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Pseudo BL -algebras

pseudo BlL-algebra - an algebra
M= (M;®,V,N\, —,~,0,1) (2,2,2,2,2,0,0)
(i) (M;®,1) is a monoid (not neces. comm.),
© Is associative with neutral element 1.
(i) (M;V,A,0,1) is a bounded lattice.
() zoy<ziffr<y—ziffy <z~ 2z
r,y € M.
(iv) (r = y)Oz=2Ay =90y ~ x), T,y € M.
V) =y V(y—z)=1=(@~y) V(y~
y), T,y € M.
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(-groups

Ifz ©y =y ®ax, M-BL-algebra (Hajek)
r~ =x — 0, 27z ~ 0 two negations

Every pseudo MV-algebra is a pseudo
BL-algebra

Misgoodif x=™ = o™~
Is every pseudo BL-algebra good ?
Every pseudo MV-algebra is good
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¢-group (G;-,~1, e): po-group, < z < y then
axb < ayb, e-neutral element, < is a lattice

GT={9€G:g<e},G ={9geG:g<e}
Let I, J be sets with |J| < |1|.

A, p: J — I be Injections

(GH) W (GT),

r<yforallz e (G, ye (G,




Kites

a: 1 b1 ... for co-ordinates of elements of

(4 (4

(G7)!
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Kites

a;',b1, ... for co-ordinates of elements of

(G7)

/i, g;, ... for co-ordinates of elements of
(GT)’

l=(e Yl =(et:ieN0=¢e¢/=(e:jcJ)
(a;tiel)y~ (b;tiiel)={ab  Neliic
I)

(a;t:iel) = (b;tiel)=(bla;Net:ic

(4

I)
<a,’L_1: Z. E ]> e <f] :.j E. J> .: <C.L>\(J>.f]: t]. %K.itélszdo;bAlqebras.DS




(@it iel)y = (fizjeJ)={faup:j€J)







Theorem: K;"}(G) - pseudo BL-algebra
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Propertiesof Kites

Lemma 0.7 K;(G) is a pseudo MV-algebra
if and only if A\(J) =1 = p(J).

Lemma 0.8 K;*/(G) is a good pseudo
BL-algebra if and only if A(J) = p(J).

There are pseudo BlL-algebras that are not
good

If G is an Abelian ¢-group, K;%(G) can be
noncommutative
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Examples of kites

Kg:g((}) is the two-element Boolean algebra
for any ¢-group G
O be the trivial /-group. Then XA = d = p, and

K;7%(0) is the two-element Boolean algebra
for any choice of I and J.

if I =2, J=1,\0) =0, and p(0) = 1, we get
an algebra Kﬁ’f(G), Jipsen-Montagna

K;7{(Z) is not good

K, (Z) with A(i) = i.and p(i) =i +.1, foran

Aarhitrarvs -



Subdirectly irreducible kites

Theorem 0.9 Let G be an /-group, and
K;(G) a kite. The following are equivalent:

1. G Is subdirectly irreducible and for all
1,7 € I there exists m € w such that

(po A™H)™(i) = j or (Ao p~')"(i) = j.
2. K;(G) is subdirectly irreducible.




Subdirectly irreducible kites

Theorem 0.11 Let GG be an /-group, and
K;(G) a kite. The following are equivalent:

1. G Is subdirectly irreducible and for all
1,7 € I there exists m € w such that

(po A™H)™(i) = j or (Ao p~')"(i) = j.
2. K;(G) is subdirectly irreducible.

Lemma 0.12 Let K;"}(G) be a subdirectly

irreducible kite. Then, I and J are at most
countably infinite.




Lemma 0.13 If G is an ¢-group, K;%(G) a
subdirectly irreducible kite, and [ and J are
finite, then K7;(G) is isomorphic to one of:

L. Koy(G), K17(G), K15(G),

2. K)0(G), forn > 1, with A(j) = j and
p(j) = j+ 1 (mod n),

3. K)¥, ,(G), for n > 1, with A(j) = j and
p(j) =Jj+1.
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s s.i.
0 (Z) is s.
(i) =i+ 1. K5
Vi
=7 A1) =
_J_
| =




[=J=2ZXi)=1i,p(i)=i+1. K;5(Z)iss..

Take I = J =wand put \(i) =1, p(t) =i + 1.
The kite K;%(Z) is s.i.
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[=J=2ZXi)=1i,p(i)=i+1. K;5(Z)iss..
Take I = J=wand put \(i) =1, p(i) =7 + 1.
The kite K;%(Z) is s.i.

Take I = J =wandput \(i) =i+ 1, p(2) = 1.

We obtain an example which is symmetric,
but not isomorphic, to the previous one.
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Theorem 0.14 Let K;(G) be a subdirectly

irreducible kite. K A5((}) is isomorphic to:

0. Koy(G), K\'"(G), Kyp(G),

1. K)*(G), with \(j) = j and

p(j) = j + 1 (mod n).

K7%(G), with A(j) = j and p(j) = j + 1.
K;0(G), with A(j) = j and p(j) = j + 1.
K;0(G), with A(j) = j + 1 and p(j) = J.
Kyl ,(G), with A(jy = j and pfj) = j + 1.
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Corollary 0.15 A subdirectly irreducible kite
IS good If and only If it is either a pseudo

MV-algebra or it is K?;g((}), for a subdirectly
irreducible /-group G.
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Corollary 0.18 A subdirectly irreducible kite
IS good If and only If it is either a pseudo

MV-algebra or it is K?;g((}), for a subdirectly
irreducible /-group G.
Theorem 0.19 Every kite is subdirectly

embeddable into a product of subdirectly
Irreducible kites.
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Corollary 0.21 A subdirectly irreducible kite
IS good If and only If it is either a pseudo
MV-algebra or it is K?;g((}), for a subdirectly
irreducible /-group G.

Theorem 0.22 Every kite is subdirectly
embeddable into a product of subdirectly
Irreducible kites.

Theorem 0.23 For any integer n > 0, V(Z!)
IS a cover of the variety BA, and n #£ m

implies V (Z!) # V(Z1 ).
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Thank you for your attention
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