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| ntroduction

Recently, it has been shown that every effect algebra
possessing an ordering set of stafesan be

embedded into the effect algebra of the Hilbert space
effects (i.e., operators between the zero and identity
operator) ors(S)A.

MV-algebras form a special subclass of effect
algebras, and it is well known every Archimedean
MV-algebraM has an ordering set of extremal states
Sp. In this contribution, we show that this enables us
to prove that there is an MV-algebra embeddingd/Of
Into the MV-algebra of all multiplication effects on

l5(Sp) B

ARiecanow and Zajac, IJTP 2010
bSP Representations of MV-algebras by Hilbert-space tsffétTP

2013.
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MV-algebra

An MV-algebrais a (2,1,0)-type algebr@/; H, —, 0) such thatd and

— satisfy the identities

(xrBy) Bz
xHy

x B0

x Bl —(x B —y)

xH (y H z2),
yHu,
x, "—xr=x, xH-0= -0,

y B —(y B ).

On every MV-algebra, a partial orderis defined by the rule
r<y & y=zH-(zrH-y).
In this partial order, every MV-algebra is a distributivétiee bounded

by 0 and—-0(=: 1).

In any MV-algebra one can define further operations as falow

rHy=-(-zH-y);, By =2 -y;

cVy=-(-zHy By, xAy=-(-xV-y).
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Effect algebras

An effect algebrdEA) (E; ¢, 0, 1) with a binary
partial operatiors® and two nullary operations, 1
satisfying the following conditiords

(E1) If a & bis defined then & a Is defined, and
a ® b= b a (commutativity).

(E2) Ifa ® band(a ® b) @ c are defined, thehd ¢
anda @ (b & c) are defined, and
a® (bdc) = (a®b) D c (associativity).

(E3) For everyu € FE there is a unique’ € E such
thata @ o' = 1 (orthosupplementation).

(E4) If a & 1 is defined them = 0 (zero-one law).

AFoulis, Bennett, 1994
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Properties of EAS

Inan EA(E;®,0,1) we define:

e partial order by < b iff there isc € E such that
aPc=>bthen0<ag<lforallae E,a®bis
defined iffa < ¥';

e b© ais defined iffa < bandthem @ (b S a) = b;
e o andb areorthogonal(a L b) iff a & b Is defined.

¢ a finite sequence of elements as, . . ., a,, (NOt
necessarily all different) isrthogonaliff

a1 B as D --- D a, exists (the latters-sum Is defined
by recurrence).
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Examples of EAS

¢ (G;<,+,0) a partially ordered abelian group,
uwe G u>0G0u={reG:0<z<u}canbe
organized into an effect algebra by defining._ v Iff
r+ y < u,and in this case; ¢ y = x + y. Effect
algebras of this type are callauterval effect
algebras

e Let H be a (complex) Hilbert space, and I&tH)
denote the algebra of all bounded operatorgiorits
self-adjoint pari3( H)**, forms an abelian partially
ordered group.

£ (H)—self-adjoint operators in the interval between

zero and identity operator are callelbert space
effects
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MV-effect algebras

e An MV-effect algebras a lattice ordered effect
algebra with the identity

(aVb)Sa=b6 (aND).
There Is a natural one-to-one correspondence between
MV-effect algebras and MV-algebras
elet (M;®,0,1) be an MV-effect algebra. Define the
total operatiorit as follows:x Hy = = & (' A y).
Then(M;H,",0) is an MV-algebra.
eConversely, letM;H, —,0) be an MV-algebra.
Restrict the operatior to the pairgz, y) satisfying
r < —y and denote the new partial operationdy
Then(M; @®,0,-0) is an MV-effect algebra.

AChovanec, Kpka, 1995
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M or phisms

F,, B, — effect algebras) : £y, — E»is called a
morphism of effect algebraf

e $(1) =1,

eforalla,b e F,If a® bexists InE;, then

o(a) D ¢(b) exists inE,, andg(a ® b) = ¢(a)  ¢(b).
e A morphisme is anisomorphismff ¢ Is bijective
and¢~! is again a morphism.

e A morphisme¢ : £ — E5 Is anembeddingff

e1 L ey & gb(el) 1 Qb(eg)

If £/, andFEy are MV-effect algebras, then a morphism
of effect algebrag : £, — E5 is an MV-algebra
morphism iff ¢ preserves lattice operations.
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States

oA stateon an effect algebr&’ is a morphism

s: EF—|0,1], i.e.,s is a mapping satisfying (S1)
s(1) =1, and (S2)s(a & b) = s(a) + s(b) whenever
a @ b Is defined.

oA setS of states on an effect algebFais called
orderingiff the following holds:

a,be E.a<b < s(a) <s(b)Vse S

es,:E(H)—10,1], sy(a) =< u,au >,u € H,
| u ||=1, is a (completely additive) state ¢i{ H ).
The set of all vector states is ordering 8(H ).
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A representation of EAS

e I/ — effect algebra$S — ordering set of states af,
/5(S) —the complex Hilbert space of functions

:1::8—>C,Z\:1:(3) “< o0.

Define¢ : E — £(45(S)) by
p(e)(x(s))ses = (s(e)x(s))ses, v € £2(S),

l.e., ¢(e) acts as the multiplication by the function
fe: & = 10,1], fe(s) = s(e).
Theng is an embedding of’ into £(/5(S))a.

ARieCanow, Zajac, 2010
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Multiplication effects

o Ai(xs)ses = (fi(s)zs)ses,t = 1,2 — multiplication
effects ond,(S). Define

A1 @ Ay = (([1 + f2)(8)xs)ses Iff f1+ f2 < 15

Aq M Az(iUs)seS = %(Al + Ao— ! Ay — Ay |)(11?s)ses

— (%(fa'+'f§“| f1 = f2 [)(8)Ts)ses

= (min(f1, f2)(8)2s)ses-

¢ The set of all multiplication effects with the
operationd forms an effect subalgebra 6f/,(S)),

A M As IS the Infimum ofA; and A, In the set of all
multiplication effect§ and it is easy to check that
AiUAy — A = Ay — A1 1T As. Therefore, the set of
all multiplication effects can be organized into an
MV-effect algebra.

aKadison, 1951
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Archimedean M V-algebras

e An EA FE is Archimedean(f for every nonzero
a € F there is a maximab € N with na < 1.

e A states on an MV-effect algebra (equivalently
MV-algebra)M Is extremal (in the convex set of
states) Iff

s(a Ab) = min(s(a), s(b)) Va,b € M.

e The following are equivalent for an MV-algebfd3:
(a) M has an ordering set of states;

(b) M is Archimedean;

(c) M has an ordering set of extremal sates.

eTheorem 4.3, Dvurgenskij +SP, 2000
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Representation of MV-algebras

M — Archimedean MV (effect) algebra,
Sy — ordering set of extremal states,

¢: M — E(ly(Sy)) — representation af/.

e The ranges(M) := {o(e) : e € M} is a subeffect
algebra of€ (¢5(Sy)) consisting of multiplication
effects¢(e) corresponding to functions

fe(s) = s(e),e € M,s € Sy.

e Foralle;,es € M ands € Sy,

ferNfey(8) = min(s(e1), s(e2)) = s(e1hea) = feine(s),

which implies that

p(e1) Mo(e2) = Ppler Nea) € p(M).

It follows that¢(M) is a lattice, hence an MV-algebra.

Repnresentations of MV-alaebras bv Hilbert-space effects 13/17



Prime states

e A states on an EAFE Is primeiff
s(a ANb) = min(s(a), s(b)) whenever A b exists ink.

E - effect algebra$ — ordering set of states,

¢ E— E(ly(S)) —representation aof.

ea.bc F,anbe F = ¢(aNb) = ¢(a) M ¢p(b) iff
everys € S Is prime.

A, Be&(H), AB = BA, thenA B is a maximal
lower bound of4 and B&, hence ifAA B € E(H),
thenAT1B=AAB.

eaNd =0 = s(a) € {0, 1} for all prime states
— If £ admits a representation in(S,), wheres,

is ordering set of prime states, thé(u) is a
projection for every sharg.

aGudder, 1996
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Semiclassical EA

e An effect algebral’ is semiclassicaliff EF is
isomorphic to a sub-effect algebralof1]*.

An effect algebrat i1s semiclassical iff it has an
ordering set of states

e £(H) has an ordering set of states, hence is
semiclassical— (Gudder)Effect algebras are not
adequate models for QM

aGudder, 2010
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Hidden variables

e An EA E admitsquasi hidden variabledf £ has an
embedding preserving existing infima into an
MV-algebra.

E admits hidden variables iff it has a generating set of
prime states?

e £(H),dim H > 3 has no prime states, hence it does
not admit quasi hidden variables.

aSP, 2005
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A physical system is

e classical- the set of events forms a Boolean
algebra;

e classical and fuzzy MV-algebras
e quantum- OMLs or OMPs
e quantum and fuzzy effect algebras
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