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The FuzzME software package 

FuzzME = Fuzzy models of Multiple-criteria Evaluation (2010) 
 Successor of the Nefrit software package (1999) 
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The multiple-criteria evaluation problem 

The problem of study is to construct a mathematical model for evaluating 
alternatives with respect to a given goal, the fulfillment of which can be 
measured by a set of m criteria. Moreover: 

1. The set of alternatives is not supposed to be known in advance; the 
evaluation procedure must be applicable to individual incoming 
alternatives. 

2. The complex case of multiple-criteria evaluation is considered: 
 the number of criteria is large,  
 the structure of evaluator’s preferences on the criteria space is 

complex.  

3. The model must be able to process  expertly-defined data and use expert 
knowledge related to the evaluation process. Outputs from the model 
must be as much intelligible as possible.  
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Type of evaluation used  

 As we not only compare alternatives within a pre-specified set but we 
need to assess alternatives entering into the system one by one, we 
cannot work with evaluation of a relative type.  

 We must consider an evaluation of absolute type with respect to a 
given goal. 

 An appropriate crisp scale of evaluation is the interval [0,1] with the 
following interpretation of its values: 
 0 … the alternative does not meet the goal at all,  
 1 ….the alternative fully satisfies the goal;  
                …the degree to which the goal has been fulfilled.  

 The evaluation of an alternative can be conceived of as a membership 
degree to the fuzzy goal (see also Bellman & Zadeh, 1970).  
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Type of evaluation used 

In the evaluation models described further the evaluations are 
modeled by fuzzy numbers defined on the interval [0,1]. 
Comments: 
 A fuzzy number U is said to be defined on [0,1] if  
 A set of fuzzy numbers defined on [0,1] -  
 Any fuzzy number U can be characterized by a pair of functions 

 

 

       
      Therefore, the fuzzy number U can also be written as:  
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Type of evaluation used 

 These fuzzy evaluations on  [0,1] express uncertain degrees of 
fulfillment of the given goal by respective alternatives. 

 Goals correspond with type-2 fuzzy sets of alternatives.  
 The used aggregation methods preserve the type of 

evaluation. 

 Fuzzy evaluations expressing uncertain degrees of goals 
fulfillment will be implemented in the presented models on all 
levels of evaluation. 
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The basic structure of evaluation model 

 The evaluation structure is expressed by a goals tree. 
 Partial goals at the ends of the branches are connected with 

quantitative or qualitative criteria. 
 

 

 
G0 
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Process of evaluation 

1.  Partial fuzzy evaluations with respect to criteria  
2.  Consecutive aggregation of partial evaluations by means of: 

 fuzzified aggregation operators 
 fuzzy expert systems 

3.  The overall fuzzy evaluation  
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Evaluations according to qualitative criteria 

 Alternatives are evaluated verbally, by means of values of the 
linguistic variables of special types: 
 linguistic scales, e.g. “good” 
 extended linguistic scales, e.g. “good to very good” 
 linguistic scales with intermediate values, “between good and very good” 
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Evaluations according to quantitative criteria 

 Evaluations are calculated: 
 from the measured value of the criterion (crisp or fuzzy) 
  by means of the expertly defined evaluating function, 
    membership function of the corresponding partial goal. 

 
 

criterion: 
expected 
profitability 
of a project  
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Aggregation of the partial evaluations 

 The partial fuzzy evaluations are consecutively aggregated 
according to the structure of the goals tree 

 Supported aggregation methods: 
 FuzzyWA, 
 FuzzyOWA, 
 fuzzified WOWA, 
 fuzzified Choquet integral, 
 fuzzy expert system. 
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Fuzzified aggregation operators  
- normalized fuzzy weights 

 Definition 
     Fuzzy numbers V1, ... , Vm defined on [0,1] are called 

normalized fuzzy weights if for any                      and any 
                    the following holds:   
     For any vi    Viα there exist vj    Vjα, j=1,...,m, j ≠ i, such that 
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Fuzzified aggregation operators 
- Fuzzy Weighted Average 

 Definition 
 
 
 
 
 
 
 

  

 An effective algorithm was found for its calculation (Pavlačka). 
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Fuzzy Weighted Average - algorithm  
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Fuzzified aggregation operators 
- Fuzzy Weighted Average 

 Example 
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Fuzzified aggregation operators 
- Fuzzy Ordered Weighted Average 

 Definition 
  
 
 
 
 

 

 

 

 

 A similar algorithm as for FuzzyWA was developed (Bebčáková). 
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 Fuzzy Ordered Weighted Average - Algorithm 

 . 
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Fuzzified aggregation operators 
- Fuzzy Ordered Weighted Average 

 Example 1 
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Fuzzified aggregation operators 
- Fuzzy Ordered Weighted Average 

 Example 2 
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Fuzzified aggregation operators 
- Fuzzified WOWA 

 Definition 
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Fuzzified aggregation operators 
- Fuzzified WOWA 
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Fuzzified aggregation operators 
- Fuzzified WOWA 

 Example 
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Fuzzified aggregation operators 
- Fuzzified WOWA 

 Example  
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Fuzzified aggregation operators 
- Choquet integral 

 Definition 
 A fuzzy measure on a finite nonempty set G, G = {G1, G2,,…, Gm} 

is a set function                               satisfying the following axioms:  
 
 
 
 A fuzzy measure (a capacity) is a generalization of a clasic 

normalized measure, where aditivity is replaced by monotonicity. 

 In multiple criteria evaluation models a fuzzy measure (a capacity) 
describes relations of redundancy or compatibility that are 
present among the partial goals. 
 
 

 
 
 

[ ]: ( ) 0,1µ ℘ →G

( ) 0,    ( ) 1;     
 implies ( ) ( ),  for any , ( )

µ µ
µ µ

∅ = =
⊆ ≤ ∈℘

G
C D C D C D G

FSTA 2012 



27 27 

Fuzzified aggregation operators 
- Choquet integral 

 In case of redundancy, partial goals are overlapping – they have 
something in common. Therefore, the significance of this set of 
overlapping goals is lower than the sum of weights of individual goals. 
Weighted average cannot be used for aggregation of partial 
evaluations because the evaluation of the overlapping part would be 
included several times. 

 The opposite type of interaction is complementarity of partial goals.  
Fulfilling of all such partial goals brings some “additional value”. The 
total significance of the considered group of partial goals is then 
greater than the sum of significances of the individual goals. Again, the 
weighted average is not suitable for this case because this “additional 
value” would not be incorporated at all.  
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Fuzzified aggregation operators 
- Choquet integral 

 Example: redundancy - partial goals are overlapping 
     We want to evaluate high school students' aptitude for study of Science. 

The evaluation will be based on the students' test results in Mathematics, 
Physics, and Chemistry. 

     The fuzzy measure of the partial goals will be:  
      μ(Mathematics)=0.5, μ(Physics) = 0.4 and μ(Chemistry) = 0.3.  
     Students who are good at Math are usually also good at Physics. The 

reason is that these two subjects have a lot in common. 
     Therefore, we set the fuzzy measures:  
      μ(Mathematics, Physics) = 0.7< μ(Math) + μ(Physics)=0.9.  
      Similarly,  
      μ(Mathematics, Chemistry)=0.6 and μ(Physics, Chemistry)=0.6.  
      Naturally μ(Math, Physics, Chemistry) = 1, and μ(Ø) = 0.  
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Fuzzified aggregation operators 
- Choquet integral 

 Example: complementarity 
We would like to evaluate career perspective of young mathematicians 
according to three criteria – Mathematical Ability, English Proficiency and 
Communication Skills. The knowledge of Math is the most important for 
them but without the other skills they will not be able to publish and 
present their results, which is a necessity in science. The significances of 
sets of partial goals can be expressed by a fuzzy measure, say:  
μ(Ø) = 0,  
μ(Math) = 0.7, μ(English) = 0.1, μ(Communication) = 0.05,  
μ(Math, English) = 0.85, μ(Math, Communication) = 0.8, 
                                        μ(English, Communication) = 0.2,  
μ(Math, English, Communication) = 1.  
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Fuzzified aggregation operators 
- Choquet integral 

 Definition 
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Fuzzified aggregation operators 
- fuzzified Choquet integral 

 FNV-fuzzy measure is used – the importance of each subset 
of partial goals is expressed by a fuzzy number. 

 Definition 
 A FNV-fuzzy measure on a finite nonempty set G, G = {G1, 

G2,,…, Gm} is a set function                                        
satisfying the following axioms:  
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Fuzzified aggregation operators 
- fuzzified Choquet integral 

 Definition   
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Fuzzified aggregation operators 
- fuzzified Choquet integral - algorithm 
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Aggregation by fuzzy expert systems  
 

 It can be applied, even if the relationship between the partial 
evaluations and the total evaluation is very complicated.  

     (Fuzzy approximation theorems) 
 Evaluating function is defined linguistically by a fuzzy rule base. 
 Inference algorithms available in the system: 

 Mamdani inference  
 generalized Sugeno inference:  

 Sugeno – WA, Sugeno - WOWA 
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 Fuzzy expert systems  
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 Mamdani inference algorithm 
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 Sugeno WA inference algorithm 
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 Sugeno WOWA inference algorithm 
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Overall fuzzy evaluation  
 

 The final result of the consecutive aggregation 
 Fuzzy number on [0,1], degree of the total goal satisfaction. 
 The user obtains: 

 graphic representation  
 linguistic approximation  
    (by means of a linguistic scale, extended linguistic scale, 

linguistic scale with intermediate values) 
 centre of gravity, measure of uncertainty 
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Application of FuzzME in banking 

 Soft-fact-rating problem of one of the Austrian banks: 
 companies evaluation,  
 decision making about granting a credit, 
solved in co-operation with TU Vienna  

 Soft-fact-rating x hard-fact-rating 

 The original soft-fact-rating model of the bank: 
 criteria - 27 qualitative criteria 
 partial evaluations - discrete numeric scales with linguistic descriptors 
 aggregation – standard weighted average 
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Application of FuzzME in banking 

 Proposed fuzzy model: 
 partial evaluations - by linguistic fuzzy scales 
 aggregation: 

 
 
 
 
 
 
 
 
 

 the overall evaluation – linguistic approximation 
                                          graphical representation, centre of gravity 

 

analogy 
to the  
original 
model 

Sugeno-WOWA  
inference algorithm 

Fuzzy Minimum 
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Application of FuzzME in banking 
Fuzzy evaluation with respect to a qualitative criterion 
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Application of FuzzME in banking 
Fyzzy weighted average aggregation: Average Rating 
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Application of FuzzME in banking 
Fyzzy expert system aggregation, Sugeno-WOWA: Risk Rate - A 
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Application of FuzzME in banking 
Fyzzy expert system aggregation, Sugeno WOWA: Risk Rate - B 
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Application of FuzzME in banking 
Ordered fuzzy weighted average aggregation – Overall Evaluation  
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Application of FuzzME in banking 
Overall evaluations  –  linguistic approximation of results 

 

FSTA 2012 



48 

Contacts 

 A demo-version of the FuzzME software package:  

       http://FuzzME.wz.cz/ 
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