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Kesicioğlu, Akbaş On Suborbital Graphs for A Special Congruence Subgroup



Background
Our study

Modular Group

T : z → az+b
cz+d : a, b, c, d are real numbers, ad− bc = 1

PSL(2, R) :=
{ (

a b
c d

)
; a, b, c, d ∈ R, ad− bc = 1

}
Γ :=

{ (
a b
c d

)
; a, b, c, d ∈ Z, ad− bc = 1

}
→Modular

Group
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Γ(n) =
{ (

a b
c d

)
; a ≡ d ≡ 1 (mod n), b ≡ c ≡ 0 (mod n)

}
Γ1(n) =

{ (
a b
c d

)
; a ≡ d ≡ 1 (mod n), c ≡ 0 (mod n)

}
Γ0(n) =

{ (
a b
c d

)
; c ≡ 0 (mod n)

}
Γ(n) ≤ Γ1(n) ≤ Γ0(n) ≤ Γ ≤ PSL(2, R)
Γ(n) C Γ,Γ(n) C Γ0(n),Γ(n) C Γ1(n),Γ1(n) C Γ0(n)
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Jones,Singerman,Wicks

Kesicioğlu, Akbaş On Suborbital Graphs for A Special Congruence Subgroup



Background
Our study

This paper is organized as follows:

Γ acts transitively but imprimitively on Q̂
They summarize Sims’ theory

They obtained a graph Gu,n on which Γ acts

They examine the Farey graph (G1,1) as a simplest case

They focus a subgraph Fu,n

They found edge and circuit conditions respectively

They give a conjecture that Gu,n is forest iff it contains no
triangles

Jones, G.A., Singerman D. and Wicks, K.
The modular group and generalized Farey graphs.
LMS Lect. Note Ser., 60 (1991), 316-338.
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Jones, Singerman, and Wicks used the notion of the imprimitive
action for a Γ- invariant equivalence relation induced on Q̂ by the

congruence subgroup Γ0(n) = {
(

a b
c d

)
∈ Γ : c ≡ 0 (mod n)} to

obtain some suborbital graphs and examined their connectedness
and forest properties. They left the forest problem as a conjecture,
which was settled down by Akbaş.

We introduce a different Γ-invariant equivalence relation by using
the congruence subgroup Γ3

0(n) instead of Γ0(n) and obtain some
results for the newly constructed subgraphs F 3

u,n.
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Some papers concerning suborbitals graphs

Akbaş, M.
On suborbital graphs for the modular group.
Bull. London Math. Soc., 33 (2001), 647-652.

Keskin, R.
Suborbital graphs for some Hecke groups.
Discrete Mathematics, 9(3) (2001), 589-602.
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Sims Theory (Suborbital Graphs)

Let (G, ∆) be transitive permutation group.
G acts on ∆×∆ by (g ∈ G;α, β ∈ ∆)

g(α, β) = (g(α), g(β)

∗ The orbits of this action are called suborbitals of G
∗ The orbit containing (α, β) is denoted by O(α, β)
From O(α, β) we can form a suborbital graph G(α, β)

Sims, C.C.
Graphs and finite permutation groups.
Math.Z., 95 (1967), 76-86.
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∗ its vertices are the elements of ∆
∗ there is a directed edge from γ to δ if (γ, δ) ∈ O(α, β) means
that

γ → δ :⇔ T ∈ G such that
T (α) = δ
T (β) = γ

If α = β, the corresponding suborbital graph G(α, β), called the
trivial suborbital graph, is self-paired: it consist of a loop based at
each vertex α ∈ ∆.
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By a directed circuit of length m (or a closed edge path) we mean
a sequence v1 → v2 → . . . → vm → v1 of different vertices where
m ≥ 3; an anti-directed circuit will denote a configuration like the
above with at least an arrow (not all) reversed.

If m = 2, the circuit v1 → v2 → v1 will be called a 2− gon.

If m = 3 or 4 then the circuit is called a triangle or rectangle.

A graph is called a forest if it contains no circuits other than
2-gons.
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Kesicioğlu, Akbaş On Suborbital Graphs for A Special Congruence Subgroup



Background
Our study

Imprimitive Action

Let us give a general discussion of primitivity of permutation
groups. Let (G, ∆) be a transitive permutation group, consisting
of a group G acting on a set ∆ transitively. An equivalence
relation ≈ on ∆ is called G-invariant if, whenever

α, β ∈ ∆ satisfy α ≈ β, then g(α) ≈ g(β) for all g ∈ G.

The equivalence classes are called blocks, and the block containing
α is denoted [α].
We call (G, ∆) imprimitive if ∆ admits some G-invariant
equivalence relation different from

the identity relation, α ≈ β iff α = β.

the universal relation, α ≈ β for all α, β ∈ ∆.

Otherwise (G, ∆) is called primitive. These two relations are
supposed to be trivial relations.
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Theorem

Let (G, ∆) be a transitive permutation group. (G, ∆) is primitive
if and only if Gα, the stabilizer of α ∈ ∆, is a maximal subgroup of
G for each α ∈ ∆.

∗ We suppose that Gα < H < G. Since G acts transitively, for
g, h ∈ G

g(α) ≈ h(β) if and only if g−1h ∈ H

is an imprimitive G-invariant equivalence relation.

Bigg, N.L.;White, A.T.,
Permutation groups and combinatorial structures.
London Mathematical Society Lecture Note Series, 33 (1979)
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Subgraph F 3
u,n

We apply these ideas to the case:

Gα = Γ3
∞,H = Γ3

0(n), G = Γ3

∆ = Q̂ = Q ∪ {∞}

Γ3 = {
(

a b
c d

)
∈ Γ : ab + cd ≡ 0(mod3)}

Γ3
0(n) = {

(
a b
c d

)
∈ Γ3 : c ≡ 0(mod n)}

Γ3
∞ = 〈

(
1 3
0 1

)
〉

∆ = Q̂ = Q ∪ {∞} →extended rational numbers

Γ3
∞ < Γ3

0(n) 6 Γ3
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Γ3 must be one of the three types

(
3a b
c 3d

)
,

(
a 3b
3c d

)
,

(
a b
c d

)

where a, b, c, and d, are rational integers and a, b, c, d 6≡ 0(mod3)
in the third matrix.

Lemma

The action of Γ3 on Q̂ is transitive.
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We get the following imprimitive Γ3- invariant equivalence
relation on Q̂ by Γ3

0(n) as

r

s
≈ x

y
if and only if g−1h ∈ Γ3

0(n)

where g =
(

r ∗
s ∗

)
and h is similar.

From the above we can easily verify that

r

s
≈ x

y
if and only if ry − sx ≡ 0 (mod n).

The equivalence classes are called blocks and the block
containing x

y is denoted by [x
y ].
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Since Γ acts transitively on Q̂, every suborbital O(α, β)
contains a pair (∞, u

n) for u
n ∈ Q̂, n ≥ 0, (u, n) = 1. In this

case, we denote the suborbital graph by Gu,n for short.

As Γ permutes the blocks transitively, all subgraphs
corresponding to blocks are isomorphic. Therefore we will only
consider the subgraph F 3

u,n of Gu,n whose vertices form the

block [∞] = [10 ], which is the set

{x

y
∈ Q̂ | y ≡ 0 (mod n)}

.
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Edge Conditions

Theorem
r
s →

x
y in F 3

u,n if and only if

1 If r ≡ 0(mod3), then x ≡ ±ur(modn), y ≡ ±us(mod3n) and
ry − sx = ±n or,

2 If s ≡ 0(mod3), then x ≡ ±ur(mod3n), y ≡ ±us(modn) and
ry − sx = ±n or,

3 If r, s 6≡ 0(mod3), then x ≡ ±ur(modn), x 6≡ ±ur(mod3n),
y ≡ ±us(modn), y 6≡ ±us(mod3n) and ry − sx = ±n.
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Theorem

Γ3
0(n) permutes the vertices and edges of F 3

u,n transitively.

Theorem

F 3
u,n contains no directed triangles.

Theorem

F 3
u,n contains a 2-gon if and only if n 6≡ 0(mod3) and

u2 ≡ −1(modn).
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Connectedness

Definition

A subgraph K of F 3
u,n is called connected if any pair of its vertices

can be joined by a path in K.
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Theorem

The subgraph F 3
0,1 is not connected.

Since ∞→ 0
1

is an edge in F 3
0,1 and F 3

0,1 is periodic with period 3, we can do

calculation only, in the strip 0
1
≤ Rez ≤ 3

1
. It is clear that ∞ is adjacent to 0

1

and 3
1

in F 3
0,1, but to no intermediate vertices. We shall show that the edge

1
1
→ 2

1
∈ F 3

0,1 is not adjacent to ∞. We assume that 1
1

can be joined to ∞ by

a path D in F 3
0,1. We may assume that D has the form
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1
1
→ a1

b1
→ . . .→ ak

bk
→ 0

1
→ 1

0
, where some arrows may be reversed. From the

above edge conditions, we easily see that 1
1

� a1
b1

if and only if

a1, b1 6≡ 0(mod3). Then a1
b1

� a2
b2

if and only if a2, b2 6≡ 0(mod3). If we

proceed in this way, we obtain that ak
bk

�
ak+1
bk+1

if and only if

ak+1, bk+1 6≡ 0(mod3). This contradicts to
ak+1
bk+1

� 0
1

since we get

0 6≡ 0(mod3) from the edge conditions. This shows that there is no path of the

form D. Similarly, we can show that there is no path of the form
2
1
→ x1

y1
→ . . .→ xk

yk
→ xk+1

yk+1
→ 3

1
. Consequently F 3

0,1 is not connected.
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Figure: The subgraph F 3
1,2

Theorem

The subgraphs F 3
1,2, F

3
3,2 and F 3

5,2 are not connected.

Corollary

All subgraphs F 3
u,2 are not connected.
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Figure: The subgraph F 3
1,3

Theorem

The subgraph F 3
1,3, F

3
2,3, F

3
4,3, F

3
5,3, F

3
7,3 and F 3

8,3 are not connected.

Corollary

All subgraphs F 3
u,3 are not connected.
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Figure: The subgraph F 3
1,4

Theorem

The subgraph F 3
1,4, F

3
3,4, F

3
5,4, F

3
7,4, F

3
9,3 and F 3

11,3 are not
connected.

Corollary

All subgraphs F 3
u,4 are not connected.
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Theorem

If n > 5, then F 3
u,n is not connected.
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formen, Math. Ann. 45 (1894), 85-117.

G.A. Jones, D. Singerman and K. Wicks: The modular group
and generalized Farey graphs, LMS Lect. Note Ser. 160
(1991), 316-338.

P.M. Neumann: Finite permutation groups and edge-coloured
graphs and matrices, In: M.P.J. Curran (Ed.), Topics in group
theory and computation, Academic Press, London, 1977.

M. Newman: The structure of some subgroups of the modular
group, Illinois J. Math., 6 (1962), 480-487.

M. Newman: Free subgroups and normal subgroup of the
modular group, Illinois J. Math., 8 (1964), 262-265.

M. Newman: Classification of normal subgroups of the
modular group, Transactions of the American Math. Society,
Vol. 126 2 (1967), 267-277.

R.A. Rankin: Modular Forms and Functions, Cambridge
University Press, 2008.

J.P. Serre: A Course in Arithmetic, Springer, New York, 1973.

C.C. Sims: Graphs and finite permutation groups, Math.Z. 95
(1967), 76-86.

B. Schoeneberg: Elliptic Modular Functions: An Introduction,
Springer-Verlag, Berlin, 1974.
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