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Introduction
Recently, it has been shown that every effect algebra
possessing an ordering set of statesS can be
embedded into the effect algebra of the Hilbert space
effects (i.e., operators between the zero and identity
operator) onℓ2(S)a.
MV-algebras form a special subclass of effect
algebras, and it is well known every Archimedean
MV-algebraM has an ordering set of extremal states
S0. In this contribution, we show that this enables us
to prove that there is an MV-algebra embedding ofM
into the MV-algebra of all multiplication effects on
ℓ2(S0).b

aRiěcanov́a and Zajac, IJTP 2010
bSP,Representations of MV-algebras by Hilbert-space effects, IJTP

2013.
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MV-algebra
An MV-algebrais a (2,1,0)-type algebra(M ;⊞,¬, 0) such that⊞ and

¬ satisfy the identities

(x⊞ y)⊞ z = x⊞ (y ⊞ z),

x⊞ y = y ⊞ x,

x⊞ 0 = x, ¬¬x = x, x⊞ ¬0 = ¬0,

x⊞ ¬(x⊞ ¬y) = y ⊞ ¬(y ⊞ ¬x).

On every MV-algebra, a partial order≤ is defined by the rule

x ≤ y ⇔ y = x⊞ ¬(x⊞ ¬y).

In this partial order, every MV-algebra is a distributive lattice bounded

by 0 and¬0(=: 1).

In any MV-algebra one can define further operations as follows:

x⊡ y = ¬(¬x⊞ ¬y); x⊟ y = x⊡ ¬y;

x ∨ y = ¬(¬x⊞ y)⊞ y; x ∧ y = ¬(¬x ∨ ¬y).
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Effect algebras
An effect algebra(EA) (E;⊕, 0, 1) with a binary
partial operation⊕ and two nullary operations0, 1
satisfying the following conditionsa:

(E1) If a⊕ b is defined thenb⊕ a is defined, and
a⊕ b = b⊕ a (commutativity).

(E2) If a⊕ b and(a⊕ b)⊕ c are defined, thenb⊕ c

anda⊕ (b⊕ c) are defined, and
a⊕ (b⊕ c) = (a⊕ b)⊕ c (associativity).

(E3) For everya ∈ E there is a uniquea′ ∈ E such
thata⊕ a′ = 1 (orthosupplementation).

(E4) If a⊕ 1 is defined thena = 0 (zero-one law).

aFoulis, Bennett, 1994
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Properties of EAs
In an EA(E;⊕, 0, 1) we define:
• partial order bya ≤ b iff there isc ∈ E such that
a⊕ c = b, then0 ≤ a ≤ 1 for all a ∈ E, a⊕ b is
defined iffa ≤ b′;

• b⊖ a is defined iffa ≤ b and thena⊕ (b⊖ a) = b;

• a andb areorthogonal(a ⊥ b) iff a⊕ b is defined.

• a finite sequence of elementsa1, a2, . . . , an (not
necessarily all different) isorthogonaliff
a1 ⊕ a2 ⊕ · · · ⊕ an exists (the latter⊕-sum is defined
by recurrence).
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Examples of EAs
• (G;≤,+, 0) a partially ordered abelian group,
u ∈ G, u ≥ 0, G[0, u] = {x ∈ G : 0 ≤ x ≤ u} can be
organized into an effect algebra by definingx ⊥ y iff
x+ y ≤ u, and in this case,x⊕ y = x+ y. Effect
algebras of this type are calledinterval effect
algebras.
• LetH be a (complex) Hilbert space, and letB(H)
denote the algebra of all bounded operators onH. Its
self-adjoint partB(H)sa, forms an abelian partially
ordered group.
E(H)–self-adjoint operators in the interval between
zero and identity operator are calledHilbert space
effects.
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MV-effect algebras
• An MV-effect algebrais a lattice ordered effect
algebra with the identity

(a ∨ b)⊖ a = b⊖ (a ∧ b).
There is a natural one-to-one correspondence between
MV-effect algebras and MV-algebrasa:
•Let (M ;⊕, 0, 1) be an MV-effect algebra. Define the
total operation⊞ as follows:x⊞ y = x⊕ (x′ ∧ y).
Then(M ;⊞,′ , 0) is an MV-algebra.
•Conversely, let(M ;⊞,¬, 0) be an MV-algebra.
Restrict the operation⊞ to the pairs(x, y) satisfying
x ≤ ¬y and denote the new partial operation by⊕.
Then(M ;⊕, 0,¬0) is an MV-effect algebra.

aChovanec, K̂opka, 1995
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Morphisms
E1, E2 – effect algebras,φ : E1 → E2 is called a
morphism of effect algebrasiff
• φ(1) = 1,
• for all a, b ∈ E, if a⊕ b exists inE1, then
φ(a)⊕ φ(b) exists inE2, andφ(a⊕ b) = φ(a)⊕ φ(b).
• A morphismφ is anisomorphismiff φ is bijective
andφ−1 is again a morphism.
• A morphismφ : E1 → E2 is anembeddingiff
e1 ⊥ e2 ⇔ φ(e1) ⊥ φ(e2)

If E1 andE2 are MV-effect algebras, then a morphism
of effect algebrasφ : E1 → E2 is an MV-algebra
morphism iffφ preserves lattice operations.
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States
•A stateon an effect algebraE is a morphism
s : E → [0, 1], i.e.,s is a mapping satisfying (S1)
s(1) = 1, and (S2)s(a⊕ b) = s(a) + s(b) whenever
a⊕ b is defined.

•A setS of states on an effect algebraE is called
ordering iff the following holds:

a, b ∈ E, a ≤ b ⇔ s(a) ≤ s(b)∀s ∈ S

• su : E(H) → [0, 1], su(a) =< u, au >, u ∈ H,
|| u ||= 1, is a (completely additive) state onE(H).
The set of all vector states is ordering onE(H).
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A representation of EAs
• E – effect algebra,S – ordering set of states onE,
ℓ2(S) – the complex Hilbert space of functions

x : S → C,
∑

s∈S

| x(s) |2< ∞.

Defineφ : E → E(ℓ2(S)) by

φ(e)(x(s))s∈S = (s(e)x(s))s∈S , x ∈ ℓ2(S),

i.e.,φ(e) acts as the multiplication by the function
fe : S → [0, 1], fe(s) = s(e).

Thenφ is an embedding ofE into E(ℓ2(S))
a.

aRiečanov́a, Zajac, 2010

Representations of MV-algebras by Hilbert-space effects –p. 10/17



Multiplication effects
• Ai(xs)s∈S = (fi(s)xs)s∈S , i = 1, 2 – multiplication
effects onℓ2(S). Define
A1 ⊕ A2 := ((f1 + f2)(s)xs)s∈S iff f1 + f2 ≤ 1;
A1 ⊓ A2(xs)s∈S := 1

2(A1 + A2− | A1 − A2 |)(xs)s∈S
= (12(f1 + f2− | f1 − f2 |)(s)xs)s∈S
= (min(f1, f2)(s)xs)s∈S .
• The set of all multiplication effects with the
operation⊕ forms an effect subalgebra ofE(ℓ2(S)),
A1 ⊓ A2 is the infimum ofA1 andA2 in the set of all
multiplication effectsa and it is easy to check that
A1 ⊔ A2 − A1 = A2 − A1 ⊓ A2. Therefore, the set of
all multiplication effects can be organized into an
MV-effect algebra.

aKadison, 1951
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Archimedean MV-algebras
• An EA E is Archimedeaniff for every nonzero
a ∈ E there is a maximaln ∈ N with na ≤ 1.

• A states on an MV-effect algebra (equivalently
MV-algebra)M is extremal (in the convex set of
states) iff

s(a ∧ b) = min(s(a), s(b)) ∀a, b ∈ M .

• The following are equivalent for an MV-algebraMa:
(a)M has an ordering set of states;
(b)M is Archimedean;
(c)M has an ordering set of extremal sates.

aTheorem 4.3, Dvurěcenskij +SP, 2000
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Representation of MV-algebras
M – Archimedean MV (effect) algebra,
S0 – ordering set of extremal states,
φ : M → E(ℓ2(S0)) – representation ofM .
• The rangeφ(M) := {φ(e) : e ∈ M} is a subeffect
algebra ofE(ℓ2(S0)) consisting of multiplication
effectsφ(e) corresponding to functions
fe(s) = s(e), e ∈ M, s ∈ S0.
• For all e1, e2 ∈ M ands ∈ S0,

fe1∧fe2(s) = min(s(e1), s(e2)) = s(e1∧e2) = fe1∧e2(s),

which implies that
φ(e1) ⊓ φ(e2) = φ(e1 ∧ e2) ∈ φ(M).
It follows thatφ(M) is a lattice, hence an MV-algebra.
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Prime states
• A states on an EAE is prime iff
s(a∧ b) = min(s(a), s(b)) whenevera∧ b exists inE.

E - effect algebra,S – ordering set of states,
φ : E → E(ℓ2(S)) – representation ofE.
• a, b ∈ E, a ∧ b ∈ E =⇒ φ(a∧ b) = φ(a) ⊓ φ(b) iff
everys ∈ S is prime.
A,B ∈ E(H), AB = BA, thenA ⊓ B is a maximal
lower bound ofA andBa, hence ifA ∧B ∈ E(H),
thenA ⊓B = A ∧B.
• a ∧ a′ = 0 =⇒ s(a) ∈ {0, 1} for all prime states
=⇒ If E admits a representation inℓ2(S0), whereS0

is ordering set of prime states, thenφ(a) is a
projection for every sharpa.

aGudder, 1996
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Semiclassical EA
• An effect algebraE is semiclassicaliff E is
isomorphic to a sub-effect algebra of[0, 1]X .

An effect algebraE is semiclassical iff it has an
ordering set of statesa.

• E(H) has an ordering set of states, hence is
semiclassical=⇒ (Gudder)Effect algebras are not
adequate models for QM.

aGudder, 2010

Representations of MV-algebras by Hilbert-space effects –p. 15/17



Hidden variables
• An EA E admitsquasi hidden variablesiff E has an
embedding preserving existing infima into an
MV-algebra.

E admits hidden variables iff it has a generating set of
prime states.a

• E(H), dimH ≥ 3 has no prime states, hence it does
not admit quasi hidden variables.

aSP, 2005
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A physical system is

• classical– the set of events forms a Boolean
algebra;

• classical and fuzzy– MV-algebras

• quantum– OMLs or OMPs

• quantum and fuzzy– effect algebras
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[5] A. Dvurečeskij, S. Pulmannov́a, New Trends in Quantum
Structures, Kluwer, Dordrecht, 2000.

[6] D. Foulis, M.K. Bennett, Effect algebras and und unsharp
quantum logics, Found. Phys.24 (1994), 1325–1346.

[7] S. Gudder, Lattice properties of quantum effects, J. Math.
Phys.37 (1996), 2637-2642.

[8] S. Gudder, Effect algebras are non adequate models for quan-
tum mechanics, Found. Phys.40 (2010), 1566-1577

[9] R.V. Kadison, Order properties of bounded self-sdjointopera-
tors, Proc. AMS2 (1951), 506-510.

[10] T. Moreland, S. Gudder, Infima of Hilbert space effects,Lin.
Algebra Appl.286 (1999), 1-17.

[11] S. Pulmannov́a, On fuzzy hidden variables, Fuzzy Sets and
Systems155 (2005), 119-137.

[12] Z. Riěcanov́a, M. Zajac, Hilbert-space effect-representations
of effect algebras, Rep. Math. Phys.40 (2010), 1566–1575.

17-1


	Introduction
	MV-algebra
	Effect algebras
	Properties of EAs
	Examples of EAs
	MV-effect algebras
	Morphisms
	States
	A representation of EAs
	Multiplication effects
	Archimedean MV-algebras
	Representation of MV-algebras
	Prime states
	Semiclassical EA
	Hidden variables
	 

