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Background

Modular Group

T:2z— % :a,b,c,d are real numbers, ad — be = 1

e PSL(2,R) := { ( CCL Z);a,b,c,deR,ad—bc:l}

o=

Group
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o

Z >;a,b,c,d€ Z,ad — bc = 1} —Modular
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Background

orm)={<i d);azdzl&md@ﬁzczOhwd@}

o I'i(n) = { ( (Z Z ) ;a=d=1(mod n),c=0(mod n)}
orww:{(iz>w:omwnﬁ

o I'(n) <Ti(n) <Ty(n) <T < PSL(2,R)

o I'(n) < I',T'(n) @« Ty(n),['(n) <T'1(n),I'1(n) <To(n)

Kesicioglu, Akbas On Suborbital Graphs for A Special Congruence Subgroup



Kesicioglu

Akbas

THE MODULAR GROUP AND
GENERALIZED FAREY GRAPHS

G AJONES & D SINGERMAN
Univessiy of Soulumpsos, Southampaon 509 SNH
K WICKS
Usiversiy cf Hull, Hell HUS 7R3
1. Intraduction
The madiar groies
F = PSLQ.Z) = SLOZNH]
i the quoticas of the unimodalar growp SLEZ) by s ceame [41). Thas the
clomcuss of [ ars the e of saiens

£(2) mhodetuonnix an

It 16 boin wadicioaal and sceful 10 reprEsent I & & group af Moblus
saslocuatices of the uppe hil plane

U= (re Cllma=0),
it the clesen (1.1 ating by

it an

20

Fo example, wslng e 16ct (3a1 (s action of I is discontinuons, one s Sk
b T morphie w a free preaduet C * Cy; eors specifically, T graersd by
e demerns

x=(Ja) v=(I ) an
with tefiing rtions

tal Graphs for A Special Co




Background

This paper is organized as follows:
@ I' acts transitively but imprimitively on Q
They summarize Sims’ theory
They obtained a graph G, on which I' acts
They examine the Farey graph (G1,1) as a simplest case
They focus a subgraph Fy,
They found edge and circuit conditions respectively

They give a conjecture that G, is forest iff it contains no
triangles

[@ Jones, G.A., Singerman D. and Wicks, K.
The modular group and generalized Farey graphs.
LMS Lect. Note Ser., 60 (1991), 316-338.
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Jones, Singerman, and Wicks used the notion of the imprimitive
action for a I'- invariant equivalence relation induced on Q by the

congruence subgroup I'o(n) = {< CCL Z > €l':¢c=0(mod n)} to

obtain some suborbital graphs and examined their connectedness
and forest properties. They left the forest problem as a conjecture,
which was settled down by Akbas.

We introduce a different I'-invariant equivalence relation by using
the congruence subgroup I'§(n) instead of T'g(n) and obtain some
results for the newly constructed subgraphs an
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Some papers concerning suborbitals graphs

[ Akbas, M.
On suborbital graphs for the modular group.
Bull. London Math. Soc., 33 (2001), 647-652.

[ Keskin, R.
Suborbital graphs for some Hecke groups.
Discrete Mathematics, 9(3) (2001), 589-602.
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Sims Theory (Suborbital Graphs)

Let (G, A) be transitive permutation group.
G actson AX Aby(geG;a,3€A)

9(a, B) = (g(a),9(3)

* The orbits of this action are called suborbitals of G
« The orbit containing («, 3) is denoted by O(«, 3)
From O(a, ) we can form a suborbital graph G(«, ()

[ Sims, C.C.
Graphs and finite permutation groups.
Math.Z., 95 (1967), 76-86.
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* its vertices are the elements of A
* there is a directed edge from v to ¢ if (,0) € O(«, ) means
that

T(a) =0
T(B) =~
If a = 3, the corresponding suborbital graph G(«, (), called the

trivial suborbital graph, is self-paired: it consist of a loop based at
each vertex a € A.

v — 0§ < T € G suchthat
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Background

By a directed circuit of length m (or a closed edge path) we mean
a sequence v; — vy — ... — Uy — v1 of different vertices where
m > 3; an anti-directed circuit will denote a configuration like the
above with at least an arrow (not all) reversed.
e If m = 2, the circuit v;1 — vo — w1 will be called a 2 — gon.
o If m = 3 or 4 then the circuit is called a triangle or rectangle.

A graph is called a forest if it contains no circuits other than
2-gons.
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Imprimitive Action

Let us give a general discussion of primitivity of permutation
groups. Let (G, A) be a transitive permutation group, consisting
of a group G acting on a set A transitively. An equivalence
relation =~ on A is called G-invariant if, whenever

a, 3 € A satisfy a = 3, then g(a) =~ g(f) for all g € G.

The equivalence classes are called blocks, and the block containing
« is denoted [a].
We call (G, A) imprimitive if A admits some G-invariant
equivalence relation different from

@ the identity relation, a = 3 iff a = .

@ the universal relation, a = (3 for all o, 3 € A.
Otherwise (G, A) is called primitive. These two relations are
supposed to be trivial relations.
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Theorem

Let (G,A) be a transitive permutation group. (G, A) is primitive
if and only if G, the stabilizer of o € A, is a maximal subgroup of
G for each a € A.

x We suppose that G, < H < G. Since G acts transitively, for
g,heG

g(a) = h(B3)if andonly if g~th € H
is an imprimitive G-invariant equivalence relation.

[§ Bigg, N.L.;White, A.T.,
Permutation groups and combinatorial structures.
London Mathematical Society Lecture Note Series, 33 (1979)
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Our study

Subgraph F

We apply these ideas to the case:

Go=T3 H=T3n),G=13
A=Q=QU {oco}

) €T :ab+ cd =0(mod3)}

T3 (n) = {< ’ ) €T3 : ¢ = 0(modn)}

=iy 1)

A =Q = QU {oo} —extended rational numbers

O 2 Q o

3, <Tin) <13
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I'® must be one of the three types

3a b a 3b a b
c 3d )\ 3¢ d )’\ ¢ d

where a, b, ¢, and d, are rational integers and a, b, ¢, d #Z 0(mod3)
in the third matrix.

Lemma

The action of '3 on (@ is transitive.
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e We get the following imprimitive I'3- invariant equivalence
relation on Q by I'3(n) as

if and only if ¢~ 'h € Tj(n)

» |3
l
< |8

where g = ( Z I > and h is similar.

@ From the above we can easily verify that

~ L if and only if ry — sx = 0 (mod n).

w3

@ The equivalence classes are called blocks and the block

containing ¢ is denoted by [7].
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o Since I acts transitively on Q, every suborbital O(a, B)
contains a pair (oo, 57) for € Q,n >0, (u,m) = 1. In this
case, we denote the suborbital graph by ¢, ,, for short.

@ As I' permutes the blocks transitively, all subgraphs
corresponding to blocks are isomorphic. Therefore we will only
consider the subgraph Ff"” of Gy, whose vertices form the
block [oo] = [$], which is the set

{ge©|y50(mod n)}
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Edge Conditions

s in Fj’n if and only if
@ /fr =0(mod3), then x = tur(modn),y = +us(mod3n) and
rY — Sx = =£n or,
@ If s =0(mod3), then x = tur(mod3n),y = +us(modn) and
rYy — ST = +n or,
@ Ifr,s # 0(mod3), then x = tur(modn), x #Z tur(mod3n),

y = tus(modn),y # tus(mod3n) and ry — sz = £n.
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['3(n) permutes the vertices and edges of Fg’n transitively.

an contains no directed triangles.

F3,, contains a 2-gon if and only if n. # 0(mod3) and
u? = —1(modn).
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Connectedness

A subgraph K of F} is called connected if any pair of its vertices
can be joined by a path in K.

TN < S /’ﬁ\
/ \ / \ / %
| I ]
a, a- as a.
g T T
/ p / g N A ’ ‘\\\
[ \ Y
1 I |
[+5% az az [+ Iz
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IoleR, =
sy

w© 1)r = 0(mod 3)ise y = 0(mod 3)very —sx = +1 w0
2) 5 =0 (mod 3) ise x = 0 (mod 3),very —sx = 1
3)r,s # 0 (mod 3)ise x Z 0 (mod 3), ,¥ # 0 (inod 3) ve
ry—sx=x1
— - T e
\ h
\ Y i A y
0 Guer @ G 1 2 5t fi X 3
1 brex by by 1 1 % »u Vier 1

The subgraph Fg” 1 s not connected.

Since co — % is an edge in F(il and F{il is periodic with period 3, we can do

calculation only, in the strip % < Rez < % It is clear that oo is adjacent to %

and % in Fg’,l, but to no intermediate vertices. We shall show that the edge

% — % € F&l is not adjacent to co. We assume that % can be joined to oo by

a path D in ngl. We may assume that D has the form
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1 T ‘;—: — 9 — %, where some arrows may be reversed. From the

above edge conditions, we easily see that % = ‘;—i if and only if

a1, b1 # 0(mod3). Then Z—i = Z—; if and only if a2, bs #Z 0(mod3). If we

proceed in this way, we obtain that ‘Z—: s Z}’\‘Ll if and only if
ak+1,bk+1 Z 0(mod3). This contradicts to :Zﬁ < 9 since we get

0 # 0(mod3) from the edge conditions. This shows that there is no path of the

form D. Similarly, we can show that there is no path of the form

x x
2 _, 7, %y TR4l

.. — 3. Consequently F¢, is not connected.
1 Y1 Yk Yk+1 1 )
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Figure: The subgraph F1372

3 3 3
The subgraphs Y, I3 4 and Fy', are not connected.
Corollary

3
All subgraphs F;; , are not connected.
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Figure: The subgraph F1373

The subgraph F{ 3, F3 3, Fi 3, Fi 3, ;5 and Fg 3 are not connected.

Corollary

3
All subgraphs F; 5 are not connected.
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Figure: The subgraph F},

The subgraph F}, F3,, F3,, F3, F34 and F}, 5 are not
connected.

Corollary

All subgraphs F374 are not connected.
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Ifn > 5, then F2, is not connected.

,n
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