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Archimedean copulas

Theorem (Moynihan 1978)

A function C: [0,1]? — [0, 1] is an Archimedean copula if and only if
there is a convex strictly decreasing function f: [0,1] — [0, o0],
f(1) =0, so that

Clx,y) = fEV(f(x) + H(y)),

where the pseudo-inverse f(=1): [0, cc] — [0, 1] is given by
fED(u) = 1 (min(u, £(0))).

We denote by F, the class of all additive generators f of binary
copulas.
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n-ary Archimedean copulas

Theorem (McNeil and Neslehova 2009)

Letf: [0,1] — [0, 0] be a continuous strictly decreasing function
such that f(1) = 0 (i.e., an additive generator of a continuous
Archimedean t-norm). Then the function C: [0,1]" — [0, 1] given by

C(x1,...,Xy) = 1 (zn: f(x,-)) :
i=1

is an n-ary copula if and only if the function g: [—oo, 0] — [0, 1] given
by g(u) = f=V(—u) is (n — 2)-times differentiable with non-negative
derivatives ¢, ..., g"? on] — o0, 0[, and g("~2) is convex.

We denote by F, the class of all additive generators f generating
n-ary copulas, and by F. all universal additive generators.
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n-ary Archimedean copulas
Theorem (McNeil and Neslehova 2009)

Letf: [0,1] — [0, 0] be a continuous strictly decreasing function
such that f(1) = 0 (i.e., an additive generator of a continuous
Archimedean t-norm). Then the function C: [0,1]" — [0, 1] given by

C(x1,...,xy) =1 (Zn: f(x,-)) .
i=1

is an n-ary copula if and only if the function g: [—oo, 0] — [0, 1] given
by g(u) = f=")(—u) is (n — 2)-times differentiable with non-negative
derivatives ¢, ..., g"? on] — o0, 0[, and g("~2) is convex.
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Examples of universal generators

e fn(x) = —log x generates the product copula N
o f(x) = 1 —1is a generator of Ali-Mikhail-Haq copula
C(x Xp) = !
1,---54n) = n 1*(’771)

i=1%
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Mainstreams in construction

Solutions of some problem. For example Frank, Plackett, Clayton
and Gumbel copulas.

Ad hoc. For example Yager copulas (subfamily of Yager t-norms)
Aggregation functions preserving the classes of additive
generators (of binary copula) or of their pseudo-inverses.

Construction of additive generator of copulas
(binary,n-ary,universal) from some a-priori given function.

e ... from some a-priori given generator.
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Constructions from a given generator <1>

Proposition (Klement,Mesiar and Pap 2005)
Let ¢: [0,1] — [0, 1] be a concave automorphism (strictly increasing,
not necessarily a bijection; Sempi and Durante 2005). Then for any

f e F» also
fope Fo.

25



Constructions from a given generator <1>

Proposition (Klement,Mesiar and Pap 2005)

Let ¢: [0,1] — [0, 1] be a concave automorphism (strictly increasing,
not necessarily a bijection; Sempi and Durante 2005). Then for any
f e F, also

fo (RS Fo.

Example
Consider fn(x) = —log x and
p(x)=a+ (1 —a)x, ac]o,1].

Then fn o p(x) = —log(a+ (1 — a)x), x € [0,1], and the
corresponding copula is given by
C(x, y) = max (07 (a+(1—a)x)1(a+(1—a)y)—a) .

—a
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Constructions from a given generator <1>

Proposition (Klement,Mesiar and Pap 2005)
Letp: [0,1] — [0, 1] be a concave automorphism (strictly increasing,
not necessarily a bijection; Sempi and Durante 2005). Then for any
fe F, also

fopeF

Proposition (Bacigal, Juranova and Mesiar 2010)
Lety: [0,1] — [0, 1] be an automorphism of [0, 1] such that its
inverse p~1:[0,1] — [0, 1] is absolutely monotone on 0, 1] (i.e.,
(=MW (x) > 0 for any k € N and x €]0,1[). Then for any f € F.,
also

fope Fx
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Constructions from a given generator <2>

Proposition (Bacigal, Juranova and Mesiar 2010)
Letn: [0,00] — [0, 0] be a convex automorphism of [0, co]. Then for

any f € F, also
nofeF

Example
e n(u) = u* with f(x) = —log(x) leads to Gumbel family.

e n(u) =X =1, X €1, 00[, and n(u) = A7Y —1, X €]0, 1] gives
what was proposed in Junker and May (2005).
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Constructions from a given generator <2>

Proposition (Bacigal, Juranova and Mesiar 2010)
Letn: [0,00] — [0, 0] be a convex automorphism of [0, oc]. Then for

any f € F, also
nofeF

Example

e n(u) = u* with f(x) = —log(x) leads to Gumbel family.

e n(u) =X =1, X €1, 00[, and n(u) = A7Y —1, X €]0, 1] gives
what was proposed in Junker and May (2005).

Proposition
Letne {2,3,...}. Letn: [0,00] — [0, 0] be an automorphism such
that its inverse n=': [0, co] — [0, cc] has (n — 2) derivatives (all
derivatives) on 10, oo[, (")) (x) > 0 for all x €]0, co[ and
ke{1,...,n—2} (k € N) so that (n~")("=2) js a convex function.
Then for any f € F,, (any f € F,) also

nofeF, (nofeFux)
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Constructions from a given generator <3>

Proposition (Jagr, Komornikova and Mesiar 2010)

Letfe Fp,ne{2,3,...} U{+oo}. Then (f\)xejo,1] C Fn, where
fy: [0,1] — [0, o] is given by

f(x) = FOX) — F(V)

The parametric family (f\)xcj0,1) is non-trivial (i.e., its members
generates different copulas for different parameters) if and only if f
does not belong to the Clayton family of additive generators.

11/25



Multivariate Archimedean copulas Overview of known construction methods New construction methods

Constructions from a given generator <4>

Theorem (McNeil & Neslehova 2009)
For every f € F,, the function F: | — oo, co[— [0, 1] given by

0 ifx <0,
F(x) =

1_ n—2 xkgM(—x) x"1g" NV (—x)

k=0 — Kl (n=1) otherwise

is a distribution function of a positive random variable X (called also

positive distance function), where g(_”’” is the left-derivative of order
n—1.
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Constructions from a given generator <4>

Theorem (McNeil & Neslehova 2009)
For every f € F,, the function F: | — oo, co[— [0, 1] given by

{0 ifx <0,

1 n—2 xkgM(—x) x"1g" NV (—x)
T 2k=0" K T T (n7)

F(x) = .
otherwise

is a distribution function of a positive random variable X (called also
positive distance function), where g(_”’” is the left-derivative of order
n—1.

Due to (Williamson 1956), if F is a positive distance function, then, for
afixed n € N, the inverse transformation is given by

g(x) = /_Oo (1+ ?)"71 dF(t),

where x €] — 0, 0], g(—0) = 0.

12/25
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Constructions from a given generator <4>

Due to the two transformations, one can construct new additive
generators of (n-dimensional) copulas as follows:

o take, for an arbitrary m € {2, 3, ...}, an additive generator f € Fp,
introduce a positive distance function F

possibly modify F into a new positive distance function F (e.g.
F(x) = F(x — a) for a fixed constant a €]0, oo[)

apply the Williamson transform to F, considering a fixed
ne {2,3,...}, obtaining a function g: [-oc, 0] — [0, 1]

f linked to g is an additive generator from F,

13/25
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Constructions from a given generator <4>

Example
Consider fw € Fo with g(x) = max(0, x + 1). Then a positive distance
function is given by

0 x<1

F(x)=1-9g(-x) —xg" (—x) =
() =1-9(~x%) ~ xg () {1 ey
which is the Dirac distribution function focused in point x, = 1. For an
arbitrary n € {2,3,. ..}, the Williamson transform defines

§(x) = /_O: (1+ ;)M dF(t) = (1 +x)"", x €] 0,0

The related additive generator f(x) = 1 — X7 belongs to F.
Observe that f generates a non-strict Clayton copula with parameter
A = 1 (the weakest n-dimensional Archimedean copula).

14/25
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Constructions from a given generator <4>

s
F fm\\
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Constructions from a given function [1]

Theorem

Let h: [a,b] — [—o0, ox] be a strictly decreasing convex continuous
function. Then for any non-trivial bounded [c, d] C [a, b] (if
h(b) = —co then [c, d] C [a, b]) the function f; 4: [0,1] — [0, oo] given
by

fe.a(X) = h(c + x(d — ¢)) — h(d)

is an additive generator from F,.
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Constructions from a given function [1]

Example
Consider h(x) = e *. Then for any ¢, d €] — 0o, o[, ¢ < d,

foo(x) =@ (6+X(d=C) _ g=d _ g=¢ (e"‘(d‘c) — e_(d_c)) ,

fi2

Y
0 1

which generates the same binary copula as f\(x) = e~** — e~ with
A=d-c>0.

17/25
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Constructions from a given function [1]

Example

Consider h(x) = Then for any [c, d] C [0, o],

arctan X"

1 1

foa(X) = arctan(c + x(d — ¢)) ~ arctand

is an additive generator from F.
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Constructions from a given function [1]

Example
Consider h(x) = —log x. Then forany 0 < ¢ < d < oo,

fe.d(x) = —log(c + x(d — ¢)) — logd = —log(a+ (1 — a)x),

where a= $ € [0, 1], is an additive generator from F».

B N

/
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Constructions from a given function [1]

Theorem
Let h: [a, b] — [—o0, 0] satisfy the same constraints. Then:

e Ifforne {3,4...}, the inverse function h—' has (n — 2)
derivatives on |h(b), h(a)[ so that (h=")¥)(x) - (—1)k > 0 for all
ke {1,...,n—2} and x €]h(b), h(a)[, and (h—")("=2)(—1)k is
convex, then for any bounded interval [c, d] C [a, b] (if
h(b) = —co then d < b), the function f, 4 is an additive generator
from F,.

o If the inverse function h=" is totally monotone on h(b), h(a)],
then f; 4 belongs to F.

20/25
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Constructions from a given function [1]

Theorem
Let h: [a, b] — [—o0, 0] satisfy the same constraints. Then:

e Ifforne {3,4...}, the inverse function h—' has (n — 2)
derivatives on |h(b), h(a)[ so that (h=")¥)(x) - (—1)k > 0 for all
ke {1,...,n—2} and x €]h(b), h(a)[, and (h—")("=2)(—1)k is
convex, then for any bounded interval [c, d] C [a, b] (if
h(b) = —co then d < b), the function f, 4 is an additive generator
from F,.

o If the inverse function h=" is totally monotone on h(b), h(a)],
then f; 4 belongs to F.

Example

Define h(x) = —x%4. Obviously (h=")*)(u) = —33(—u)~"® is not
convex, thus for 0 < ¢ < d < oo, function

fo.a(X) = d%* — (¢ + (d — ¢)x)%* generates a 3-dimensional copula
but not a 4-dimensional copula.

Observe that fy 4(x) = d%4(1 — x°4) generates the Clayton copula
with parameter —0.4.

20/25
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Constructions from a given function [2]
Theorem

Let h: [a, b] — [—o0, x] satisfy the same constraints. Let
¢: [, B] — [a, b] be a concave increasing bijection. Then also the

function ho ¢: [, 8] — [—o0, 0] satisfies the constraints, i.e., for any
bounded interval [y, ¢] C [«, (] the function

f,,5(x) = h(o(y + (6 —7)x)) — h((9))

is an additive generator from F.

21/25
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Constructions from a given function [2]

Theorem

Let h: [a, b] — [—o0, x] satisfy the same constraints. Let

¢: [, B] — [a, b] be a concave increasing bijection. Then also the
function ho ¢: [a, 8] — [—00, 00| satisfies the constraints, i.e., for any
bounded interval [y, ¢] C [«, (] the function

f,5(X) = h(e(y + (6 = 7)x)) — h(p(5))
is an additive generator from F.

Example

Let again h(x) = —x%4* and introduce ¢(x) = \/x (concave increasing
bijection).

- due to <1>, fo.q 0 p)[0,11(X) = d®4 — (c+ (d — ¢)v/x)4,
- due to [1], ho p(x) = —x°2, we have
f5(x) = 6%2 — (v + (6 — 7)x)°?

Note that both f. 4 o 0,1] @and f, s are additive generators from F».

21/25
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Construction by gluing two generators

Theorem
Letfy, f, € F» and k €]0, 1] be given. Define a function
f:]0,1] — [0, oc], denoted also by f = f; *, f, by

AN if x € [0, K] fl_(k) f_(k)
f = fi(k T h 1— < 2—
(x) {gﬁii otherwise whenever fi(k) — f(k)
L) i x € [0, K],
f(x) = {Eﬁfﬁ; otherwise otherwise
fi (k) )
Then f € F>.

Note that due to the Williamson transform, this approach can be
extended for any dimension n.

22/25



Multiva

ate Archimec

copulas Overview of known construction methods New construction methods

Construction by gluing two generators

Example
Consider fw(x) =1 — x, fa(x) = —log x. For any fixed k €]0,1],
mlg = >z ‘gk = ;HE ). Therefore, f, = f *« fv is given by
log,(x) if x € [0, K],
=% otherwise.

The corresponding Archimedean copula Cy € Co is given by

xy if (x,y) € [0, k]?,
X+y—1 iftx+y>k+1,

Cx)={x k7% iftx<k<y,
y- k=% ify<k<x,

KT« otherwise.

The family (Cx)xejo,11 i continuous and strictly increasing in
parameter k, with limit members Cy = W and Cy =T1.

23/25
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Construction by gluing two generators
Example

Consider fy(x) =1 — x, fa(x) = —log x. For any fixed k €]0,1],
;%3 = _1 2K 1gk = ;ﬂg ). Therefore, f, = fyy +x fq is given by

1%’,: otherwise.

() = {Iogk(x) if x € [0, K],

(0, 1) (1,1
w
% - kIF
k(lf l)jélf/)
k
M y - kit
(0,0) k (1,0)
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Conclusions

o We have reviewed some construction methods known in the
literature for additive generators of copulas (2-dimensional,
n-dimensional, for any dimension), including a method based on
the Williamson transform.

o While these methods are based on an a priori knowledge of
some additive generators, we have introduced a rather general
construction method based on a given special real function h,
and yielding 2-parameter families of additive generators.

o Moreover, we have introduced a parametric family of methods
gluing two additive generators from 7, into a new additive
generator from 7.
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