INTRODUCTION

Algebras of Fuzzy Sets

Rozélia Madardsz
Join work with I. Bosnjak, G. Vojvodié¢, M. Bradié

Department of Mathematics and Informatics,
Faculty of Science, University of Novi Sad, Serbia

FSTA 2012, Liptovsky Jan




INTRODUC

Subject of this talk

universal-algebraic investigations of fuzzy structures




INTRODUC

Subject of this talk

universal-algebraic investigations of fuzzy structures

lattice of idempotent fuzzy subsets of a groupoid




INTRODUCTION

Subject of this talk

universal-algebraic investigations of fuzzy structures

lattice of idempotent fuzzy subsets of a groupoid

generalization: algebras of fuzzy sets (fuzzy power algebras)-
results about homomorphisms, subalgebras, direct products




INTRODUCTION

Subject of this talk

universal-algebraic investigations of fuzzy structures
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generalization: algebras of fuzzy sets (fuzzy power algebras)-
results about homomorphisms, subalgebras, direct products

very new results: special kinds of fuzzy equalities, identities,
equational classes, Birkhoff-style theorems
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INTRODUCTION

The beginnings

coming from universal algebra, power structures...

Ray S., The lattice of all idempotent fuzzy subsets of a groupoid,
Fuzzy sets and systems, 96 (1998) 239-245.

F>(D) of all idempotent fuzzy subsets of a cancellative
semigroup D forms a complete lattice

results concerning the set F (D) of all fuzzy subsets of D and its
substructures F_; (D) and F;(D).

If D is a cancellative groupoid, then the sup-min product is
distributive over an arbitrary intersection of fuzzy sets in F (D) !
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Lattice of fuzzy sets of a groupoid

D = (D, -) a groupoid, F (D) all fuzzy subsets of D,
w:D —[0,1]
sup-min product of two fuzzy subsets A\ and pu:

(A p)(x) = sup min(A(a), u(b)).

x=ab

FouD)={ e FD) | AT XA}
FoD)={Ae F(D) | A= X- A}

, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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RID and LID groupoids

Definition

For a groupoid G we will say that it is right intersection-distributive
(RID) if for any family {\; | i € I} C F(D) and any p € F(D) it

holds
O (M) m=w.

i€l i€l
Similarly, D is left intersection-distributive (LID)
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Definition

For a groupoid G we will say that it is right intersection-distributive
(RID) if for any family {\; | i € I} C F(D) and any p € F(D) it

holds
O (M) m=w.

i€l iel

Similarly, D is left intersection-distributive (LID)

The only RID semigroups are left-zero semigroups. The only
LID semigroups are...

A finite groupoid can not be both RID and LID.

An infinite groupoid D is both RID and LID iff in its Cayley
table every element from D appears at most once.

There are infinite groupoids which are at the same time RID and
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Results

Theorem

(1) A groupoid D is RID iff D satisfies the quasiidentity
Xy=2t = X=2.
(2) A groupoid D is LID iff D satisfies the quasiidentity

YX=1Z=>X=2.
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INTRODUCTION

Results

Theorem

(1) A groupoid D is RID iff D satisfies the quasiidentity

Xy=2t = X=2.
(2) A groupoid D is LID iff D satisfies the quasiidentity

YX=1Z=>x=2Z

Theorem

Let D be a groupoid. Then F, (D) is a complete lattice which is a
complete join-sublattice of (D), and a complete meet-sublattice of

F_1(D).
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Different approaches

different degree of generality: first concrete algebras (fuzzy
groups, lattices, vector spaces,...) then unifying results
(homomorphisms, congruences, factor algebras,...)

different structures of truth degree: real unit interval (standard
Godel, Lukasiewicz or product structure), complete lattices,
residuated lattices,...

different fuzzyfication: what is fuzzyfied - the universe,
operations, equality relation,...

We choose: universal algebras, complete residuated lattices
(sometimes, complete lattices), and trying to connect different
fuzzyfications...
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Residuated lattices

A residuated lattice is an algebra £ = (L, A\, V,0, 1, ®, —) where
(L,A,V,0,1,) is a lattice with the least element 0 and the
greatest element 1.

(L,®, 1) is a commutative monoid.
® and — satisfy the adjointness property, i.e. x <y — z iff
x ®y < z holds.

If the lattice (L, A, V, 0, 1,) is complete, then L is a complete

residuated lattice.

introduced by Ward and Dilworth in 1939, in ring theory.
Gougen (1967): as a structure of truth values in fuzzy logic;

Pavelka (1979)
examples: on |0, 1|, Lukasiewicz, Godel andproduct structures
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fuzzy equivalence: a binary fuzzy relation on A which is

o reflexive: n(x,x) = 1, for all x € A,

e symmetric: n(x,y) = n(y, x), for x,y € A,

e transitive: n(x,y) ® n(y,z) < n(x,z), forall x,y,z, € A.
fuzzy equality: fuzzy equivalence relation 7 if from 7(x,y) = 1
it follows x = y.
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extension principle: how to extend a function
f:X;x---xX, = Yintof : X1 x ... x LX» — LY (L. Zadeh)
applications: fuzzy arithmetic, engineering problems, analysis of
discrete dynamical systems, fuzzy fractals, fuzzy transportation
problems...

Let £ be a complete lattice or a complete residuated lattice,
f:X;x---xX, =Y. Definef : [X1 x ... x X LY

Flu om0 =\ m@) A A (). (D)




ALGEBRAS OF FUZZY SETS

If we have a residuated lattice, f : X X --- X X;, — Y, we can
extend it to a function f : LX1 x - .- x LX* — LY in an alternative
way:

Pl m® =\ me)@omb). @

X €X;
F(xpseeesxn)=y




ALGEBRAS OF FUZZY SETS

If we have a residuated lattice, f : X X --- X X;, — Y, we can
extend it to a function f : LX1 x - .- x LX* — LY in an alternative
way:

Pl m® =\ me)@omb). @

X €X;
F(xpseeesxn)=y

extension principle in the context of algebras:
e Murali (1991); set of truth values: real unit interval (min/max)

i¢, M. Bradic¢




ALGEBRAS OF FUZZY SETS

If we have a residuated lattice, f : X X --- X X;, — Y, we can
extend it to a function f : LX1 x - .- x LX* — LY in an alternative
way:

Pl m® =\ me)@omb). @

X €X;
F(xpseeesxn)=y

extension principle in the context of algebras:

e Murali (1991); set of truth values: real unit interval (min/max)

o Esik, Liu (2007) used this structures to prove “Kleene theorems”
for fuzzy tree languages; set of truth values: completely
distributive lattice




ALGEBRAS OF FUZZY SETS

If we have a residuated lattice, f : X X --- X X;, — Y, we can
extend it to a function f : LX1 x - .- x LX* — LY in an alternative
way:

Pl m® =\ me)@omb). @

X €X;
F(xpseeesxn)=y

extension principle in the context of algebras:

e Murali (1991); set of truth values: real unit interval (min/max)

o Esik, Liu (2007) used this structures to prove “Kleene theorems”
for fuzzy tree languages; set of truth values: completely
distributive lattice




ALGEBRAS OF FUZZY SETS

Algebra of fuzzy sets 1

Definition

Let £ be a complete lattice or a residuated lattice and

A= (A {f | f € Q}) be a universal algebra. If f €  is an n-ary
fundamental operation of A, define f : F (A)" — F(A) in the
following way:

Pl om0 = N mla) A A ().

The algebra F/\(A) = (F(A), {f" | f € Q}) will be called the
N-algebra of fuzzy sets induced by A.

R. Madarasz, I BoSnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Algebra of fuzzy sets 2

Let £ be a residuated lattice and A = (A, {f | f € §2}) be a universal
algebra. If f € €2 is an n-ary fundamental operation of .4, define
7% F(A)" = F(A) in the following way:
®
s om® =\ mba)®- - ® palx).

X €X;
f(X] <<<<< Xn)=y

The algebra F&(A) = (F(A), {f° | f € 2}) will be called the
®-algebra of fuzzy sets induced by A.
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Algebra of fuzzy sets 2

[ Definition |
Let £ be a residuated lattice and A = (A, {f | f € §2}) be a universal
algebra. If f € €2 is an n-ary fundamental operation of .4, define

7% F(A)" = F(A) in the following way:

Pl om®) =\ mE) @ ® ().

X €X;
f(X] <<<<< Xn)=y

The algebra F&(A) = (F(A), {f° | f € 2}) will be called the
®-algebra of fuzzy sets induced by A.

Of course, if £ is a complete Heyting algebra, or more specially, if
L = {0, 1}, the two kinds of induced algebras of fuzzy sets coincide.

R. Madarasz, I BoSnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Power algebras 1

crisp case: both kinds of induced algebras of fuzzy sets become
the ordinary power algebra of A ( algebra of complexes or
global of A).

Definition

Let A be a non-empty set, P(A) the set of all subsets of A, and
f: A" — A. We define /™ : P(A)" — P(A) in the following way:

FrXe, o, X)) = {f ety X0) | X1 € X1,y 0 € X0 )

If A= (A, {f | f € Q}) is an algebra, the power algebra (or complex
algebra, or global) P(.A) is defined as:

P(A) = (P(A),{f" |f € Q}).

R. Madarasz, I BoSnjak, G. Vojvodi¢, M. Bradi¢

University of Novi Sad
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Power algebras 2

crisp power algebras are used:

e group theory, semigroup theory

o lattices ( the set of ideals of a distributive lattice L again forms a
lattice, and meets and joins in the new lattice are precisely the
power operations of meets and joins in L)

o formal language theory (the product of two languages is simply
the power operation of concatenation of words)

e non-classical logics (Jonsson, Tarski, Boolean algebras with
operators...)
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Power algebras 2

crisp power algebras are used:

e group theory, semigroup theory

o lattices ( the set of ideals of a distributive lattice L again forms a
lattice, and meets and joins in the new lattice are precisely the
power operations of meets and joins in L)

o formal language theory (the product of two languages is simply
the power operation of concatenation of words)

e non-classical logics (Jonsson, Tarski, Boolean algebras with
operators...)

Proposition

Let A be any universal algebra, and £ the usual two element Boolean
algebra. Then both of A-algebra and the ®-algebra of L-fuzzy sets
induced by A coincide with the power algebra of A, i.e.




ALGEBRAS OF FUZZY SETS

Homomorphisms 1

Definition

Let A and B be algebras of the same type (2. A mapping o : A — B is
a homomorphism from A to B if for all n > n, all f € Q,,, all
a,az,...,an €A,

afMar,az, ... an) =fBlalar), ala), . .., alay)).

Proposition

Let £ be a lattice or a residuated lattice. Then:

Ifa:A—B,B3:B— C,then(foa)=pBoa.
If « : A — B is a bijection, then @ : F(A) — F(B) is also a
bijection.

Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad




ALGEBRAS OF FUZZY SETS

Homomorphisms 2

Let o : A — B be a homomorphism. Will the induced mapping

@ : F(A) — F(B) be a homomorphism from F®(A) to F%(B), and
from F"(A) to F(B)? The two kinds of induced algebras of fuzzy
sets do not behave in the same way!

G. Vojvodi¢, M. Bradi¢ University of Novi Sad




ALGEBRAS OF FUZZY SETS

Homomorphisms 2

Let o : A — B be a homomorphism. Will the induced mapping

@ : F(A) — F(B) be a homomorphism from F®(A) to F%(B), and
from F"(A) to F(B)? The two kinds of induced algebras of fuzzy
sets do not behave in the same way!

Theorem

Let £ be a complete residuated lattice, .A and 3 two algebras of type
Q. If a : A — Bis ahomomorphism, then @ : F&(A) — F®(B) is
also a homomorphism.

BUT: there are algebras A, 3, a complete lattice L, such that
a : A — Bis ahomomorphism, but @ : 7" (A) — F"(B) is not a
homomorphism!

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad




INTRODUCTION ALGEBRAS OF FUZZY SETS FUZZY EQUALITIES

Example

S SR
S

a

b
Let £ be the pentagon (with0 < r < ¢ < 1,0 < p < 1, p not being
comparable to r or g). There is a homomorphism from A to B such

that@ : F/*(A) — F(B) is not a homomorphism.

i¢, M. Bradic¢ ive f Novi Sad




ALGEBRAS OF FUZZY SETS

Theorem

Let £ be a completely distributive lattice, A and B two algebras of
type Q. If a : A — B is a homomorphism, then
a: FMNA) — F/(B) is also a homomorphism.

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Theorem

Let £ be a completely distributive lattice, A and B two algebras of
type Q. If a : A — B is a homomorphism, then
a: FMNA) — F/(B) is also a homomorphism.

Theorem

Let £ be a complete lattice or a complete residuated lattice, and A a
subalgebra of algebra B. Then F”*(A) can be embedded into the
algebra 7\ (B).
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Theorem

Let £ be a completely distributive lattice, A and B two algebras of
type Q. If a : A — B is a homomorphism, then
a: FMNA) — F/(B) is also a homomorphism.

Theorem

Let £ be a complete lattice or a complete residuated lattice, and A a
subalgebra of algebra B. Then F”*(A) can be embedded into the
algebra 7\ (B).

Theorem

Let £ be a complete residuated lattice, and A a subalgebra of algebra
B. Then F®(A) can be embedded into the algebra F(B).
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ALGEBRAS OF FUZZY SETS

Fuzzy products 1

Definition

The fuzzy product of the family of fuzzy subsets (n; € F(A;) | i € I)
is the fuzzy subset [["n; : [JA; — L defined in the following way: if

x € [[A;, where x; = x(i) for i € I, then

(H (mi | i€ /\{n,xl |i€il}.

University of Novi Sad
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ALGEBRAS OF FUZZY SETS

Fuzzy products 1

Definition

The fuzzy product of the family of fuzzy subsets (n; € F(A;) | i € I)
is the fuzzy subset [["n; : [JA; — L defined in the following way: if
x € [[A;, where x; = x(i) for i € I, then

QT i € D)) = Admit) | i € iy,

Theorem

Let £ be a completely distributive lattice and (A; | i € I) be a family
of algebras of the type (2. The mapping

¢ : [igs F(A) > F([ligy4i) defined by o) = [Tn(i) is a
homomorphism from [],., F"(A;) to F*(I];; Ai)-

<, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Fuzzy products 2

It is not hard to see that the above defined mapping
@ : [Lie; F(Ai) = F(I];c; Ai) is not necessarily injective.

Example

Take L = [0, 1], I = {1,2,3} and 1y, 72, 3, 74 : A — L such that
n(x) =0.1, forallx €A

m(x) =0.1, forallx € A

m(x) =09, forallx €A

na(x) = 0.8, forallx € A

Then ©((11,m2,m3)) = ¢((11,72,74)) = p, where pu(x) = 0.1 for all
x €A.

<, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Fuzzy products 3

Definition

F+(A) C F(A) is defined by
Fi(A)={n:A—=L|(FxcA) nkx) =1}

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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ALGEBRAS OF FUZZY SETS

Fuzzy products 3

Definition

F+(A) C F(A) is defined by
Fi(A)={n:A—=L|(FxcA) nkx) =1}

Theorem

Let (A; | i € I) be a family of sets. Then the mapping

¢+ : [Ties F+ (A) = Fi([Tics Ai) defined by ¢ (n) = [Tiem(i) is
injective.

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Fuzzy products 3

Definition
F+(A) C F(A) is defined by
Fi(A)={n:A—=L|(FxcA) nkx) =1}

Theorem

Let (A; | i € I) be a family of sets. Then the mapping

¢+ t [Lies F+(Ai) = F1([1ie; Ai) defined by ¢ (n) = Hleﬂ?( i) is
injective.

Theorem

Let .A be an algebra of type 2. Then F (A) is a subuniverse of the
algebras F/(A) and F®(A).

<, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Fuzzy products 4

It can be proved that the two kind of algebras of fuzzy sets behave in
different way in respect to direct products.

Theorem

Let £ be a completely distributive lattice and (A; | i € I) be a family
of algebras of the type (2. The mapping

¢ : [Lies F(Ai) = F([1ic;Ai) defined by o(n) = [["n(i) is a
homomorphism from [],.; F*(A;) to FA([T,c; Ai)-

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Fuzzy products 4

It can be proved that the two kind of algebras of fuzzy sets behave in
different way in respect to direct products.

Theorem

Let £ be a completely distributive lattice and (A; | i € I) be a family
of algebras of the type (2. The mapping

¢ : [Lies F(Ai) = F([1ic;Ai) defined by o(n) = [["n(i) is a
homomorphism from [],.; F*(A;) to FA([T,c; Ai)-

BUT: We can construct two algebras .4; and A, such that the
mapping ¢ : F(A;) X F(Ay) — F(A; x A;) defined by
o((n,u)) = Hl{\e{hz}n(i) is not a homomorphism from
.7:®(./41) X ]:®(./42) to ]:®(.A] X ./42)

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Example

Example

The algebras .A; and A, will be groupoids given respectively by their

Cayley’s tables:
a b - |lc d
a|b a clc d
b|b b d|lc c

Let £ be standard residual lattice on the real unit interval [0,1] with
the product structure, i.e. ® is the usual product of real numbers. Let

us take n = (1, M), = (w1, p2), where 1y (a) = 0.6, m2(c) = 0.5,
u1(b) = 0.7, ua(d) = 0.8. It can be proved that

(o(n - p)({a,d)) # (p(n) - p(p)({a,d)).

<, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Algebras with fuzzy equalities

Proposition

Let £ be a complete residuated lattice, A a universal algebra, and =
the similarity relation defined on F(A) = L# by

(n =~ p) = A{n(x) <> u(x) | x € A}. Then the structures (F(A), ~)
and (F®(A),~) are algebras with fuzzy equality.

G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Algebras with fuzzy equalities

Proposition

Let £ be a complete residuated lattice, A a universal algebra, and =
the similarity relation defined on F(A) = L# by

(n ~ u) = A{n(x) +> u(x) | x € A}. Then the structures (F"(A), ~)
and (F®(A), ~) are algebras with fuzzy equality.

Definition (Belohlavek)

Let £ be a complete residuated lattice, (A, €2) be a universal algebra,
and ~ an fuzzy equality on A. Then the structure A = (A, 2, ~) is an
L-algebra with fuzzy equality if each operation f € () is compatible
with =, i.e. for any n-ary f € €, forall ay, ..., a,,by,...,b, € A we
have (a; = b)) ® - -+ ® (ay = by) < f(ay,...,an) = f(b1,...,by).

<, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Fuzzy (sub)algebras and equalities

Definition (B. Seselja, A. Tepavéevic)

Let A be a universal algeba of type €2, L a complete lattice, o : A — L
a fuzzy (sub)algebra of A. A p-fuzzy equality is any binary fuzzy
relation E : A> — L such that:

(x,y) < p(x) = E(x,x), for all different x,y € A,
(x,y) = E(y,x), forall x,y € A,

E(x,y) NE(y,z) < E(x,z), forall x,y,z € A,
E(ai,by) NE(az,by) A -+ A\ E(ay,by) <
E(f(ay,...,an),f(b1,...,by)), for all...

E
E

<, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Fuzzy (sub)algebras and equalities

Definition (B. Seselja, A. Tepavéevic)

Let A be a universal algeba of type €2, L a complete lattice, o : A — L
a fuzzy (sub)algebra of A. A u-fuzzy equality is any binary fuzzy
relation E : A2 — L such that:

E(x,y) < p(x) = E(x,x), for all different x,y € A,
E(x,y) = E(y,x), forall x,y € A,

E(x,y) NE(y,z) < E(x,z), forall x,y,z € A,
E(ai,by) NE(az,by) A -+ A\ E(ay,by) <
E(f(ay,...,an),f(b1,...,by)), for all...

Let A be a universal algeba of type €2, L a complete lattice. Then
1A — Lis afuzzy (sub)algebra of A if for all...

ai) A ular) A - A ula) < U

<, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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we can get the other direction of the HSP theorem?
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FUZZY EQUALITIES

Right (u, r) relation

algebras with fuzzy equality : variety theorem (Belohlavek)
fuzzy (sub)algebras with fuzzy equality: one direction of variety
theorem

Question: How to modify the definition of p-equality, such that
we can get the other direction of the HSP theorem?

Milanka Bradi¢ (PhD student): a new definition of u-equality...

Definition

Let M be a universal algebra of, £ a residuated lattice, r € L, and
w: M — L. The right (u, r) relation is the fuzzy relation
~M: M x M — L defined in the following way:

3)

{ (@) V (b)) = . a £ b

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Example

Let N be the set of positive integers, and M = (N, +,-),r =1/3, L
standard lattice on [0, 1] (Lukasiewicz or product structure - Godel is
trivial in this case!),

1 1
p(n) =ger min <3 + p 1> . @

If ~: N x N — L is the right (u, r) relation:

1, m=n
’"””‘f’ef{ (n(m) vV p(n)) = 5 m#n.

&)

Then:
wu(n) € (r,1], forallm € N,
p(m +n) < p(m) and pu(m - n) < p(m)

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad

zzy Sets
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Right similarity with Lukasiewicz structure

a b w(a) w(b) a~b
60000 | 90000 0,33335 | 0,33334 | 0,99997
60000 | b > 60000 | 0,33335 | u(b) 0,99997
500 60000 0,33533 | 0,33335 | 0,998
500 b > 500 0,33533 | u(b) 0,998

5 30000 0,53333 | 0,33337 | 0,8

5 b>5 0,53333 | u(b) 0.8

3 5 0,66667 | 0,53333 | 0,66667
3 b>3 0,66667 | u(b) 0,66667
2 b>2 0,83333 | u(b) 0,5

1 b>1 1 1(b) I

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Right similarity with the product structure

a b w(a) w(b) a~b
60000 | 90000 0,33335 | 0,33334 | 0,99995
60000 | b > 60000 | 0,33335 | u(b) 0,99995
500 60000 0,33533 | 0,33335 | 0,99404
500 b > 500 0,33533 | u(b) 0,99404
5 30000 0,53333 | 0,33337 | 0,625

5 b>5 0,53333 | u(b) 0,5

3 5 0,66667 | 0,53333 | 0,5

3 b>3 0,66667 | u(b) 0,4

2 b>2 0,83333 | u(b) 0,5

1 b>1 1 1(b) I

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Theorem

Let M be a universal algebra of type €2, £ a residuated lattice, r € L,
p:M — L,and ~™M: M x M — L the right (u, r) relation.
Suppose that r < p(m) for allm € M and for all f € Q,,n > 1, it
holds

n

:u’(fM(ml? 7mn)) < /\,u(m,), forallml,...,mn €M7 (6)

i=1

Then (M, 2, ~™) is an £—algebra with fuzzy equality.

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Theorem

Let M be a universal algebra of type €2, £ a residuated lattice, r € L,
p:M — L,and ~™M: M x M — L the right (u, r) relation.
Suppose that r < p(m) for allm € M and for all f € Q,,n > 1, it
holds

n

:u’(fM(ml? 7mn)) < /\,u(m,), forallml,...,mn €M7 (6)

i=1
Then (M, 2, ~™) is an £—algebra with fuzzy equality.
RESULTS:
right (u, ) identity,
right (u1, r) equational class of algebras (r is fixed, u not)
Birkhoff-like theorems! (HSP stability and equational classes)

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad

as of Fuzzy Sets
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Left (1, ) relation

Definition

Let M be a universal algebra of, £ a residuated lattice, s € L, and
i : M — L. The left (1, s) relation is the fuzzy relation
~M: M x M — L defined in the following way:

M . 1, a=b
@0 = { Ly Gy o), apt @

Example: financial mathematics (money, debt, credits,
creditworthiness, solvency,...)

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad
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Theorem

Let M be a universal algebra of type €2, £ a residuated lattice, s € L,
p:M — L, and ~™: M x M — L the left (u, s) relation. Suppose
that p(m) < s for allm € M and for all f € Q,, n > 1, it holds

n

\/u(mi) < ,u(fM(ml, oo ymy) forallmy, ... ,m, € M,
i=1

Then (M, Q, ~™) is an £—algebra with fuzzy equality.

asz, I BoSnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad

of Fuz:
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Theorem

Let M be a universal algebra of type €2, £ a residuated lattice, s € L,
p:M — L, and ~™: M x M — L the left (u, s) relation. Suppose
that p(m) < s for allm € M and for all f € Q,, n > 1, it holds

n

\/u(mi) < ,u(fM(ml, oo ymy) forallmy, ... ,m, € M,
i=1

Then (M, Q, ~™) is an £—algebra with fuzzy equality.

RESULTS:
left (1, s) identity,
left (1, s) equational class of algebras (r is fixed, u not)
Birkhoff-like theorems! (HSP stability and equational classes)

R. Madarasz, I Bosnjak, G. Vojvodi¢, M. Bradi¢ University of Novi Sad

as of Fuzzy Sets
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Further directions

properties of special equational classes
back to groupoids!

structure of truth values as parameter! (how this impact the
results)

applications?




FUZZY EQUAL

Thank you for your attention!
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