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Effect algebras

(E;®,0,1) is an effect algebra if @ is a partially defined
operation s.t. for all p, ¢, r € E:

(El) p@®q=qa®p.
(E2) p@(¢gdr)=(pDq) .

(E3) For every p € E there exists a unique g € E such that
p®qg=1.

(E4) If p® 1 is defined then p = 0.
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(E;®,0,1) is an effect algebra if @ is a partially defined
operation s.t. for all p, ¢, r € E:

(E1) p@g=q®p.

(E2) pe(g@r)=(p@ g @

(E3) For every p € E there exists a unique g € E such that
p®qg=1.
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Let a,b € E. a < b if thereis a ¢ € E such that a ® ¢ = b.
If (E,<) is a lattice then E is a lattice effect algebra.




Assume that F is an effect algebra.

An element ¢ € F is called atom if forall 0 £ b€ E, b < a
implies b = a. J

L is called atomic if for each element 0 # b € E there exists an
atom a such that a < b.




Assume that F is an effect algebra.

An element a € E is called atomifforall0 £#be E, b < a
implies b = a.

L is called atomic if for each element 0 # b € E there exists an
atom a such that a < b.

To each a € E we define its isotropic index, ord(a) as the maximal
positive integer n such that

no=a®ad---Pa.
N———— ——

n—times

FE is said to be Archimedean if for each a € E, ord(a) is finite.



Further notions

An element a € F is sharp if
aNa =0
Elements a, b € E are compatible if
aVb=a® (bs (bAa))

A subset B C FE is called a block of E if it is a maximal set of
pairwise compatible elements. A block is an MV-effect algebra.




Further notions

An element a € F is sharp if
aNa =0
Elements a, b € E are compatible if
aVb=a® (bs (bAa))

A subset B C FE is called a block of E if it is a maximal set of
pairwise compatible elements. A block is an MV-effect algebra.

Let £ be an atomic Archimedean lattice effect algebra. Then
e<fif
@ there exists an atomic block B C FE such that e, f € B,

@ for an arbitrary atom a € B if cca < e and cra < f, then
e + ¢f < ord(a).
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Z. Riecanova: Lattice effect algebras densely embeddable

into complete ones. Kybernetika 47 (2011), 100-1009.

There are atomic bounded lattices which can be equipped with
several effect-algebraic operations

li=a1Vh 1, = a; V by
ay bl ...ak bk eoe
O1=a Aby 0r = ap N by

1 = a; @ by (ax, by are compatible),

1, = 2ax, = 2by, (ag, by are non-compatible).



Open problem by Riec¢anova

Assume that (E,@®,0,1) is an atomic Archimedean lattice effect
algebra such that an effect-algebraic operation & exists onto
MC(E) (the MacNeille completion of E). Does there exist an
effect-algebraic operation & onto MC(E) that extends the
operation @7



MacNeille completion

The MacNeille completion E of an effect algebra E is complete
lattice into which E can be embeded preserving operations V, A,
such that Ve € E there exist sequences {e;}2,, {f;}32, of
elements from E for which

Ve A=

Moreover we assume that the partial operation @ can be extended
to E.
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DU, V)={uvevue U, ve V}
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Notation:

0#UCE U={qeE;(Vue U)(q
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Definition

<u)},
> v

)}

all U, vV
(SDC) AD(U,V)=0 &

An effect algebra (E,®,0,1) is called strongly D-continuous if for

(Vo € V)(Yu € U)(v > u).

An arbitrary effect algebra (E,®,0,1) has a MacNeille completion
iff E has the property (SDC).
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(SDC) AD(U,V)=0

Let E an atomic Archimedean LEA. Then E has the property
(SDC).

Idea of the proof. A — the set of all atoms. J

"=" Let (JGa€ A,neN)(n-ae€l) B
= (veV)(n-a<v) = V>U
—~—
AD(U,V)=0
"<" Assume AD(U, V) #0
Then (3a € A,neN)(n-aecU)&(Ave V)(n-a<v)
This implies V 2 U

Let E an atomic Archimedean LEA. Then E has MC(E).




