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INTRODUCTION AND BACKGROUND

AIM OF THIS TALK

To deliver results on (continuous) solutions of the following general
functional equation (x,y € [0,1], and a € ]0, 1] fixed)

‘ T1(T2(e, x), y) = Ts(x, T4(a,y)),‘

where Ty, T, T3, T4 are triangular norms, in two particular cases:
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INTRODUCTION AND BACKGROUND

ASSOCIATIVITY

o A function T: [0,1]2 — [0,1] is called associative if it satisfies

T(T(x,y),z) = T(x, T(y,z)) forall x,y,z €0,1].
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INTRODUCTION AND BACKGROUND

ASSOCIATIVITY

o A function T: [0,1]2 — [0,1] is called associative if it satisfies

T(T(x,y),z) = T(x, T(y,z)) forall x,y,z €0,1].

@ An example is the product Tp(x,y) = xy.

@ Let us fix y = @ €]0,1[. Then we still have

Te(Te(x,a),z) = Tp(x, Tp(a,2)) for all x,z € [0,1].

J. Fopor (OBUDA UIVERSITY) MIGRATIVE TYPE EQUATIONS FSTA 2012

6/ 63



INTRODUCTION AND BACKGROUND

ASSOCIATIVITY MODIFIED

o Keep Tp inside fixed, and consider a general T outside:

T(Te(x,),z) = T(x, Tp(a,z)) for all x,z € [0,1].
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from Tp?

J. FOoDOR (OBUDA UIVERSITY) MIGRATIVE TYPE EQUATIONS FSTA 2012 7/ 63



INTRODUCTION AND BACKGROUND

ASSOCIATIVITY MODIFIED

o Keep Tp inside fixed, and consider a general T outside:
T(Te(x,),z) = T(x, Tp(a,z)) for all x,z € [0,1].
o Keep Tp outside fixed, and consider a general T inside:

Te(T(x,a),z) = Tp(x, T(a,z)) for all x,z € [0,1].

@ Question 1: is there any solution T of the last equations that differs
from Tp?

@ Question 2: what is the link between solutions of the two equations
(if any)?
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INTRODUCTION AND BACKGROUND

EXAMPLE

o Consider Tg defined as follows:

[ min(x,y) if max(x,y) =1,
Tolay) = { Bxy otherwise,

where 3 is an arbitrary number from [0, 1].

@ Tgis a t-norm, and it satisfies Tg(ax,y) = Tg(x,ay) for
(x,y) €0, 1],

o Notice the following particular cases:

o if 3 =0 then Tg = Tp the drastic t-norm;
o if 8 =1then Tg = Tp the product.
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MIGRATIVE T-NORMS

Migrative t-norms
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MIGRATIVE T-NORMS

MIGRATIVE T-NORMS

DEFINITION

Let @ €]0,1[ and T1, T2 be t-norms. We say that the pair (T1, T2) is

a-migrative (or, equivalently, that Ty is a-migrative with respect to T, in

symbols T; ~ T3) if the following functional equation holds:

T1(Ta(a, x), y) = Ta(x, T2, y)) for all (x,y) € [0, 1]2.
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MIGRATIVE T-NORMS

MIGRATIVE T-NORMS

DEFINITION

Let @ €]0,1[ and T1, T2 be t-norms. We say that the pair (T1, T2) is
a-migrative (or, equivalently, that Ty is a-migrative with respect to T, in
symbols T; ~ T3) if the following functional equation holds:

T1(Ta(a, x), y) = Ta(x, T2, y)) for all (x,y) € [0, 1]2.

Obviously, we have Ty ~ Ty for any t-norm T and for each a € ]0,1].
o

In other words: the relation ~ is reflexive on the set of all t-norms.
«
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MIGRATIVE T-NORMS

EQUIVALENT FORMS OF a-MIGRATIVITY

THEOREM

Let o be in ]0,1[ and Ty, Ty triangular norms. Then the following
statements are equivalent.

(I) (Tl? T2) s a-migrative: Tl(Tg(OZ,X),y) = Tl(Xa T2(a?y));
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MIGRATIVE T-NORMS

EQUIVALENT FORMS OF a-MIGRATIVITY

THEOREM

Let o be in ]0,1[ and Ty, Ty triangular norms. Then the following
statements are equivalent.

(1) (T1, T2) is a-migrative: Ti(Ta2(c,x),y) = Ti(x, T2(a, y));
(1) (Ta, T1) is a-migrative: To( T1(a, x),y) = Ta(x, Ti(a, y));

(1) Ti(a, x) = Ta(a, x) for all x € [0,1].

COROLLARY

. o . . .
The relation ~ is an equivalence relation on the set of all t-norms.
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MIGRATIVE T-NORMS

FURTHER PROPERTIES

o If Ty~ T, and ]a, b[ is a non-empty subinterval of [0, 1], and
(07

a € ]a, b[ then for the ordinal sums ((a, b, T1)) and ({(a, b, T2)) we

have ((a, b, T1)) ~((a, b, T2)), where v = $=2.
v

a
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MIGRATIVE T-NORMS

FURTHER PROPERTIES

o If Ty~ T, and ]a, b[ is a non-empty subinterval of [0, 1], and
(07

a € ]a, b[ then for the ordinal sums ((a, b, T1)) and ({(a, b, T2)) we
have ((a, b, T1)) ~ ((a b, T)), where v = $=2.

a

Recall that for each t-norm T and for each strictly increasing bijection
¢: [0,1] — [0, 1] the function T,: [0,1]* — [0, 1] defined by

To(x,y) = ¢ H (T (#(x), ¢(¥)))

is also a t-norm.

o Let ¢: [0,1] — [0,1] be a strictly increasing bijection, o € ]0,1[ and
T1, T> be two t-norms. If (T, T2) is a-migrative then ((T1)y, (T2))
is p(ov)-migrative.

J. FoDOR (OBUDA UIVERSITY) MIGRATIVE TYPE EQUATIONS FSTA 2012 12 / 63



MIGRATIVE T-NORMS

CASES CONSIDERED

@ We study three particular cases of t-norms that are a-migrative with
respect to a fixed Tg:

J To = TM,
o To=Tp,
o To=T..

@ Using these results, as a fourth case we study a-migrativity with
respect to arbitrary continuous t-norms:

o To= ({ai,bi, Ti))jer -
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO THE MINIMUM

Migrativity with respect to the minimum
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MIGRATIVITY WITH RESPECT TO THE MINIMUM

MIGRATIVITY WITH RESPECT TO Tm

CHARACTERIZATION

T(min(a, x),y) = T(x,min(a, y))
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MIGRATIVE T-NORMS

MIGRATIVITY WITH RESPECT TO THE MINIMUM

MIGRATIVITY WITH RESPECT TO Tm

CHARACTERIZATION

T(min(a, x),y) = T(x,min(a, y))

THEOREM

A t-norm T is a-migrative with respect to Ty if and only if there exist
two t-norms Ty and T, such that T can be written in the following form:

aTy (i,z) if x,y € [0,q],

T(x,y) = at(1-a)Ts <ﬂ y—a> ifx,y € [a,1],

min(x, y) otherwise.
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ATIVE T-NORMS MIGRATIVITY WITH RESPECT TO THE MINIMUM

MIGRATIVITY WITH RESPECT TO Tm

ILLUSTRATION

min T

alpha

T, min

0 alpha
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

Migrativity with respect to strict t-norms
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MIGRATIVITY WITH RESPECT TO Tp

T(ax,y) = T(x,ay)
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

MIGRATIVITY WITH RESPECT TO Tp

T(ax,y) = T(x,ay)

@ Historically, this is the notion introduced originally by Durante and
Sarkoczi (2008).

@ Rooted in an open problem of the 2nd FSTA, see Mesiar and Novdk
(1996).
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MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

MIGRATIVITY WITH RESPECT TO Tp

CONTINUOUS CASE, NECESSARY CONDITIONS
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

MIGRATIVITY WITH RESPECT TO Tp

CONTINUOUS CASE, NECESSARY CONDITIONS

THEOREM

If a continuous t-norm T is a-migrative with respect to Tp then T is
strict.
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

MIGRATIVITY WITH RESPECT TO Tp

CONTINUOUS CASE, NECESSARY CONDITIONS

THEOREM

If a continuous t-norm T is a-migrative with respect to Tp then T is
strict.

If t denotes an additive generator of an a-migrative continuous t-norm T
then t satisfies the following functional equation for all x € [0, 1]:

t(ax) = t(a) + t(x). (1)

V.
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

MIGRATIVITY WITH RESPECT TO Tp

CONTINUOUS CASE, CHARACTERIZATION AND CONSTRUCTION

THEOREM

Suppose t is an additive generator of a strict t-norm T and « is in ]0, 1.
Then the following statements are equivalent:

(1) T is a-migrative with respect to Tp;
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MIGRATIVITY WITH RESPECT TO Tp

CONTINUOUS CASE, CHARACTERIZATION AND CONSTRUCTION

THEOREM

Suppose t is an additive generator of a strict t-norm T and « is in ]0, 1.
Then the following statements are equivalent:

(1) T is a-migrative with respect to Tp;

(11) t satisfies the functional equation t(ax) = t(a) + t(x);
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

MIGRATIVITY WITH RESPECT TO Tp

CONTINUOUS CASE, CHARACTERIZATION AND CONSTRUCTION

THEOREM
Suppose t is an additive generator of a strict t-norm T and « is in ]0, 1.
Then the following statements are equivalent:
(1) T is a-migrative with respect to Tp;
(11) t satisfies the functional equation t(ax) = t(a) + t(x);

(111) there exists a continuous, strictly decreasing function ty from [a, 1] to
the non-negative reals with ty(a) < +00 and to(1) = 0 such that

t(x) = k- to(a) + to (%) if x € }akﬂ,ak], (2)

where k is any non-negative integer.
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

CONSTRUCTING AN ADDITIVE GENERATOR

AN EXAMPLE

° Leta:§and
4

o to(x) =4 —4x for x € E,l].

k
o Thent ((%) > = k, and linear in between.
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

CONSTRUCTING AN ADDITIVE GENERATOR

A GRAPHICAL ILLUSTRATION

t(x) = k - to() + to (%) if x € }akﬂ,ak]

A
5 +
| AN
3+
> 4
1 4+
— i =
(3/4)* (3/4)%(3/4)* 34 1
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO NILPOTENT T-NORMS

Migrativity with respect to nilpotent t-norms
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MIGRATIVITY WITH RESPECT TO NILPOTENT T-NORMS

MIGRATIVITY WITH RESPECT TO T,

CONTINUOUS CASE, NECESSARY CONDITION

T(max(a+x —1,0),y) = T(x,max(a+y —1,0))
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO NILPOTENT T-NORMS

MIGRATIVITY WITH RESPECT TO T,

CONTINUOUS CASE, NECESSARY CONDITION

T(max(a+x —1,0),y) = T(x,max(a+y —1,0))

THEOREM

Assume that T is a continuous t-norm that is a-migrative with respect to

TL. Then there exists an automorphism o of the unit interval such that
T = (TL)cp' That is, we have

T(x.y) = (TL), (x.y) = ¢~ (max(o(x)+¢(y)—1,0)) ~ for all x,y € [0,1].
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO NILPOTENT T-NORMS

MIGRATIVITY WITH RESPECT TO T,

CONTINUOUS CASE, CHARACTERIZATION AND CONSTRUCTION

THEOREM
Let o be in]0,1[ and n = max{k € N| 1 — k(1 — a) > 0}.

A t-norm T(x,y) = o~ (max(p(x) + ¢(y) — 1,0)) (x,y €[0,1]) is
«a-migrative with respect to Ty if and only if there exist an automorphism
1o of the unit interval with

¢O<n—(n+1)a>:n—(n+1)a

l—«o l—«o

, (3)

such that
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO NILPOTENT T-NORMS

MIGRATIVITY WITH RESPECT TO T,

CONTINUOUS CASE, CHARACTERIZATION AND CONSTRUCTION

THEOREM (CONT’D)

(4)

l—«o

SO(X) = 1—k(1—a)+(1_a)¢0 <X—1+k(1—a)>

ifxe]l—k(l—a),l—(k—1)(1—a)] and k <n,

and

p(x) = 1=(n+1)(1-a)+(1—a)h (X S (”jal)(l — O‘))(s)

1

ifxe€[0,1—n(1l—a).
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MIGRATIVITY WITH RESPECT TO NILPOTENT T-NORMS

MIGRATIVITY WITH RESPECT TO T,

GRAPHICAL CONSTRUCTION

P Wy
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO A CONTINUOUS ORDINAL SUM

Migrativity with respect to a continuous ordinal
sum
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO A CONTINUOUS ORDINAL SUM

MIGRATIVITY WITH RESPECT TO A CONTINUOUS
ORDINAL SUM

® We study continuous t-norms T that are a-migrative with respect to
a fixed continuous t-norm Ty;

® Tco: the set of all continuous t-norms;

@ Ta,: the set of all continuous Archimedean t-norms;

o T =((ai, bi, Ti))jer. To= ({aoj, boj, Toj))jer,:
where T;, Toj € Tar for all i €I and j € Ty.

o for any a € |0, 1] there are two exhaustive and mutually exclusive
cases:

e « is an idempotent element of Ty;

o there exists a k € T such that a € ]agx, bok|-
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO A CONTINUOUS ORDINAL SUM

MIGRATIVITY WITH RESPECT TO A CONTINUOUS
ORDINAL SUM

To(o, &) = o, CHARACTERIZATION

THEOREM

Suppose Ty is a continuous t-norm and « € ]0,1[ is an idempotent
element of Ty. Then the following statements are equivalent for a
continuous t-norm T :

(1) T is a-migrative with respect to Ty,
(1) T is a-migrative with respect to Ty;

(111) there exist continuous t-norms Ty and T, such that T can be written
as T = (<07a7 T1>7 <Oé7 17 T2>)
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MIGRATIVE T-NORMS

MIGRATIVITY WITH RESPECT TO A CONTINUOUS ORDINAL SUM

MIGRATIVITY WITH RESPECT TO A CONTINUOUS
ORDINAL SUM

To(, ) < o, CHARACTERIZATION

THEOREM

Suppose To = ({(aoj, boj, T01>)jero is a continuous t-norm and « €)agk, bok|

for some k € I'yg. Then the following statements are equivalent for a
continuous t-norm T.

(1) T is a-migrative with respect to Ty;
(11) There exist t-norms T1, T3 € Tco and Ty € Ta, such that
(A) T = ({0, aok, T1), (aok; bok, T2), {bok, 1, T3)), and

[ a—a L
(B) Tais <70k>—m/grat/ve with respect to Tyy.
box — aok
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO A CONTINUOUS ORDINAL SUM

MIGRATIVITY WITH RESPECT TO A CONTINUOUS
ORDINAL SUM

REMARKS

@ In the previous theorem agx = 0 (or box = 1) is possible.

@ a-migrativity is restrictive on a continuous T mainly in a
neighbourhood of . This is just « itself if « is an idempotent
element of Ty, and it is the square ]ag, b()k[2 otherwise.

@ Outside this neighbourhood T can be defined arbitrarily in such a way
that the resulting t-norm be continuous.

@ The summand T, € Ta, in the “middle” of
T = ({0, apk, T1), (aok, bok, T2), (bok, 1, T3)) can be determined by
the summand Ty, (details in Fodor and Rudas, 2011).
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO A CONTINUOUS ORDINAL SUM

A Ty FOR TWO EXAMPLES

(0,1) (1,1)
Tp

5/6

213+
Tp

1/3

T

]

1/6

00 (1,0

] | |
116 1/3 2/3 5/6
The ordinal sum To = ((1/6,1/3, To), (1/3,2/3, Tp), (5/6,1, Tp)).
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO A CONTINUOUS ORDINAL SUM

EXAMPLE 1

To WITH « = 2/3 (IDEMPOTENT ELEMENT)

(0.1) (11 (1) (1.1)
; Tp !
5/6 | I 56 P
|- I
24— — === 23— m e — e
Tp i
13 4 131 2 !
TL ! |
164+ . I 1/6 -+ i
(0,0) — — (10 (00 o ! *‘ (1,0)
' 16 1/3 213 506 ’ ’ 16 113 2/3 506 !
Gl CL

The ordinal sum T, and o = 2/3 (left). 2/3-migrative t-norm T with
respect to Ty (right).
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MIGRATIVE T-NORMS MIGRATIVITY WITH RESPECT TO A CONTINUOUS ORDINAL SUM

EXAMPLE 2

To WITH « = 5/12 (NON-IDEMPOTENT ELEMENT)

(0,1) 1.1 1) (1.1)
! Tp |
5/6 1 | 5/6 | T3
| |
213 - i 213 :
1 Tp T
el SR R — e —
134 113 ,
L ! ‘
w1 . | 16+ T |
I |
0,0
00 s 13 2/3 5/6 ’ ’ 16 1/3 2/3 506 :
o a

The ordinal sum Ty, and o = 5/12 (left). 5/12-migrative t-norm T with
respect to Ty (right).
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S-MIGRATIVE T-NORMS

Cross-migrative t-norms
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CROSS-MIGRATIVE T-NORMS

CROSS-MIGRATIVE T-NORMS

DEFINITION
Let « € ]0,1[ and Ty, T» be t-norms. We say that the pair (T, T2) is
a-cross-migrative (or, equivalently, that Ty is a-cross-migrative with

respect to Ty, in symbols T; < T5) if the following functional equation
holds:

T1(T2(a, x),y) = Ta(x, Ti(a, y)) for all (x,y) € [0, 1]2. (6)1
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CROSS-MIGRATIVE T-NORMS

CROSS-MIGRATIVE T-NORMS

DEFINITION

Let « € ]0,1[ and Ty, T» be t-norms. We say that the pair (T, T2) is
a-cross-migrative (or, equivalently, that Ty is a-cross-migrative with
respect to Ty, in symbols T; < T5) if the following functional equation
holds:

T1(Ta(e, x), y) = Ta(x, T1(a, y)) for all (x,y) € [0, 1]2.

(6)

THEOREM

The relation ~ is reflexive and symmetric on the set of all t-norms.

J. FOoDOR (OBUDA UIVERSITY) MIGRATIVE TYPE EQUATIONS FSTA 2012
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CROSS-MIGRATIVE T-NORMS

CROSS-MIGRATIVE T-NORMS

FURTHER PROPERTIES

@ For each a €10, 1] and for each t-norm T, (T, Tp) is
Q-cross-migrative.

@ The relation < on the set of t-norms is not transitive and, therefore,
no equivalence relation: for each a € ]0,1[ we have Ty~ Tp and
To ~ Tp, but we do not have Ty ~ Tp.

@ For each t-norm T and for each ¢ € [0, 1], the function
T(): [0,1]? — [0, 1] defined by

T (x,y) = T(x,y,c) if (x,y) €[0,1[%,
7 T(x,y) otherwise,

is a t-norm (observe that T(®) = Tp and T() = T), and for each
o €]0,1[ we have T T.
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CROSS-MIGRATIVE T-NORMS

CROSS-MIGRATIVE T-NORMS

FURTHER PROPERTIES

o If Ty~ T, and ]a, b[ is a non-empty subinterval of [0, 1], then for the
ordinal sums ({(a, b, T1)) and ({a, b, T»)) we have
((a, b, T1)) X((a, b, T2)), where y = 9=2.
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CROSS-MIGRATIVE T-NORMS

CROSS-MIGRATIVE T-NORMS

FURTHER PROPERTIES

o If Ty~ T, and ]a, b[ is a non-empty subinterval of [0, 1], then for the
ordinal sums ({(a, b, T1)) and ({a, b, T»)) we have
((2,b, T1)) X((a, b, T2)), where 5 = §=2.

Recall that for each t-norm T and for each strictly increasing bijection
¢: [0,1] — [0, 1] the function T,: [0,1]* — [0, 1] defined by

To(x,y) = ¢ H (T (#(x), ¢(¥)))

is also a t-norm.

o Let ¢: [0,1] — [0,1] be a strictly increasing bijection, o € ]0,1[ and
T1, Ty be two t-norms. If (71, T2) is a-cross-migrative then
((T1)e, (T2)y) is ¢(cv)-cross-migrative.
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S-MIGRATIVE T-NORMS CROSS-MIGRATIVITY WITH RESPECT TO THE MINIMUM

Cross-migrativity with respect to the minimum
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CROSS-MIGRATIVITY WITH RESPECT TO THE MINIMUM

REMINDER

For a t-norm T and « € ]0,1[, (T, Tm) being a-cross-migrative means
that for all (x,y) € [0, 1]?

T(min(c, x),y) = min(x, T(a, y)).
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CROSS-MIGRATIVE T-NORMS CROSS-MIGRATIVITY WITH RESPECT TO THE MINIMUM

CROSS-MIGRATIVITY WITH RESPECT TO Tm

CHARACTERIZATION - GENERAL T

THEOREM

Let « €]0,1[ and T be a t-norm. Then (T, Twm) is a-cross-migrative if
and only if there is a 5 € [0,«] and a t-norm Ty satisfying

2
(i) for all (x,y) € [ - /3} : Ti(x,y) =0,

(ii) for all (x,y) with 0 < x < §=5 <y <1:

= (a7 (35).

such that T can be written as

T=((81T)). (7)
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CROSS-MIGRATIVE T-NORMS CROSS-MIGRATIVITY WITH RESPECT TO THE MINIMUM

CROSS-MIGRATIVITY WITH RESPECT TO Tm

CONSEQUENCES - GENERAL T

o Let « €]0,1[ and T be a t-norm. Then we have:
(i) T(a,a) =« and (T, Tm) is a-cross-migrative if and only if
({a,1, Tp)) < T.
(ii) If T(a,a) =B < wand (T, Tm) is a-cross-migrative then

T( ) <T<L T(*ﬂ) where the t-norms Tf'B) and T(*ﬂ) are defined,

respectively, by 719 = ((8,1, Tp)) and

18 if (x.y) € [8,0],
Tiayxoy) = {TM(x,y) otherwise.

@ The converse is not true.

@ These boundaries are sharp because of TR Tm and T/, 2 Tw.
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CROSS-MIGRATIVITY WITH RESPECT TO THE MINIMUM

CROSS-MIGRATIVITY WITH RESPECT TO Tm

CHARACTERIZATION - CONTINUOUS T

THEOREM

Let o €]0,1] and T be a continuous t-norm. Then the following are
equivalent:

(i) (T, Tm) is a-cross-migrative.

(i) For all x € [0, ] we have T(x,x) =x, i.e.,, T = ({a, 1, T1)) for some
continuous t-norm T1.

v
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S-MIGRATIVE T-NORMS CROSS-MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

Cross-migrativity with respect to strict t-norms
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CROSS-MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

REMINDER

For a t-norm T and a € ]0,1[, (T, Tp) being a-cross-migrative means
that for all (x,y) € [0, 1]?

‘ T(ax,y) =x T(a,y). ‘

We restrict ourselves to continuous solutions only.
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CROSS-MIGRATIVE T-NORMS CROSS-MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

SOLUTION

THEOREM

Let « €]0,1[ and T be a continuous t-norm. Then (T, Tp) is
a-cross-migrative if and only if there exist
e apelal]
@ a strict t-norm Ty with an additive generator t; : [0,1] — [0, c0]
satistying t1(x) = 8 - (d — log x) for all x € [0, %] with some
constants § € ]0,00[ and d € |log i o[, and

@ a continuous t-norm T» such that

T=((0,8,T1), (8,1, To)).
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CROSS-MIGRATIVE T-NORMS CROSS-MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

SOLUTION REWRITTEN

THEOREM

Let a € ]0,1[, Ty be a strict t-norm with additive generator
to: [0,1] — [0,00], and T be a continuous t-norm. Then (T, Ty) is
a-cross-migrative if and only if

T=((0,8,T), (8,1, To)),

where 3 € [a, 1], T, is an arbitrary continuous t-norm and Ty is a strict
t-norm with an additive generator t;: [0,1] — [0, 00| such that there are
constants d € ]—to(%),oo[ and § € |0, 0c0[ and we have

t1(x) = 6 - (to(x) + d) for all x € |0, %]
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CROSS-MIGRATIVE T-NORMS

CROSS-MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

SOLUTION IN ANOTHER FORM

THEOREM

Let a € ]0,1[, Ty be a strict t-norm with additive generator

to: [0,1] — [0,00], and T be a strict t-norm. Then the following are
equivalent:

(i) (T, To) is a-cross-migrative.
(ii) The function t: [0,1] — [0, cc] defined by

o) — {to(x)+c if x € [0,a],

8
t1(x) otherwise, ®

where ¢ € |—to(e), 00[ and t1: [a, 1] — [0, 00] is a continuous,
strictly decreasing function satisfying t;(1) = 0 and
ti(a) = to(a) + ¢, is an additive generator of T.
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CROSS-MIGRATIVE T-NORMS CROSS-MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

CONSEQUENCES FOR ALL STRICT T-NORMS

(i)

(i)

(iii)

For each a € ]0, 1], the relation < is transitive on the class of all
strict t-norms, i.e., ~ is an equivalence relation on the class of all
strict t-norms.

For all o, 8 €]0,1[ with 8 < « and for all strict t-norms T; and T,

we have that T7 N T implies T 14 T», i.e., the partition of the class
of strict t-norms induced by the equivalence relation ~ is a

refinement of the partition induced by L

For a fixed a € ]0, 1] and a fixed strict t-norm Ty the equivalence
class (with respect to ~) {T | T is a strict t-norm and T ~ Ty}
consists of all strict t-norms satisfying, for some constants

n,9 €10,1] and for all (x,y) € [0, ], the equality

T(x,y,n) = T(x,y,9).
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EXAMPLE 1

Consider the family of Dubois-Prade t-norms (T2F),c(0.1] given by

T)[\)P = ((0?)‘7 TP>)
Evidently, for each o € |0, A\] we have T)?P < Tp.

Observe that TPP(x,y,\?) = Tp(x,y,1) for all (x,y) € [0, a].

J. Fobor (OBUDA UIVE
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CROSS-MIGRATIVE T-NORMS

CROSS-MIGRATIVITY WITH RESPECT TO STRICT T-NORMS

EXAMPLE 2

Consider the Hamacher product Ty which is generated by the additive

generator ty(x) = 1 — 1:

Xy
T, S A
H(X7y) X+y—x-y
for all (x, ) € [0, \ {(0,0)})
Define the function t: [0,1] — [0, o0] by
1_1 i 1
t(x):{x [ X€[0,2],

2 — 2x otherwise.

Then t is an additive generator of the strict t-norm T given by
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CROSS-MIGRATIVE T-NORMS

EXAMPLE 2 (CONT.)

7_H (Xv y)
X
14+2x—2x-y
Yy
14+2y—2x-y

1

5—2x—2y
(x+y—1

]3:1] > [0,5],

otherwise,

1
and we have T & Ty. Obviously, T(x,y,1) = Tu(x,y,1) for all

(x,y) € [O, %}2
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S-MIGRATIVE T-NORMS CROSS-MIGRATIVITY WITH RESPECT TO NILPOTENT T-NORMS

Cross-migrativity with respect to nilpotent t-norms
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CROSS-MIGRATIVE T-NORMS CROSS-MIGRATIVITY WITH RESPECT TO NILPOTENT T-NORMS

REMINDER

For a t-norm T and a € ]0,1[, (T, Tp) being a-cross-migrative means
that for all (x,y) € [0, 1]?

‘ T(max(x + o —1,0),y) = max(x + T(«a, y) — 1,0). ‘

We restrict ourselves to continuous solutions only.
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CROSS-MIGRATIVE T-NORMS

CROSS-MIGRATIVITY WITH RESPECT TO NILPOTENT T-NORMS

SOLUTION

THEOREM

Let « €]0,1] and T be a continuous t-norm. Then (T, T.) is
a-cross-migrative if and only if there exist

° afelal]

@ a nilpotent t-norm T1; whose normed additive generator
t1: [0,1] — [0, o] satisfies t1(x) = 1 — ¢ - x for some constant

c €]0,00[ and all x € [0, %] and

@ a continuous t-norm Ty such that

T = (<0,,B; T1>7 </B7 17 T2>)
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CROSS-MIGRATIVE T-NORMS CROSS-MIGRATIVITY WITH RESPECT TO NILPOTENT T-NORMS

STRICT AND NILPOTENT CASES DIFFER

o For the product t-norm Tp, a continuous t-norm T satisfies T ~ Tp if
and only if there is a c € ]0, é[ such that T(x,y) =c-x -y for all

(x,y) € [0,0]%

@ For the tukasiewicz t-norm Ty, if a continuous t-norm T satisfies
T & Ty then there is a constant ¢ € [a, 1] such that
T(x,y) = max(x +y — c,0) for all (x,y) € [0,a]?.

@ The opposite implication may not hold: for the Yager t-norm T2Y
given by T (x,y) = max(1 — /(1 — x)2+ (1 — y)2,0) we have
TY(x,y) =0=max(x + y — 1,0) for all (x,y) € [0, %]2 but T is
not %—cross—migrative with respect to Ty.
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CROSS-MIGRATIVE T-NORMS CROSS-MIGRATIVITY WITH RESPECT TO NILPOTENT T-NORMS

CHARACTERIZATION

THEOREM

Let a € ]0,1[, Ty be a nilpotent t-norm with additive generator
to: [0,1] — [0,00], and T be a continuous t-norm. Then (T, Ty) is
a-cross-migrative if and only if

T=((0,8,T), (8,1, To)),

where B € [a, 1], T, is an arbitrary continuous t-norm and Ty is a
nilpotent t-norm with an additive generator t;: [0,1] — [0, o0] such that
there are constants d € }—to(%), oo[ and & €10, 00[ and we have

t1(x) = 6 - (to(x) + d) for all x € |0, %]
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CROSS-MIGRATIVE T-NORMS CROSS-MIGRATIVITY WITH RESPECT TO NILPOTENT T-NORMS

CONSEQUENCES

o For each o €]0, 1], the relation % is transitive on the class of all
nilpotent t-norms, i.e., ~ is an equivalence relation on the class of all
nilpotent t-norms.

@ For all a, 8 €10, 1] with 8 < « and for all nilpotent t-norms T3 and

T, we have that 1 ~ T implies T £ T», i.e., the partition of the
class of nilpotent t-norms induced by the equivalence relation ~ is a

refinement of the partition induced by E
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Concluding remarks
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CONCLUDING REMARKS

REMARKS 1

Migrativity (T1(T2(«, x),y) = T1(x, T2(c, y))) and cross-migrativity
(T1(T2(a, x),y) = Ta(x, T1(c, y))) of t-norms are interesting
properties expressed in the form of functional equations.

We have given characterizations for the basic continuous
Archimedean t-norms and for the minimum.

Constructions could be illustrated graphically. This also supports the
term “migrative” (characterized by migration; undergoing periodic
migration).

While migrativity defines an equivalence relation on the set of
t-norms, cross-migrativity implies an equivalence relation only in the
classes of strict and nilpotent t-norms.
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CONCLUDING REMARKS

REMARKS 2

@ The a-cross-migrativity can be seen as a special kind of commuting
of t-norms T; and T, if we rewrite the equation into the equivalent
form

T1(Ta(x, @), T2(1,y)) = T2(T1(x,1), Ta(a, y)).

It seems to be interesting to study the functional equation (valid for
all (x,y) € [0,1]%)

Tl(T2(Xa a)7 Tz(,B,y)) = T2(T1(X7/B)7 Tl(a7y))'
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CONCLUDING REMARKS

THANK YOU FOR YOUR ATTENTION!
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