓 ∗ 
(𝑢) | 0 ≤ 𝑢 ≤ 𝑡 ≤ 1  

𝑆𝑢𝑀
1
𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑎,𝑚𝑎 𝐴  | 𝑎 ⋅ 1𝐴 ≤ 𝑓  ,                                    

 

𝑆𝑢𝑀
2
𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑎,𝑚𝑎 𝑓 ≥ 𝑎  | 𝑎 ∈ 0, 1   ,                          

                                 

𝑆𝑢𝑀
3
𝑓 = 𝑠𝑢𝑝 𝑚𝑖𝑛 𝑡,𝑚𝑡 𝐴  | 𝐴 ∈ 𝒜, 𝑡 = 𝑖𝑛𝑓 𝑓(𝑥) | 𝑥 ∈ 𝐴  

 

𝑆𝑢𝑀
4
𝑓 = 𝑖𝑛𝑓  𝑚𝑎𝑥 𝑎,𝑚𝑎 𝑓 ≥ 𝑎  | 𝑎 ∈ 0, 1  .  

(8) 

(9) 

(10) 

(11) 

(12) 

(7) 



 𝑆𝑢𝑀
2
= 𝑆𝑢𝑀

3
 due to the monotonicity of  ma .  

 

 𝑆𝑢𝑀
1
≥ 𝑆𝑢𝑀

2
 because  of 𝑎 ⋅ 1 𝑓≥𝑎 ≤ 𝑓  , and  

 

𝑆𝑢𝑀
1
≤ 𝑆𝑢𝑀

2
 because of  

 

if 𝑎 ⋅ 1𝐴 ≤ 𝑓 then A⊆ 𝑓 ≥ 𝑎 .         Thus  𝑆𝑢𝑀
1
= 𝑆𝑢𝑀

2
= 𝑆𝑢𝑀

3
 . 

 𝑆𝑢𝑀
1
= 𝑆𝑢𝑀

2
= 𝑆𝑢𝑀

3
 

𝑆𝑢𝑀
∗ 

𝑆𝑢𝑀
∗ 

𝑆𝑢𝑀
4

 



Example 1: 

𝑋,𝒜 , 𝑋 = 0,1  and 𝒜 = ℬ 0,1  (Borel subsets of 0,1  ).  

𝑀 = 𝑚𝑡 𝑡 ∈ 0,1 :    𝑚𝑡  = 𝑚∗ if 𝑡 ∈ 0,
1

4
 , 𝑚𝑡  = 𝑚∗ if 𝑡 ∈]

1

4
,
1

2
[ ,  

𝑚𝑡(𝐴)  = 𝜆(𝐴) ; 𝐴 ∈ 𝒜, 𝜆 is the standard Lebesgue m. on ℬ 0,1  if  𝑡 ∈
1

2
, 1 , 

𝑓1 𝑥 = 𝑥  . 

      ℎ𝑀,𝑓1 𝑡 =

1 𝑖𝑓 𝑡 ∈ 0,
1

4
 ,

0 𝑖𝑓 𝑡 ∈ ]
1

4
,
1

2
[ ,

1 − 𝑡 𝑖𝑓 𝑡 ∈
1

2
, 1 , 

 





ℎ𝑀,𝑓1
∗
𝑡 =

1 𝑖𝑓 𝑡 ∈ 0,
1

4
 ,

0.5 𝑖𝑓 𝑡 ∈]
1

4
,
1

2
[ ,

1 − 𝑡 𝑖𝑓 𝑡 ∈
1

2
, 1 . 

 

 ℎ𝑀,𝑓
∗
𝑡 = 𝑠𝑢𝑝  ℎ𝑀,𝑓 𝑣 | 𝑣 ∈ 𝑡, 1  



 ℎ𝑀,𝑓 ∗
𝑡 = 𝑖𝑛𝑓  ℎ𝑀,𝑓 𝑢 | 𝑢 ∈ 0, 𝑡  

ℎ𝑀,𝑓1 ∗
𝑡 =  

1 𝑖𝑓 𝑡 ∈ 0,
1

4
  ,

0 𝑖𝑓 𝑡 ∈]
1

4
, 1].

 



SuM
∗ 𝑓1 =

5

2
 −

1

2
= 𝒕

∗
= 0,618 

𝑆𝑢𝑀
∗ 𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑡, ℎ𝑀,𝑓

∗
𝑡    | 𝑡 ∈ 0, 1   



𝑆𝑢𝑀
1
𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑎,𝑚𝑎 𝐴  | 𝑎 ⋅ 1𝐴 ≤ 𝑓  

𝑆𝑢𝑀
2
𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑎,𝑚𝑎 𝑓 ≥ 𝑎  | 𝑎 ∈ 0, 1   

𝑆𝑢𝑀
3
𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑡,𝑚𝑡 𝐴  | 𝐴 ∈  𝒜, 𝑡 = 𝑖𝑛𝑓 𝑓(𝑥) | 𝑥 ∈ 𝐴  

SuM
∗ 𝑓1 =

5

2
 −

1

2
 = 𝑆𝑢𝑀

𝑖
𝑓1 , 𝑖 = 1,2,3. 



𝑡4 =
1

4
= 𝑆𝑢𝑀

4
𝑓1  

𝑆𝑢𝑀
4
𝑓 = 𝑖𝑛𝑓  𝑚𝑎𝑥 𝑎,𝑚𝑎 𝑓 ≥ 𝑎  | 𝑎 ∈ 0, 1  



𝑆𝑢𝑀 ∗ 𝑓 = 𝑠𝑢𝑝  𝑚𝑖𝑛 𝑡, ℎ𝑀,𝑓 ∗
𝑡  | 𝑡 ∈ 0, 1   

SuM ∗ 𝑓1 =
1

4
= 𝑆𝑢𝑀

4
𝑓1  



𝐾∧ 𝑚, 𝑓 = 𝑃∧ 𝑥, 𝑦 ∈ 0,1 2| 𝑦 ≤ ℎ𝑚,𝑓 𝑥  

𝐾∧ 𝑚, 𝑓1 =  
5

2
−

3

4
=0.368 



 𝑆𝑢𝑀
1
= 𝑆𝑢𝑀

2
= 𝑆𝑢𝑀

3
 

𝑆𝑢𝑀
∗ 

𝑆𝑢𝑀
∗ 

𝑆𝑢𝑀
4

 𝐾∧ 



Thank you ! 





Example 2: 

𝑋 = 0,1 , 𝒜 = ℬ 0,1 , f(x)  =  x.  For measurable space 𝑋,𝒜  consider 
 𝑀 = 𝑚𝑡 𝑡 ∈ 0,1  given by  

         𝑚1
3
 = 𝑚∗, 𝑚2

3
 = 𝑚∗ , 𝑒𝑙𝑠𝑒 𝑚𝑡 𝐴  =  𝜆 𝐴  

for  𝐴 ∈ 𝒜, where 𝜆  is the standard Lebesgue measure on ℬ 0,1  .  
Then introduced integrals are : 
  

SuM ∗ 𝑓 =
1

3
= 𝑆𝑢𝑀

4
𝑓 ,   SuM

∗ 𝑓 =
2

3
= 𝑆𝑢𝑀

𝑖
𝑓 , 𝑖 = 1,2,3. 

 
 Example 2b): 
Consider now 𝑀 = 𝑚𝑡 𝑡 ∈ 0,1  given by  

  
𝑚0 = 𝑚∗, 𝑚1

3

 = 𝑚∗,  𝑚2

3

 = 𝑚∗ , 𝑚1 = 𝑚∗ , 𝑒𝑙𝑠𝑒 𝑚𝑡 𝐴  =  𝑡 𝑖𝑓 𝐴 ∉ ∅, 𝑋 .  

Then introduced integrals are : 
  

SuM ∗ 𝑓 = 0 = 𝑆𝑢𝑀
4
𝑓 ,   SuM

∗ 𝑓 = 1 = 𝑆𝑢𝑀
𝑖
𝑓 , 𝑖 = 1,2,3. 


