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Aggregation operator

A mapping A : |J,[0,1]" — [0, 1] is called an aggregation
operator, if it satisfies:

(A1) A(O,...,0)=0;
(A2) A(1,...,1)=1;
(A3) VX1, X2, ...\ Xn, Y1, Y2, -, ¥n € [0,1]:
ifx1 <y1,....% < Yn, then A(xq,..., Xn) < AV1,-..,¥n)-

(A1) un (A2) — boundary conditions;
(A3) — monotonicity condition.
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General aggregation operator

(A. Takaci, 2003) A mapping A: |J,,([0, 1]°)" — [0, 1] is called
a general aggregation operator if the following conditions hold:
(A1) AO,...,0)=0;
(A2) A(A,...,1)=T1;

(A3) V/M»Mz,---a/ina771a772a---,77n~€[0a1]D1 ~
if 14 <M1, 0 = 0, then A(us, ... pn) = A(m, ..., 70).

Here i1, pig, ..., ftn, 1,72, .., n € [0, 1]P are fuzzy sets, < is an
order on [0, 1]°, while 0, 1 are indicators of @ and D
respectively, i.e.

0(x) =0and 1(x) =1 forall x € D.
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Factoraggregation

Let A: [0,1]” — [0, 1] be an ordinary aggregation operator and
p be an equivalence relation defined on a set D. An operator

A, [0, 1]7)" = [0,1]7

such as

AP(M17M27"'7/”’I7)(X) = Sup A(/J'1(U)7/'L2(U)7"'7Mn(u))7
ueD:(u,x)ep

where x € D and pq, g, . . ., un € [0, 1]P, is called a
factoraggregation operator corresponding to p.
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Generalized factoraggregation

Let T be a t-norm, E be a T-fuzzy equivalence relation defined
on D and A be an ordinary aggregation operator. An operator

Aer: [J(0,11°7)" = [0,1]7

n

such as

Ag 1(111, p2, - - - in)(X) = sup T(E(x, u), A(u1 (u), p2(), . . ., un(u))),

uebD

where x € D and pq, g, . . ., un € [0, 1]P, is called a generalized
T-fuzzy factoraggregation operator corresponding to E.
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T-fuzzy equivalence relation

Let T be a t-norm and E be a fuzzy relation on a set D, i.e. E is
a fuzzy subset of D x D. A fuzzy relation E is a T-fuzzy

equivalence relation if and only if for all x, y, z € D it holds
(E1) E(x,x) =1 (reflexivity);
(E2) E(x,y) = E(y,x) (symmetry);
(E3) T(E(x,y),E(y,2)) < E(x, z) (T-transitivity).
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Generalized factoraggregation: numerical examples

Let us consider the discrete universe
D = {x1,X2, X3, X4, X5}

and the following T;-fuzzy (T, is the Lukasiewicz t-norm)
equivalence relation E, given in the matrix form:

1 09 07 04 02
09 1 07 04 02
E=107 07 1 04 02
04 04 04 1 02

02 02 02 02 1

This equivalence relation is also Ty-transitive and Tp-transitive,
i.e. transitive with respect to the minimum t-norm Ty, and the
product t-norm Tp respectively.
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Generalized factoraggregation: numerical examples

Let us take the following fuzzy subsets of D:

0.9 0.2 0.7 0.1
0.5 0 0.5 0.9
i = 0.6 s M2 = 0.2 , U3 = 0.1 , M4 = 0.2
0.8 0.6 0.8 0.8
0.3 0.9 0.6 0.5
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Generalized factoraggregation: numerical examples

We consider the minimum aggregation operator A = MIN and
obtain the following generalized T-fuzzy factoraggregation:

A 111, p2, 13, p1a)(X) =
= max T(E(x, u), min(uq(u), p2(u), pa(u), pa(u))).

Taking T =T, T = Tyyand T = Tp we obtain as results the
fuzzy subsets p1,, 11, @and pr, respectively:

0.1 04 0.2
0 0.4 0.2
pr, = {01 ], pur, =104, ur,= (02
0.6 0.6 0.6
0.3 0.3 0.3
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Generalized factoraggregation: numerical examples

Taking as an ordinary aggregation operator the arithmetic mean
aggregation operator A = AVG, we obtain the following
generalized T-fuzzy factoraggregations respectively:

A 1(111, p2, 113, a)(X) =

= max T(E(x, u), AVG(u1 (u), p2(u), pa(u), pa(u))).

Taking T =T, T = Tyyand T = Tp we obtain as results the
following fuzzy subsets:

0.5 0.5 0.5
0.5 0.5 0.5
pr, = (03], pur, =105, pur, = | 0.3
0.8 0.8 0.8
0.6 0.6 0.6
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Generalized factoraggregation and extensional fuzzy
sets

Definition

Let T be a t-norm and E be a T-fuzzy equivalence relation on a
set D. A fuzzy subset i € [0, 1]° is called extensional with
respect to E if and only if:

T(E(x,y),p(y)) < p(x)forall x,y € D.

Proposition
Let T be a left-continuous t-norm, E be a T-fuzzy equivalence
relation on a set D and Ag 1 be a generalized T-fuzzy

factoraggregation. Then fuzzy set Z\E,T(m JH2y - -y in) IS
extensional with respect to E for each n € N and for all fuzzy
sets yi1, ..., un € [0, 1]°.
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Approximation of a fuzzy set by extensional fuzzy sets

We recall two approximation operators ¢g and ¢ considered in
[see e.g. Mattioli, Recasens, AGOP 2013]. Fuzzy sets ¢g(u)
and 1 (u) were introduced to provide upper and lower
approximation of a fuzzy set i by extensional fuzzy sets with
respect to T-fuzzy equivalence relation E

Definition

Let T be a left-continuous t-norm, ? be its residuum and E be
a T-fuzzy equivalence relation on a set D. The maps
de: [0,1]° = [0,1]P and ye: [0,1]° — [0, 1]P are defined by:

Pe(p)(x) = S;gg T(E(x,¥), 1(¥)),

ve()(x) = Inf T(EC. ()

for all x € D and for all 1 € [0, 1]°.



Lower generalized T-fuzzy factoraggregation

Let T be a left-continuous t-norm, 7 be the residuum of T, E
be a T-fuzzy equivalence relation defined on D and A be an
ordinary aggregation operator. An operator

Az |J0,11°)" = [0,1]°

such as

A7 (st pn) () = inf T (ECx, 0)|A(us (), (0. .. o))
where yu1, 2, . .., in € [0,1]P and x € D, is called a lower
generalized T-fuzzy factoraggregation operator corresponding

to E.

Pavels Orlovs and Svetlana Asmuss Factoraggregation based on fuzzy equivalence relation



Lower generalized T-fuzzy factoraggregation

It is clear, that for all i1, po, ..., 10 € [0,1]° and for all x € D it
holds

Ap (1o in)(X) < A (X), - in(X)) < A 7(u, - pn) (%)

Proposition

Let T be a left-continuous t-norm, E be a T-fuzzy equivalence
relation on a set D and AE,? be a lower generalized T-fuzzy
factoraggregation. Then fuzzy set Z\Ej?(m,ﬂg, ey fin) S
extensional with respect to E for each n € N and for all fuzzy
sets yuq, ..., un € [0, 1]°.
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Lower generalized factoraggregation: numerical

examples

Similarly to the case of upper generalized factoraggregation,
we will calculate several numerical results for the following
lower generalized T-fuzzy factoraggregation:

7‘,;7(#1,#2,%,#4)()() =

= Teig?(E(X, U)|AVG(p1(U), pa(u), pa(u), pa(u))) -

As a result we obtain the fuzzy subsets 13, b and TR

0.5 0.3 0.4
0.5 0.3 0.4
pg = 03|, pg = 03], pg, = 0.3
0.8 0.3 0.7
0.6 0.6 0.6
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Generalized factoraggregations:

the case of a crisp relation

Let us note that in the case of crisp equivalence relations, i.e.
when E = E, for an equivalence relation p, where

e 0, (x,y)¢np,
we obtain y y
Ag, T = A,

If we apply the crisp equivalence relation E, to Z\E 2 for any
P
left-continuous t-norm T we obtain the following formula:

Ag 2, pn)(X) = int AQus(U), . in(0)

ueD:(u,x)ep

for all 1, sz, . .., in € [0,1]P and x € D.

Pavels Orlovs and Svetlana Asmuss Factoraggregation based on fuzzy equivalence relation



Generalized factoraggregations:

the case of a crisp relation

Numerical evaluation of the value /Z\E,,,T(/Ma .., tn)(x) can be
reduced to the problem

a — min

{ Al (), .., pn(U)) < o,

(u,x)ep, ueD.

By analogy with the previous case, numerical evaluation of the
value A = (p1, ..., n)(X) can be reduced to the problem
P

a — Mmax

{ A(ua(U), - .., un(U)) >

(u,x) e p, uebD.
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Thank you for your attention!
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