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Introduction

Definition 1 (Zadeh 1965). A fuzzy relation in X # () is an arbitrary function
R: X x X — [0,1]. The family of all fuzzy relations in X is denoted by FR(X).

Definition 2 (Fodor, Roubens 1994). Let F' : [0,1]" — [0,1], Ry, ..., R, € FR(X).
By aggregation fuzzy relation we call R € FR(X),

R(z,y) = F(Ry(z,y), ..., Ry(z,y)), z,y€ X.

An aggregation function F preserves a property of fuzzy relations if for every
Ry, ..., R, € FR(X) having this property, R also has this property.

Definition 3 (Calvo et al. 2002). Let n > 2. F : [0,1]" — [0,1] is called an
aggregation function, if it is increasing with respect to any variable and fulfils

F0,..,0)=0, F(1,..,1)=1.

Definition 4 (Klement et al. 2000). Triangular norm 7 : [0, 1]* — [0, 1] (triangular
conorm S : [0,1]*> — [0,1]) is an arbitrary associative, commutative, increasing in
both variables operation having a neutral element e = 1 (e = 0).



Example 1. Let ¢ : [0,1] — R be continuous, strictly monotonic function.
quasi—arithmetic mean is the function

1 n
F(ty, ntn) =9 (= > @(t)), 1, ...t €[0,1],
=
Median is the function

SktSk+1 ifn =2k
med(ty, ... t) =4 2 = " t, et € 10,1],
Ski1, ifn=2k+1

where (s1,...,5,) is the increasing permutation of the sequence (ti,...,%,),
SO 8§51 < ... < Sy,

Example 2. Projections Py(t1,...,t,) = tx, kK € {1,...,n} preserve each property

of fuzzy relations because for F' = P, we get Rrp = Ry.

Remark 1. If card X = n, X = {x1,...,x,}, then R € FR(X) may be presented

by a matrix R = [ri], where ri = R(z;, x1), i,k =1, ...,n.



Motivation

Multicriteria decision making

Let card X =m, m € N, X = {x1,...,x,,} — a set of alternatives
A decision maker has to
— choose among alternatives (,choice problem”)
— rank (,ranking problem”)
K = {ky,....,k,} — a set of criteria on the base of which the alternatives are evalu-
ated.
Ry, ..., R, — fuzzy relations corresponding to each criterion represented by matrices,
where R, : X x X = [0,1], k=1,...,n, n € N, Ry(z;,z;) = Tfj, 1<i,7 <m.
For example
rf; — an intensity with which ; is better than z; under k € K,
rfj =1 ,x; is absolutely better than x; under criterion k7,
'rfj = 0 — ,a; is absolutely better than z; under criterion k7,
rfj = 0.5 — ,@; is equally good as z; under criterion k”.

Relation R = F(Ry, ..., R,) is supposed to help a decision maker to make up
their mind.



Reflexivity
Definition 5 (Drewniak 1989). Let o € [0,1]. R € FR(X) is a-reflexive, if

V R(z,x) > a.
rzeX
Theorem 1. Let o € [0,1]. F : [0,1]" — [0,1] preserves a-reflexivity of fuzzy
relations, iff
F|[a,1]n 2 .

Theorem 2. F : [0,1]" — [0, 1] preserves a—reflexivity of fuzzy relations for arbi-
trary o« € [0,1] iff F > min.

Corollary 1. Every quasi—arithmetic mean preserves a—reflexivity of fuzzy relations
for arbitrary « € [0, 1].

Theorem 3. Let ay,...,a, € [0,1], F : [0,1]" — [0,1] be increasing in each
variable. If relations R; € FR(X) are a;—reflexive for i = 1,...,n, then relation
R=F(Ry,...,R,) is a—reflexive, for « = F(aq, ..., ).

Theorem 4. Let « € [0,1], FF < min. If R= F(Ry,...,R,) is a-reflexive, then all
relations Ry, ..., R, are a-reflexive.



Example 3. Let card X = 2. We consider fuzzy relations with matrices:

0 1 11
=[]l

11 R+ S 0.5 1
lemaX<R,S):[1 1:|,T2:T:|: 1 O5:|

Relation T is a-reflexive for « € [0, 1], T3 for o € [0, 0.5], but relations R, S do not
have this property for any « € [0, 1].



Irreflexivity
Definition 6 (Drewniak 1989). Let o € [0,1]. R € FR(X) is airreflexive, if
V R(z,z) <1—a.

zeX

Theorem 5. Let a € [0,1]. F : [0,1]" — [0,1] preserves a—irreflexivity of fuzzy
relations iff
F|[0,1—o¢]” < 1—oa.

Theorem 6. F' : [0,1]" — [0,1] preserves a—irreflexivity of fuzzy relations for
arbitrary o € [0, 1] iff F' < max.

Corollary 2. FEvery quasi—arithmetic mean preserves a—irreflexivity of fuzzy rela-
tions for arbitrary o € [0, 1].

Definition 7 (Calvo et al. 2002). A function F': [0,1]™ — [0, 1] is additive, if
\ \ Flz1+ vy, Tn+yn) = F(x1, s xn) + F(Y1, ., Yn).

i=1.n zy;,m+y,€[0,1]
Example 4. Weighted arithmetic means are additive functions.

Theorem 7. Let ay, ..., a, € [0,1], F : [0,1]" — [0, 1] be a super additive aggregation
function. If relations R; € FR(X) are a;—irreflexive for i = 1,...,n, then relation
R=F(Ry,..., R,) is a—irreflexive, for a = F(ay, ..., ap).



Theorem 8. Let a € [0,1], FF > max. If R = F(Ry,...,R,) is a-irreflexive, then
all relations Ry, ..., R, are a-irreflezive.

Example 5. Let card X = 2. We consider fuzzy relations with matrices:

0 1 11
n=[Va] s=11a)
R+S {0.5 1}

1 05

Relation Tj is a-irreflexive for o € [0, 1], T3 for o € [0,0.5], but relations R, S do
not have this property for any « € [0, 1].

T1 IIllIl(R S |: :| ,T2
1



Asymmetry

Definition 8 (Drewniak 1989). Let a € [0,1]. R € FR(X) is:
e a—asymmetric, if
v min(R(z,y), R(y, 7)) < 1-a,

z,yeX

e a—antisymmetric, if

v in(R(z,v), R(y, <1-oa.
oy atyeX min(R(z,y), Ry, z)) a

Theorem 9. Let a € [0,1], card X > 2. F :[0,1]" — [0, 1] preserves a—asymmetry
(a—antisymmetry) of fuzzy relations, iff

YV min(sy, ty) <1—a) = min(F(s), F(t)) <1-—a.

stel0,1]n 1<k<n

Theorem 10. Let card X > 2. F : [0,1]" — [0,1] preserves a—asymmetry (o—
antisymmetry) of fuzzy relations for arbitrary o € [0, 1], iff

. < :
s,te[vo,l}” min(F(s), F(t)) < max min(sy, tg).

Corollary 3. The median function and minimum preserve a—asymmetry
(a—antisymmetry) of fuzzy relations for arbitrary « € [0, 1].



Example 6. Let card X =2. R,S,T € FR(X), F(s,t) = max(s,t),
0 0.8 0 1 01
R_[l O]’ S_{O.ES 0]’ T_{l O}’

where T'= F (R, S). R, S are a—asymmetric (a—antisymmetric) for
a € [0,0.2] and T does not have this property for any a € [0, 1].

Theorem 11. Let « € [0,1], F > max. If R = F(Ry,...,R,) is a-asymmetric
(antisymmetric), then all relations Ry, ..., R, are a-asymmetric (antisymmetric).

Example 7. Let ay,...,a, € [0,1]. If relations R; € FR(X) are a;—asymmetric
(a—antisymmetric) for ¢ = 1,...,n, then relation R € FR(X) is a—asymmetric
(c—antisymmetric), where

1< 1.
RZEERZ-, a:ﬁlrgiglnai.
Example 8. Let ay,...,a, € [0,1]. If relations R; € FR(X) are a;—asymmetric
(a—antisymmetric) for ¢ = 1,...,n, then relation R € FR(X) is a—asymmetric
(a—antisymmetric), where

R=min(Ry,...,R,), «a= min q;.
1<i<n



Connectedness

Definition 9 (Drewniak 1989). Let a € [0,1]. R € FR(X) is:
e totally a—connected, if

v max(R(z,y), R(y,2)) > o,

z,yeX

e a—connected, if

v max(R(z,y), R(y,z)) > .

z,y,x#yeX
Theorem 12. Let o € [0,1], card X > 2. F : [0,1]" — [0,1] preserves total

a—connectedness (a—connectedness) of fuzzy relations, iff

s.tef0]n 1<\Z/<n max(sg, ty) = a) = max(F(s), F(t)) > a.

Theorem 13. Let card X > 2. F :[0,1]" — [0, 1] preserves total a—connectedness
(av—connectedness) of fuzzy relations for arbitrary o € [0, 1], iff

YV max(F(s), F(t)) > min max(s,tg).

s,t€[0,1]™ 1<k<n

Corollary 4. Maximum and the median preserve total a—connectedness
(a—connectedness) of fuzzy relations for arbitrary o € [0, 1].



Example 9. Let card X =2. R,S,T € FR(X), F(s,t) = min(s, ),

1 0.8 10 10
R‘[o 1}’ S‘{o.s 1}’ T‘{o 1}’

where T'= F(R, S). R, S are totally a—connected (a—connected) for
a € [0,0.8] and T" does not have this property for any a € [0, 1].

Theorem 14. Let o € [0,1], FF < min. If R = F(Ry,..., R,) is totally a-connected
(a-connected), then all relations Ry, ..., R, are totally a-connected (a-connected).

Example 10. Let ay,...,a, € [0,1]. If relations R; € FR(X) are a;,—connected
(totally a;—connected) for ¢ = 1,...,n, then relation R € FR(X) is a—connected
(totally a—connected), where

1 1
RZEERZ-, a:ﬁlrgzagzai.
Example 11. Let ay,...,a, € [0,1]. If relations R; € FR(X) are a;—connected
(totally a;—connected) for ¢ = 1,...,n, then relation R € FR(X) is a—connected
(totally a—connected), where

R =max(Ry,...,R,), «a= max q;.
1<i<n



Symmetry

Definition 10 (Drewniak 1989). Let o € [0,1]. Relation R € FR(X) is a
symmetric, if

T,yeX

Theorem 15. Let a € [0,1]. If F : [0,1]™ — [0, 1] fulfils
Flomp-aye <1-a,

then it preserves a—symmetry of relations Ry, ..., R, € FR(X).

Theorem 16. If a function F : [0,1]" — [0,1] fulfils condition F' < min then it
preserves a—symmetry of fuzzy relations for arbitrary o € [0, 1].

Corollary 5. Any t-norm preserves a—symmetry of fuzzy relations for arbitrary
a € [0,1].

Example 12. Since any projection P, k € N, preserves the a—symmetry for each
a € [0, 1] but it is not true that P, < min, then Theorem 16 gives only a sufficient
condition for preservation of the a—symmetry for any « € [0, 1].



Example 13. Let card X = 2. We consider fuzzy relations with matrices:

0 1 00
welooloo= V)

lemin(R,S):{g 8},T2:maX(R,S):[(1) (1)],
R+S 0 05
="y _{0.5 0 ]

Relations T7,T5, T3 are a-symmetric for a € [0, 1], but relations R, S do not have
this property for any a € [0, 1].



Transitivity
Definition 11. Let o € [0, 1]. Relation R € FR(X) is a-transitive, if

VvV  min(R(z,y),R(y,2)) 2 1 —a = R(z,z) > min(R(z,y), R(y, 2)).

z,y,2€X

Definition 12 (Saminger et al. 2002). Let m, n € N. Operation
F :[0,1]™ — [0, 1] dominates operation G : [0,1]" — [0, 1] ( F > G), if for arbitrary
matrix [a;,] = A € [0, 1]™™ we have
F(G(an, ceny &1n)> ceny G(aml, ceey amn)) 2 G(F(Clll, ceny aml), ceny F(aln, ceey amn))
Theorem 17. Let a € [0,1]. If increasing F : [0,1]" — [0, 1] fulfils
Flogmp-ay <1-a,
and F > min, then it preserves a—transitivity of fuzzy relations.

Example 14. Let a € (0,1] and F : [0,1]* — [0, 1] be of the form

min(s,t), otherwise

F(s,t) = {O’ (s,t) €[0,a) x [0,a)



F is a t-norm and Fljgm[i—ai» < 1 — a but it does not dominate minimum.
However, F' preserves the a-transitivity for each a € [0,1) and o < 1 — a. As
a result conditions for preservation of the a—transitivity stated in Theorem 17 are
only sufficient.

Theorem 18. If a function F : [0,1]™ — [0, 1] is increasing in each variable, fulfils
F > min and F < min then it preserves a—transitivity of fuzzy relations for any
a € [0,1].

Corollary 6. Minimum and the aggregation function

L (t1,...,tn) =(1,...,1)
0, otherwise

Aw(tl,...,tn):{

preserve the a—transitivity of fuzzy relations for any o € [0, 1] because both functions
fulfil assumptions of Theorem 18.
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