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Abstract

Abstract

An E-fuzzy group is a lattice-valued algebraic structure, defined on
a crisp algebra which is not necessarily a group. The crisp equality
is replaced by a particular fuzzy one - denoted by E. Classical
group-like properties are formulated as appropriate fuzzy identities
- special lattice theoretic formulas. We prove basic features of
E-fuzzy groups: properties of the unit and inverses, cancellability,
solvability of equations, subgroup properties and others. We also
prove that for every cut of an E-fuzzy group, which is a classical
subalgebra of the underlying algebra, the quotient structure over
the corresponding cut of the fuzzy equality is a classical group.
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Algebras

We use the structure of a complete lattice, denoted by
(L, A, V, <) with the smallest element, the bottom, 0, and the
greatest element, the top, 1.
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Preliminaries

Algebras

We use the structure of a complete lattice, denoted by

(L, A, V, <) with the smallest element, the bottom, 0, and the
greatest element, the top, 1.

A language (a type) £ — a set F of functional symbols, together
with a set of natural numbers (arities) associated to these symbols.
An algebra of type £L — A = (A, F); Ais a nonempty set and F is
a set of fundamental operations on A.

We use the notions of a subalgebra, term, identity, congruence
relation on A.
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A fuzzy (lattice valued) set ; on a nonempty set A (or a fuzzy
subset of A) is a function p: A — L.

A fuzzy set p on A is nonempty, if u(x) > 0 for some x € A.

If 1 and v are fuzzy subsets of A, then u is a fuzzy subset of v,
which we denote by i C v, if for every x € A, u(x) < v(x).
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Fuzzy structures

A fuzzy (lattice valued) set ; on a nonempty set A (or a fuzzy
subset of A) is a function p: A — L.

A fuzzy set p on A is nonempty, if u(x) > 0 for some x € A.

If 1 and v are fuzzy subsets of A, then u is a fuzzy subset of v,
which we denote by i C v, if for every x € A, u(x) < v(x).

If {p;i | i € I} is a family of fuzzy sets on the same domain A, then
the fuzzy intersection p = ({u; | i € I} of this family is a fuzzy
set on A, defined by

wu(x) = /\u,-(x)7 for every x € A.
i€l
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Fuzzy structures

A fuzzy (lattice valued) set ; on a nonempty set A (or a fuzzy
subset of A) is a function p: A — L.

A fuzzy set p on A is nonempty, if u(x) > 0 for some x € A.

If 1 and v are fuzzy subsets of A, then u is a fuzzy subset of v,
which we denote by i C v, if for every x € A, u(x) < v(x).

If {p;i | i € I} is a family of fuzzy sets on the same domain A, then
the fuzzy intersection ;o = (\{p; | i € I} of this family is a fuzzy
set on A, defined by

wu(x) = /\u,-(x)7 for every x € A.
iel
For p € L, a cut set of a fuzzy set n: A — L is a subset ji, of A
which is the inverse image of the principal filter in L, generated by

p: pp = {x € X[ pu(x) = p}.
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Preliminaries

Fuzzy structures

A fuzzy (lattice valued) set ; on a nonempty set A (or a fuzzy
subset of A) is a function p: A — L.

A fuzzy set p on A is nonempty, if u(x) > 0 for some x € A.

If 1 and v are fuzzy subsets of A, then u is a fuzzy subset of v,
which we denote by i C v, if for every x € A, u(x) < v(x).

If {p;i | i € I} is a family of fuzzy sets on the same domain A, then
the fuzzy intersection ;o = (\{p; | i € I} of this family is a fuzzy
set on A, defined by

wu(x) = /\u,-(x)7 for every x € A.
iel
For p € L, a cut set of a fuzzy set n: A — L is a subset ji, of A
which is the inverse image of the principal filter in L, generated by
p: pp ={x € X[ p(x) = p}.
A fuzzy (binary) relation p on A is a fuzzy set on A2, i.e., it is a
mapping p: A2 = L.
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relation on A. If for all x,y € A, p satisfies

p(x,y) < p(x) A ply),

then p is a fuzzy relation on p.
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p is reflexive if p(x, x) = p(x) for every x € A.
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Let u: A — L be a fuzzy set on A and let p : A2 — L be a fuzzy
relation on A. If for all x,y € A, p satisfies

p(x,y) < p(x) A ply),

then p is a fuzzy relation on p.
Let p be a fuzzy relation on a fuzzy set p of A.

p is reflexive if p(x, x) = p(x) for every x € A.

p is symmetric if p(x,y) = p(y,x) forall x,y € A;
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Preliminaries

Fuzzy relations on fuzzy sets

Let u: A — L be a fuzzy set on A and let p : A2 — L be a fuzzy
relation on A. If for all x,y € A, p satisfies

p(x,y) < p(x) A ply),

then p is a fuzzy relation on p.
Let p be a fuzzy relation on a fuzzy set p of A.

p is reflexive if p(x, x) = p(x) for every x € A.

p is symmetric if p(x,y) = p(y,x) forall x,y € A;

p is transitive if p(x,y) > p(x,z) A p(z,y) for all x,y,z € A.
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Preliminaries

A reflexive, symmetric and transitive relation p on u is a fuzzy
equivalence on .
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Preliminaries

A reflexive, symmetric and transitive relation p on u is a fuzzy
equivalence on pu.

A fuzzy equivalence relation p on p, fulfilling for all x,y € A,
XF Y,
if p(x, x) # 0, then p(x,x) > p(x, ),

is called a fuzzy equality relation on a fuzzy set pu.
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Preliminaries

If A= (A, F)is an algebra, then a fuzzy subalgebra of A is any
mapping p @ A — L which is not constantly equal to 0, and which
fulfils the following:

For any operation f from F with arity greater than 0,
f:A" - A neN, and for all a,...,a, € A, we have that

n

/\ :u(ai) < :U’(f(alv R an))v

i=1

and for a nullary operation (constant) c € F, u(c)=1.
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Preliminaries

If A= (A, F)is an algebra, then a fuzzy subalgebra of A is any
mapping p @ A — L which is not constantly equal to 0, and which
fulfils the following:

For any operation f from F with arity greater than 0,
f:A" - A neN, and for all a,...,a, € A, we have that

/\ :u(ai) < :U’(f(alv R an))v
i=1

and for a nullary operation (constant) c € F, u(c)=1.

In particular, if G = (G, -,7%,e) is a group, then p: G — L is
known to be a fuzzy subgroup of G if for all x,y € G,

p(x-y) = p() Ap(y) . p(x) = p(x), and p(e) = 1.
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Preliminaries

Let A = (A, F) be an algebra. A fuzzy relation p: A2 — L is
compatible with the operations in F if the following holds: for
every n-ary operation f € F and for all ay,...,ap,b1,...,bp € A

n

/\ p(ai, bj) < p(f(a1,...,an),f(b1,...,byn)), and
i=1
p(c,c) =1 for every constant (nullary operation) c € F.
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every n-ary operation f € F and for all ay,...,ap,b1,...,bp € A

n

/\ p(ai, bj) < p(f(a1,...,an),f(b1,...,byn)), and
i=1
p(c,c) =1 for every constant (nullary operation) c € F.

If pis a fuzzy relation on fuzzy subalgebra u of A, then we say that
it is compatible on p if it compatible with the operations in F.
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Preliminaries

Let A = (A, F) be an algebra. A fuzzy relation p: A2 — L is
compatible with the operations in F if the following holds: for
every n-ary operation f € F and for all ay,...,ap,b1,...,bp € A

/\ p(ai, bj) < p(f(a1,...,an),f(b1,...,byn)), and
i=1
p(c,c) =1 for every constant (nullary operation) c € F.

If pis a fuzzy relation on fuzzy subalgebra u of A, then we say that
it is compatible on p if it compatible with the operations in F.

A compatible fuzzy equivalence on  is a fuzzy congruence on
this fuzzy subalgebra.

A fuzzy equality on a fuzzy subalgebra p is a fuzzy congruence
on p, such that

p(x,x) # 0 implies p(x,x) > p(x, y).
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Fuzzy identity

If u(x1,...,xn) and v(x1,...,x,) are terms in the language of an
algebra A, where variables appearing in these terms are among
X1,...,Xp, We say that the expression

E(u(x1,...,xn),v(x1,...,Xn))

is a fuzzy identity.
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Fuzzy identity

If u(x1,...,xn) and v(x1,...,x,) are terms in the language of an
algebra A, where variables appearing in these terms are among
X1,...,Xp, We say that the expression

E(u(x1,...,xn),v(x1,...,Xn))

is a fuzzy identity.

Then, a fuzzy subalgebra i of A satisfies a fuzzy identity

E(u, v) with respect to fuzzy equality E¥ on y, if the following
condition is fulfilled for all a;,...,a, € A and the term-operations
u” and v on A corresponding to terms u and v respectively:

n

N\ 1(ai) < E*(uM(a1, ..., an), v (a1, - -, an)).
i=1
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The fact that a fuzzy subalgebra i of an algebra A fulfils a fuzzy
identity E(u, v), does not imply that the crisp identity u = v holds
on A. However, the converse does hold.
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The fact that a fuzzy subalgebra i of an algebra A fulfils a fuzzy
identity E(u, v), does not imply that the crisp identity u = v holds
on A. However, the converse does hold.

Proposition

Let u = v be an identity which holds on an algebra A. If p: A — L
is a fuzzy subalgebra on A, and E* a fuzzy equality on u, then the
fuzzy identity E(u, v) is satisfied on p with respect to E*.
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E-fuzzy algebra

Let

A= (A pu, EM
be a structure in which A = (A, F) is an algebra with a set F of
operations, . : A — L is a fuzzy subalgebra of A, EF: A> = Lis a
fuzzy equality on u. Then, we say that A is an E-fuzzy algebra.
If, in addition, F is a collection of fuzzy identities, and every fuzzy
identity from F is valid on p with respect to E*, then we say that
A satisfies all fuzzy identities from F.
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E-fuzzy algebra

Let

A= (A pu, EM
be a structure in which A = (A, F) is an algebra with a set F of
operations, . : A — L is a fuzzy subalgebra of A, EF: A> = Lis a
fuzzy equality on u. Then, we say that A is an E-fuzzy algebra.
If, in addition, F is a collection of fuzzy identities, and every fuzzy
identity from F is valid on p with respect to E*, then we say that
A satisfies all fuzzy identities from F.

In particular, here we deal with E-fuzzy algebras of the form

G = (G, u, E*), where G =(G,-,71,e) is an algebra with a binary
operation (- ), unary operation (~!) and a constant (e), u: G — L
is a fuzzy subalgebra of G, and E* : G?> — L is a fuzzy equality on

L.
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E-fuzzy group

Let

G=(G,u E")

be an E-fuzzy algebra in which G = (G,-,71, e) is an algebra with
a binary operation (- ), unary operation (71) and a constant (e).
Then G is an E-fuzzy group if the following fuzzy identities hold:

E(x-(y-2),(x-y)-2);

E(x-e,x), E(e-x,x);

E(x-xte), E(x1-x,e);
i.e., associativity, and properties of neutral and inverse elements,
respectively.
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E-fuzzy group

Let

G=(G,u, E")
be an E-fuzzy algebra in which G = (G,-,71, e) is an algebra with
a binary operation (- ), unary operation (71) and a constant (e).
Then G is an E-fuzzy group if the following fuzzy identities hold:

E(x-(y-2),(x-y)-2);

E(x-e,x), E(e-x,x);

E(x-xte), E(x1-x,e);
i.e., associativity, and properties of neutral and inverse elements,
respectively.
Element e is said to be the unit in G, and x~ 1 is the inverse of
element x in G. We also say that G = (G,-,71, e) is the
underlying algebra of E-fuzzy group G.
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According to the definitions, the fact that w is a fuzzy subalgebra
of G means that for all x,y € G

o p(x-y) = p(x) A ply),

o u(x71) = p(x),

° u(e) =

=WV

E-Fuzzy Groups
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According to the definitions, the fact that w is a fuzzy subalgebra
of G means that for all x,y € G

o u(x-y) = p(x)Aply),

o u(x1) > u(x)

o u(e)=1.
In addition, the requirement that G fulfills the listed group-like
fuzzy identities, means that for all x, y, z from G,

(1) E*(x-(y - 2),(x-y) - 2) 2 n(x) A uly) A p(2),
(il) E*(x-e,x) > p(x) and E*(e - x,x) = u(x),
(iii) E*(x-x71 e) = u(x) and EF(x71 - x,€) = u(x).
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Let G' = (G, u, EM) be a fuzzy algebra described above, fulfilling
the following:

(i) EF(x-(y-2),(xy)-2) 2 p(x) A uly) A p(2),
(ii') E#(x-¢,x) > u(x),
(iii") EM(x-x',€) = u(x),
for all x,y,z from G. Then, G' is an E-fuzzy group.
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Example

G=(G,n EM);
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Example

g= (g7M7 E”); g= ({e, a, b, C}, '771 , e)

O T L o
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Example
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Example

g= (g7M7 E”); g= ({e, a, b, C}, '771 , e)

O T L o
0O T v oo
L T 0 LW
o o T T|T
o T L 0|0
I
]
oo
Lo
S| O
(oW Ne}

L= ([Oa 1]’ <)'
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Example

g= (g7M7 E”); g= ({e, a, b, C}, '771 , e)

-‘e a b c
ele a b ¢ e 2 b c
ala c b a 71‘6 T <
b|b b e b
clc a b e

L=([0.1], <); “:<i 0?7 01.35 ff)
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Example

g= (g7M7 E”); g= ({e, a, b, C}, '771 , e)

-‘e a b c
ele a b ¢ ‘e 2 b c
ala c b a 71‘6 T <
blb b e b
clc a b e
e a b c
L= (0.1} <) “:<1 0.7 05 1)'
E“‘ e a b c
e 1 05 03 07
a |05 07 03 05
b |03 03 05 0.3
c |07 05 03 1
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Example

g= (g7M7 E”); g= ({e, a, b, C}, '771 , e)

-‘e a b c
ele a b ¢ ‘eabc
ala ¢ b a *1‘eabc
blb b e b
clc a b e
e a b c
L= w= (5 o7 e s )
E“‘ a b c

e
e |1 05 03 07
a |05 07 03 05
b |03 03 05 0.3
c |07 05 03 1

1 is a fuzzy subalgebra of G and E* is a fuzzy equality on p.
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Example

g= (g7M7 E”); g= ({e, a, b, C}, '771 , e)

-‘e a b c
ele a b ¢ ‘e 2 b c
ala c b a 71‘6 T <
b|b b e b
clc a b e
e a b c
E“‘ a b c

e
e |1 05 03 07
a |05 07 03 05
b |03 03 05 0.3
c |07 05 03 1

p is a fuzzy subalgebra of G and E* is a fuzzy equality on p.
G = (G, u, EM)is an E-fuzzy group.
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Let G = (G, -,71,e) be a group, i : (E — L its fuzzy subgroup,
and E" a fuzzy equality on u. Then, G = (G, u, E*) is an E-fuzzy
group.
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Let G = (G,u, E*) be an E-fuzzy group, and x € G such that
wu(x) #0. Then x - e =e-x = x, where e is a unit in G.
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Let G = (G,u, E*) be an E-fuzzy group, and x € G such that
wu(x) #0. Then x - e =e-x = x, where e is a unit in G.

We say that x € G is an idempotent element of a fuzzy group

G=(G,p, EM)if
E*(x - x,x) = p(x).
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Let G = (G,u, E*) be an E-fuzzy group, and x € G such that
wu(x) #0. Then x - e =e-x = x, where e is a unit in G.

We say that x € G is an idempotent element of a fuzzy group

G=(G,p, EM)if
E*(x - x,x) = p(x).

An element x € G such that j(x) > 0 is idempotent in an E-fuzzy
group G if and only if x is idempotent in G (i.e., if x*> = x).
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Let G = (G, p, E*) be an E-fuzzy group, and x € G SLiCh that
u(x) #0. Then x-e =e-x = x, where e is a unit in G.

We say that x € G is an idempotent element of a fuzzy group

G=(G.u EM)if
E¥(xx,%) > (x).

Theorem

An element x € G such that j(x) > 0 is idempotent in an E-fuzzy
group G if and only if x is idempotent in G (i.e., if x*> = x).

Theorem

| \

The unit e of an E-fuzzy group G = (G,p, EM) is a unique
idempotent element in G among those x € G for which p(x) > 0.
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Let G = (G,u, E*) be an E-fuzzy group and x € G, such that
p(x) > 0. Then (x71)~1 = x.
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Let G = (G,u, E*) be an E-fuzzy group and x € G, such that
p(x) > 0. Then (x71)~1 = x.

| A\

Corollary

IfG =(G,p, E*) is an E-fuzzy group and x € G such that
p(x) >0, then pu(x) = u(x~1).

\

B.&V. Budimirovi¢, B. Se3elja, A. Tepavievi¢ E-Fuzzy Groups



Theorem

Let G = (G, p, E*) be an E-fuzzy group and x € G, such that
p(x) > 0. Then (x 1)~ = x.

| A\

Corollary
IfG =(G,p, E*) is an E-fuzzy group and x € G such that
p(x) >0, then pu(x) = u(x~1).

| A

Theorem

Let G = (G, u, E*) be an E-fuzzy group such that for every

x € G, u(x) # 0. Let also t(x) be a term depending on a variable
x only. Then the fuzzy identity E(t(x), x) holds on G if and only if
the corresponding crisp identity t(x) = x holds on G.

A\
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Theorem

Let G = (G, p, E*) be an E-fuzzy group and x € G, such that
p(x) > 0. Then (x 1)~ = x.

| A\

Corollary

IfG =(G,p, E*) is an E-fuzzy group and x € G such that
p(x) >0, then pu(x) = u(x~1).

Theorem

Let G = (G, u, E*) be an E-fuzzy group such that for every

x € G, u(x) # 0. Let also t(x) be a term depending on a variable
x only. Then the fuzzy identity E(t(x), x) holds on G if and only if
the corresponding crisp identity t(x) = x holds on G.

| \

Corollary

Let G = (G, u, E*) be an E-fuzzy group such that for every x € G,
w(x) # 0. Then algebra G satisfies identity (x - x~1) - x = x.

v
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Corollary

Let G = (G,u, E*) be an E-fuzzy group, such that for every
x € G, u(x) > 0. Then, the underlying algebra G = (G, -, e)
fulfils:
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Corollary

Let G = (G,u, E*) be an E-fuzzy group, such that for every
x € G, u(x) > 0. Then, the underlying algebra G = (G, -, e)
fulfils:

@ e is a neutral and a unique idempotent element with respect
to the binary operation -

)

B.&V. Budimirovi¢, B. Se3elja, A. Tepavievi¢ E-Fuzzy Groups



Corollary

Let G = (G,u, E*) be an E-fuzzy group, such that for every
x € G, u(x) > 0. Then, the underlying algebra G = (G, -, e)
fulfils:

@ e is a neutral and a unique idempotent element with respect
to the binary operation -
1

)

@ unary operation —* is an involution, and
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Corollary

Let G = (G,u, E*) be an E-fuzzy group, such that for every
x € G, u(x) > 0. Then, the underlying algebra G = (G, -, e)
fulfils:

@ e is a neutral and a unique idempotent element with respect
to the binary operation -
1

)
@ unary operation —* is an involution, and

o identity (x - x~1) - x = x holds.
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We say that an E-fuzzy algebra A = (A, i1, E*) where the algebra
A = (A, F) has a binary operation - in F is cancellative with
respect to this operation, if for all x,y,z € A
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We say that an E-fuzzy algebra A = (A, i1, E*) where the algebra
A = (A, F) has a binary operation - in F is cancellative with
respect to this operation, if for all x,y,z € A

w(x) A u(y) Ap(z) NE#(x-y,x-z) < E*(y,z), and

u(x) A p(y) A p(z) NEF(y - x,z - x) < E¥(y, 2).
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We say that an E-fuzzy algebra A = (A, i1, E*) where the algebra
A = (A, F) has a binary operation - in F is cancellative with
respect to this operation, if for all x,y,z € A

n(x) Aply) A p(z) N EF(x -y, x-2z) < E¥(y,z), and

u(x) A p(y) A p(z) NEF(y - x,z - x) < E¥(y, 2).

An E-fuzzy group is cancellative. \
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Let G = (G,u, EM) be an E-fuzzy group. Then for all
X, Yy X1y ooy Xn € G
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Let G = (G,u, EM) be an E-fuzzy group. Then for all
X, Yy X1y ooy Xn € G

° E“((Xy)_l,y_lx_l) > p(x) A p(y)
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Let G = (G,u, EM) be an E-fuzzy group. Then for all
X, Yy X1y ooy Xn € G

° E“((Xy)_l,y_lx_l) > p(x) A p(y)

n
o EM((xi-xn) Lot ) = A nilxi).
i=1
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Let
E¥(a-x,b) and E*(y-a,b)

be formulas, where a, b € G, u(a) #0, u(b) # 0 and x, y are
unknown variables.
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Let
E¥(a-x,b) and E*(y-a,b)

be formulas, where a, b € G, u(a) #0, u(b) # 0 and x, y are
unknown variables. We say that these formulas are fuzzy
equations over the fuzzy group G.
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Let
E¥(a-x,b) and E*(y-a,b)

be formulas, where a, b € G, u(a) #0, u(b) # 0 and x, y are
unknown variables. We say that these formulas are fuzzy
equations over the fuzzy group G. Fuzzy equation E¥(a-x,b)is
solvable if there is an xp € G, such that
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Let
E¥(a-x,b) and E*(y-a,b)

be formulas, where a, b € G, u(a) #0, u(b) # 0 and x, y are
unknown variables. We say that these formulas are fuzzy
equations over the fuzzy group G. Fuzzy equation E¥(a-x,b)is
solvable if there is an xp € G, such that

w(a) A u(b) A p(xo) < EX(a- xo, b).
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Let
E¥(a-x,b) and E*(y-a,b)

be formulas, where a, b € G, u(a) #0, u(b) # 0 and x, y are
unknown variables. We say that these formulas are fuzzy
equations over the fuzzy group G. Fuzzy equation E¥(a-x,b)is
solvable if there is an xp € G, such that

w(a) A u(b) A p(xo) < EX(a- xo, b).

Analogously, fuzzy equation E*(y - a, b) is solvable if there is a
7Zo € G, such that
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Let
E¥(a-x,b) and E*(y-a,b)

be formulas, where a, b € G, u(a) #0, u(b) # 0 and x, y are
unknown variables. We say that these formulas are fuzzy
equations over the fuzzy group G. Fuzzy equation E¥(a-x,b)is
solvable if there is an xp € G, such that

w(a) A u(b) A p(xo) < EX(a- xo, b).

Analogously, fuzzy equation E*(y - a, b) is solvable if there is a
7Zo € G, such that

1(a) A p(b) A p(yo) < E*(yo0 - a, b).
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Let
E¥(a-x,b) and E*(y-a,b)

be formulas, where a, b € G, u(a) #0, u(b) # 0 and x, y are
unknown variables. We say that these formulas are fuzzy
equations over the fuzzy group G. Fuzzy equation E¥(a-x,b)is
solvable if there is an xp € G, such that

w(a) A u(b) A p(xo) < EX(a- xo, b).

Analogously, fuzzy equation E*(y - a, b) is solvable if there is a
7Zo € G, such that

1(a) A p(b) A p(yo) < E*(yo0 - a, b).

Elements xp and yp are solutions of equations
E*(a-x,b) and EH(y-a,b), respectively.
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Let
E¥(a-x,b) and E*(y-a,b)

be formulas, where a, b € G, u(a) #0, u(b) # 0 and x, y are
unknown variables. We say that these formulas are fuzzy
equations over the fuzzy group G. Fuzzy equation E¥(a-x,b)is
solvable if there is an xp € G, such that

w(a) A u(b) A p(xo) < EX(a- xo, b).

Analogously, fuzzy equation E*(y - a, b) is solvable if there is a
7Zo € G, such that

1(a) A p(b) A p(yo) < E*(yo0 - a, b).

Elements xp and yp are solutions of equations

Et(a-x,b) and EH(y-a,b), respectively. If u(xp) =0
(analogously 1(yo) = 0), then obviously xp (yo) is a solution of the
corresponding equation; we say that it is a trivial solution.
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Theorem

Let G = (G,u, E*) be an E-fuzzy group. Then, fuzzy equations
(i) E*(a-x,b) and (ii) E*(y - a,b)

have nontrivial solutions for arbitrary a, b € G, such that
(@) A u(b) # 0.
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E-fuzzy subgroup
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E-fuzzy subgroup

Let v : G — L be a nonempty fuzzy subset of a fuzzy set
w: G — L, E* afuzzy relation on p, and EV : G — L a fuzzy
relations on G. We say that EY is a restriction of E* to v if

B.&V. Budimirovi¢, B. Seselja, A. Tepavievi¢ E-Fuzzy Groups



E-fuzzy subgroup

Let v : G — L be a nonempty fuzzy subset of a fuzzy set
w: G — L, E* afuzzy relation on p, and EV : G — L a fuzzy
relations on G. We say that EY is a restriction of E* to v if

EV(x,y) = EF(x,y) Av(x) Av(y).

B.&V. Budimirovi¢, B. Seselja, A. Tepavievi¢ E-Fuzzy Groups



E-fuzzy subgroup

Let v : G — L be a nonempty fuzzy subset of a fuzzy set
w: G — L, E* afuzzy relation on p, and EV : G — L a fuzzy
relations on G. We say that EY is a restriction of E* to v if

EV(x,y) = EF(x,y) Av(x) Av(y).

Letv: G — L be a nonempty fuzzy subset of i : G — L, and E* a
fuzzy relation on p. Then a restriction EV of E¥ to v is a fuzzy
relation on v.
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Proposition

If EF : A> — L is a fuzzy equality on p: A — L, then the
restriction EY of E* to a nonempty fuzzy subset v of u is a fuzzy
equivalence on v. In addition, if i and v are fuzzy subalgebras of
an algebra A = (A, F), and E" is compatible with operations in F,
then also EY is compatible.
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Let GV = (G,p, E*) and Gv = (G,v, E") be fuzzy groups over
the same algebra G = (G,-,71,e). We say that G is an E-fuzzy
subgroup of E-fuzzy group G, if v is a fuzzy subset of y and E¥
is a restriction of E¥ to v.
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Let GV = (G,p, E*) and Gv = (G,v, E") be fuzzy groups over
the same algebra G = (G,-,71,e). We say that G is an E-fuzzy
subgroup of E-fuzzy group G, if v is a fuzzy subset of y and E¥
is a restriction of E¥ to v.

Theorem

Let G* = (G, , E*) be an E-fuzzy group and E' : G®> — L a
fuzzy relation on G, such that EY < EM. Let EY fulfils all
properties of a fuzzy equality except reflexivity. In addition, let E*
satisfies also the following condition:

E'(x,y) = E*(x,y) N EY(x,x) A EXy, y).

Now, let v : G — L be defined by v(x) := E'(x, x), for every
x € G. Then, GY = (G,v, EY) is an E-fuzzy subgroup of E-fuzzy
group G*.
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Let G* = (G, i, E*) be an E-fuzzy group, v : G — L a nonempty
fuzzy subset of u, and E¥ a restriction of E¥ to v. Then the
structure G¥ = (G, v, EV) is an E-fuzzy subgroup of G* if and only
if it is an E-fuzzy algebra.
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Theorem

{GH = (G, i, E*) | i€ I} be a nonempty family of E-fuzzy
subgroups of an E-fuzzy group G* = (G, p, EM), where

G = (G, -,7 1, e) is a given algebra. Further, for all x,y € G, such
that x # y, and \;c, pi(x) > 0, let

EF () A N\ GO A\ mily) < \ wi(x).
iel iel i€l

Finally, let 6 = (;c, i and let E’ be the restriction of E* to 4.
Then the structure G® = (G, 8, E?), is an E-fuzzy subgroup of
E-fuzzy group G.
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Cut properties
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Cut properties

Let G* = (G, u, E*) be an E-fuzzy algebra. Then, G* is an
E-fuzzy group if and only if for every p € L, the cut pp is a
subalgebra of G, the cut relation EJy is a congruence on i, and
the quotient structure u,/E} is a group.
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Cut properties

Theorem

Let GV = (G, n, E*) be an E-fuzzy algebra. Then, G* is an
E-fuzzy group if and only if for every p € L, the cut up is a
subalgebra of G, the cut relation EJy is a congruence on i, and
the quotient structure u,/E} is a group.

Theorem

Let G* = (G, u, E*) be an E-fuzzy group, such that j(x) # 0 for
every x € G, and let EV fulfils the following:

| A

for all x,y € G such that x # y, EF(x,y) < /\ w(z).
zeG

Then, the underlying algebra G of G is a group.

N
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Example
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Example
g - (N07@771 70)v
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Example
g:(NOa@77170)v NO:{Ovlvzﬂ"'}
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Example
g:(N07@77170)u N0:{0,1,2,...}
@ — a binary operation on Ny:
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Example
g:(N07@77170)u NOZ{O,I,Z,...}
@ — a binary operation on Ny:
L if x=y
X@Y'_{x—i—y if x#y’
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Example
g:(N07@77170)u NOZ{O,I,Z,...}
@ — a binary operation on Ny:
L if x=y
X@Y'_{x—i—y if x#y’

—1 — a unary operation on Ny defined by x~! = x.
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Example
g:(N07@77170)u NOZ{O,I,Z,...}
@ — a binary operation on Ny:
L if x=y
X@Y'_{x—i—y if x#y’

— a unary operation on Ny defined by x~1 = x.
A neutral element in G is 0, but @ is not associative, hence G is
not a group.

-1
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Example
g:(N07@77170)u NOZ{O,I,Z,...}
@ — a binary operation on Ny:

Y= U x4y if x#y

— a unary operation on Ny defined by x~1 = x.
A neutral element in G is 0, but @ is not associative, hence G is
not a group.

-1
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1 /0 pr 0 r 0 r
2 |r 0 pp 0 r O
3/0 r O p3 0 r
4 |r 0 r 0 pg O
510 r 0 r 0 ps

The structure G = (G, i, E*) is an E-fuzzy group.
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Cut subalgebras:
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Cut subalgebras:

p1 — the trivial one-element subalgebra {0}.
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Cut subalgebras:

p1 — the trivial one-element subalgebra {0}.
For every p, € L, pp, = {0, n}.
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Cut subalgebras:

p1 — the trivial one-element subalgebra {0}.
For every p, € L, pp, = {0, n}.

®[0 n Eh |0 n
00 n ; 0 |1 0.
nin 0 n [0 1
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Cut subalgebras:

p1 — the trivial one-element subalgebra {0}.
For every p, € L, pp, = {0, n}.

®[0 n Eh |0 n
00 n ; 0 |1 0.
nin 0 n [0 1

For every p, € L, the quotient structure u,,/E}, is a two-element
group, isomorphic to fip,.
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Thank you for your attention!
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