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Fuzzy relation equations and inequalities

Employed in the study of fuzzy automata:

e in the study of simulation, bisimulation and equivalence of fuzzy automata,
e in the reduction of the number of states of fuzzy automata,

e in the study of subsystems of fuzzy transition systems...

These applications have led to the introduction of certain new types of fuzzy

relation equations and inequalities, which have been investigated from the general
point of view.
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Basic concepts

Fuzzy relations
L=(LAV,®, —,01) — complete residuated lattice

@ : A X B — L - fuzzy relation between sets A and B
R(A, B) — lattice of fuzzy relations between A and B

@ :A X A — L - fuzzy relation on a set A
R(A) — lattice of fuzzy relations on A

@ o — composition of fuzzy relations @ € R(A,B) and P € R(B, C)

(@od)(ac)=\ ol@b)@plbe) (acA ceC)
beB

@1 € R(B,A) — inverse of a fuzzy relation ¢ € R(A, B)

e 1(b,a) ¥ p(ab) (a €A, beB)
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Basic concepts

L — complete residuated lattice, X — alphabet

Fuzzy automaton over £ and X — a quadruple A = (A, 8, o, )
e A- (non-empty) set of states
o 5N : A x X x A — L fuzzy transition function
e 0”: A — L fuzzy set of initial states
e ™ : A — L fuzzy set terminal states
X* — the free monoid over the alphabet X

8 can be uniquely extended up to a mapping 82 : A x X* x A — L

fuzzy transition relation on A determined by u € X*

5M(a,b) =62 (a,u,b), foralla,becA (1)

80, =80 o8, forallu,veX* (2)
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Bisimulations

Origin of bisimulation

concurrency theory — R. Milner, 1980, D. Park, 1981
modal logic (Kripke systems) — J. van Benthem, 1976
set theory — M. Forti, F. Honsell, 1983

Role of bisimulation — equivalence between two transition systems, reduction of
the number of states

Recent research

M. Ciri¢, J. Ignjatovi¢, N. Damljanovi¢, M. Basic¢ (FSS, 2012)
Bisimulations between fuzzy automata

M. Ciri¢, J. Ignjatovi¢, |. Jangi¢, N. Damljanovi¢ (FSS, to appear)
Computation of the greatest simulations and bisimulations

M. Ciri¢, J. Ignjatovi¢, M. Basi¢, |. Janci¢

(Comput. Math. Appl., to appear)

Bisimulations between nondeterministic automata
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Simulations between fuzzy automata

A= (A, o™ ™), B=(B,056B o8 18) - fuzzy automata

@ € R(A, B) — non-empty fuzzy relation

@ is a forward simulation if

or <olPogpt (fs-1)
o lo 6A < 63 o1, forevery x € X, (fs-2)
o ot <18, (fs-3)

@ is a backward simulation if

A< porB, (bs-1)
o <@odl, forevery x €X, (bs-2)
oo < oB. (bs-3)
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Simulations between fuzzy automata
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Bisimulations between fuzzy automata

Homotypic bisimulations

1

@ is a forward bisimulation if both ¢ and @' are forward simulations

oA <oBop ! 0B <Moo, (fb-1)
o oéA\éBocp L (poé,‘? <6Q0(p, for every x € X, (fb-2)
e ot <18 @ot® <, (fb-3)

1

@ is a backward bisimulation, if both ¢ and ¢! are backward simulations

™ <ot <o toth (bb-1)
o< podl, Pop <o todl, foreveryxcX, (bb-2)
oo <ob, O'B o~ <ot (bb-3)
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Bisimulations between fuzzy automata

Heterotypic bisimulations
@ is a forward-backward bisimulation if

@ is a forward simulation and ¢! is a backward simulation

cr<oPool, <o tot?, (fbb-1)
@ lod) =08Pogpt, for every x € X, (fbb-2)
oBopt<o?, ¢ lot? < 1B, (fbb-3)

@ is a backward-forward bisimulation if

@ is a backward simulation and ¢!

is a forward simulation

o <otop, ™<porb, (bfb-1)
2o =q@obd?, for every x € X, (bfb-2)
cr o <oB, @ot® <N (bfb-3)
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Bisimulations between fuzzy automata

Heterotypic bisimulations
@ is a forward-backward bisimulation if

@ is a forward simulation and ¢! is a backward simulation

cr<oPool, <o tot?, (fbb-1)
@ lod) =08Pogpt, for every x € X, (fbb-2)
oBopt<o?, ¢ lot? < 1B, (fbb-3)

@ is a backward-forward bisimulation if

@ is a backward simulation and ¢!

is a forward simulation

o <otop, ™<porb, (bfb-1)
2o =q@obd?, for every x € X, (bfb-2)
cr o <oB, @ot® <N (bfb-3)

e Simulations = languague inclusion
e Bisimulations = languague equivalence

e Simulations and bisimulations =- compatibility with transitions, initial and
terminal states
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Computation of the greatest simulations and bisimulations

Let A = (A, 8%, o™, t*) and B = (B, 8B, 0B, 1®) be fuzzy automata. We define

fuzzy relations V" € R(A, B), for w € {fs, bs, fb, bb, fbb, bfb}, in the following
way:
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Computation of the greatest simulations and bisimulations

Moreover, we define functions ¢" : R(A, B) — R(A, B), for
w € {fs, bs, fb, bb, fbb, bfb}, as follows:

b (o) = N2 o INSLTT,
xeX
¢° (o) = J\ (w0 87)/8%,
xeX
() = A\ 188 0 a NPT ALL 0 a)\85] = b (o) Al ()7,
xeX
6" (o) = N (o0 88) /82T ALl 082) /8817 = b (o) AL (o )T,
xeX
P (a) = A (8% 0 NS Al 082)/88] 7 = ¢ (&) AL (o )],
xeX
6™ (o) = A\ (0 88) /8 A5 0 x)\8F] = (o) Al™ ()],
xeX

for any o € R(A, B). Notice that in the expression “¢™ (™ 1)" (w € {fs, bs}) we
denote by ¢ a function from R(B, A) into itself.
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Computation of the greatest simulations and bisimulations

Let A= (A, ", o” ) and B = (B, 58, 0B, ®) be fuzzy automata and
w € {fs, bs, fb, bb, fbb, bfb}. A fuzzy relation @ € R(A, B) satisfies conditions
(w-2) and (w-3) if and only if it satisfies

» < ¢ (9), RN (3)

Boils down on computation of the greatest post-fixed point of the function ¢
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Computation of the greatest simulations and bisimulations

Theorem

Let A= (A, 8", o™ 1) and B = (B, 5%, 0B, tB) be fuzzy automata, let
w € {fs, bs, fb, bb, fbb, bfb}, and let a sequence { @y xen of fuzzy relations from
R(A, B) be defined by

P1=19", ox+1 = @ A" (@x), foreachk € N. (4)

If (Im (™) U Uyex (Im(82) U Im(88))) is a finite subalgebra of L, then the
following is true:

(a) the sequence {@yxen is finite and descending, and there is the least natural
number k such that @x = Qx11;
(b) @y is the greatest fuzzy relation in R(A, B) which satisfies (w-2) and (w-3);

(c) if @y satisfies (w-1), then it is the greatest fuzzy relation in R(A, B) which
satisfies (w-1), (w-2) and (w-3);

(d) if @k does not satisfy (w-1), then there is no any fuzzy relation in R(A, B)
which satisfies (w-1), (w-2) and (w-3).
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Computation of the greatest simulations and bisimulations

Theorem

Let A= (A, 8", 0™ 1) and B = (B, 5%, 0B, t8) be fuzzy automata, let
w € {fs, bs, fb, bb, fbb, bfb}, let {Qx}xen be a sequence of fuzzy relations from
R(A, B) defined by (4), and let

o=/ o« (5)

keN

If L is a complete residuated lattice satisfying the following conditions:

x\/(/\yi):/\(x\/yi) and x®(/\yi):/\(x®yi), (6)

iel iel iel iel
for all x € L and {yi}ic1 C L. Then the following is true:

(a) @ is the greatest fuzzy relation in R(A, B) which satisfies (w-2) and (w-3);

(b) if @ satisfies (w-1), then it is the greatest fuzzy relation in R(A, B) which
satisfies (w-1), (w-2) and (w-3);

(c) if @ does not satisfy (w-1), then there is no any fuzzy relation in R(A, B)
which satisfies (w-1), (w-2) and (w-3).
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Bisimulation equivalence relations

E — fuzzy equivalence relation on A = (A, d*, o, )
(AA <E E1CE EoEXE)
e E is forward bisimulation on A,
o Eodl <8 oF, forany x € X, and Eot? < 4,

e Eod)roE=0520F, forany x € X, and Eo1? =12,

Any fuzzy automaton has the greatest forward and backward simulations, which
are fuzzy quasi-orders, and the greatest forward and backward bisimulations,
which are fuzzy equivalence relations.

State reduction
Replace a fuzzy automaton by an equivalent fuzzy automaton with fewer states

equivalent = recognize the same fuzzy language

M. Ciri¢, A. Stamenkovi¢, J. Ignjatovi¢, T. Petkovi¢ (LNCS 2007; JCSS 2010)
reduction by fuzzy equivalences — factor fuzzy automata

A. Stamenkovi¢, M. Ciri¢, J. Ignjatovi¢ (IS, to appear)

reduction by fuzzy quasi-orders — afterset (foreset) fuzzy automata
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Uniform forward bisimulations

R € R(A, B) — fuzzy relation

F. Klawonn, 2000 — partial fuzzy function
RoR1oRLR

M. Ciri¢, J. Ignjatovi¢, S. Bogdanovi¢, 2009 — uniform fuzzy relation
complete, surjective, partial fuzzy function
= RoR1oR=R (also RfloRoRflzRfl)

uniform fuzzy relation = fuzzy equivalence between two sets

Theorem

Let A= (A, 8", o™ 1) and B = (B, 58, 0B, tB) be fuzzy automata and let
@ € R(A, B) be a uniform fuzzy relation. Then ¢ is a forward bisimulation if and
only if the following hold:

oo =00l Pop=0"cplog, (7)
oo t=0odlopt, @ lotfop=0800 o, xe€X, (8)
™ = porb, @ toth =1B. (9)

v
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Uniform forward bisimulations

Fuzzy equivalence relations on A and B induced by ¢ € R(A, B).

Kernel of ¢ :  ER (a1, az) = /\ ¢(ai,b) < @(az,b),forall a;,a, € A (10)
beB

Co-kernel of @ 1 Ef(by, b2) = A\ @(a,b1) < @(a,by),forall by, b €B

acA (11)

Theorem

Let fuzzy automata A = (A, o™, X, 8™, 1) and B = (B, o, X, 6B, tB) be
UFB-equivalent.

Then there exists a uniform forward bisimulation ¢ between A and B whose
kernel ER is the greatest forward bisimulation on A and the co-kernel £ is the
greatest forward bisimulation on B.

Moreover, @ is the greatest forward bisimulation between A and B.
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Uniform forward bisimulations

Theorem

Let A= (A, 8", o™ 1) and B = (B, 58, 0B, 1B) be fuzzy automata, and let E
and F be the greatest forward bisimulations on A and B, respectively.

Then A and B are UFB-equivalent if and only if there exists an isomorphism
¢ : A/E — B/F such that

E(Ea,, Eay) = F(G(Eq,), d(Eay)), (12)

for all ai,ap € A.
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Weakly linear systems

Weakly linear systems

{Viliet CTR(A), {Wilier € R(B) — families of fuzzy relations
Z C R(A, B) given fuzzy relation

U — unknown fuzzy relation in R(A, B)

(1) UloVi<W,oUl (1el) U<KZ

(2) VioU<UoW; iel) u<z
combinations of (1) and (2) (for U and U™1)

(3) UloVi<WioU?!l UoW;<ViolU (iel) u<z
(4) VioU<UoW,; WiolUtgUltoVy, (iel) ULKZ
(5) VioU=UoW; (iel) u<z
6) UloVi=W;olU! iel) U<z
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Weakly linear systems

A =B = homogeneous weakly linear sistems
J. Ignjatovi¢, M. Ciri¢, S. Bogdanovi¢ (FSS, 2010)

e The systems (1)—(6) have the greatest solutions.

e If Z is a fuzzy quasi-order, then the greatest solutions to (1)—(3) are fuzzy
quasi-orders.

e If Zis a fuzzy equivalence, then the greatest solutions to (4)—(6) are fuzzy
equivalences.

A #B = heterogeneous weakly linear sistems
J. Ignjatovi¢, M. Ciri¢, N. Damljanovi¢, |. Janci¢ (FSS, 2012)

e All systems (1)—(6) have the greatest solutions (they may be empty).

e If Z is a partial fuzzy function, then the greatest solutions to (3) and (4) are
partial fuzzy functions.
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Computation of the greatest solutions

GUR) " AWi 0 RTIN\WV

i€l

$@(R) £ A RoW:)/ V4

iel

=0 AW o RTINVAITE ALV o AW = 9P (R) A 9D (RTY)
iel

EAIRWI/VIALR o Vi) /Wil = o (R)A G (R
iel

=0 ALR o W)/ VI AT(V: 0 RAWA = 62 (R) A ™M (RT)

iel

¢ (R) L AIW; o RNV AR o Vi) /Wil = o P R) A G (RTY)

i€l

¢ (R)
o (R)

¢ (R)

(Z/V)(a,b) = A V(a’,a) > Z(a’b) (a€A beB)
a’eA

(Z\W)(a,b) = A\ W(b,b') = Z(a,b') (a€A beB)
b’eB
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Meaning of uniform solutions

The greatest solutions to (3) and (4) — partial fuzzy functions (RoR"!oR < R)

Question: When the greatest solution is a uniform fuzzy relation?
If there is a uniform solution, then the greatest solution is uniform

uniform solution — some kind of equivalence between fuzzy relational systems
(A, {Vilie1) and (B, {Wilie1)

H — uniform solution

H determines an isomorphism between factor fuzzy relational systems of
(A, {Vilic1) and (B, {W,}ic1) w.r.t. fuzzy equivalences Ho H™! and H ' o H
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